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ACTA MATHEMATICA 


ACADEMIAE SCIENTIARUM HUNGARICAE 
OMX oe Elie li 2 


PE3SIOME 


OUYEPEAM U3 TPyon 
®. T. Poctrep (Jlonson) 


IlycTb npnOpipatoT B OYepesb rpynnbi us r eqnHnu, KOTOPbIe€ OOCIYKUBaIOTCA NO OF- 
HOmy. Ilyctb npoMexkyTKH BpeMeHH M@xKAY NpHObITHEM rpymm umerwT w1000e fAaHHOe pac- 
npefenenne BepOATHOCTeH, M BpeMeHH OOCAYXKMBAHHA HMEOT NOKASaTeENbHOe pacnpemenenne. 
B pa6ote onpefeneno mpefeswbHoe pacnpepeneHue uucna OKNMaWWINX eAMHNL, BO BpeMA 
TIpHObiTHA HOBOM Mpynnsl u BpeMeHH OxKMAHNA NepBoro 4neHa rpynnpi. PaccmatpuBaroTca 
TakKKe HEKOTOPHIe 4YaCTHbIe Cnyyan OOMeH MpOGreMbI HM CBA3b PaCCMOTPeHHOH MpoObsmembI C 
OOBIYHON TeOpHel O4epegH, re e@MHMUbI NpHObIBaOT 10 OAHOMY. 


O MEPMOAMYECKUX PELMEHMAX HEKOTOPbIX OBbIKHOBEHHbIX 
AMPDEPEHUMAJIBHbIX YPABHEHYM BTOPOFO TOPSAKA 
C NEPHOXUYECKUMU KOS®oULMEHTAMUM 


WU. Buxapn (Bypanemr) 


JlokasaTenbCTBO CYUeCTBOBaHHA NepHOAMYeCKHX PeLWIeHHM ypaBHeHHM C nepnognuec- 
KUM KOapPUUMeHTAMM BCTPeyaeTCA C CepbeSHbIMM TPYAHOCTAMM yoKe MW B Cy4ae JMHeMHBIX 
ypapHenui. B cnyyae HeanHeMHBIX ypaBHeHHM TPyAHOCTM IMWb 8HAYMTEMbHO BOspacTawr. 
flaa ato wenu cayKaT CHOKHbIE MeTOAI, paspadOTaHHBIe BBY TeOpeTHYeCKOM uM NpaK- 
THYeCKON BaxKHOCTH BONpOca. TloaTOMy KaxKeTCA HeO%KMJAHHbIM, YTO B CNyYae ypaBHeHEA 
y’ + p(X) f(y) h(y’) =0 (koTopoe He MeHee cnelManbHO 4eM usyyaBIMeCA B IMTepatype) 
npu 7-nepnopn4HoM (XxX) KaKMMM MpOCTbIMH CpefCTBAMM MOMKHO NpHATH K pesyabtaty. Hac- 
TOAMad paooTa faeT ycuOBue cyuecTBOBaHHA TJ- wu 27-nepnosn4HOrO pewienua, COcTOA- 
wero u3 2N ueTBePTbBONH, T. €. MOMYYaCM BOSMO)KHOCTh OSHAKOMMTECA HC OOee TOHKON 
CTpyKTypoli nepnognueckux pewennit. Avanorm4nple pesyabTatbl NOAyYaIOTCA AA AMHEMHOrO 
ypaen’una y+ [a+S9(x)]y=0 u ypasnenna y+ 9x) f(y, Y)=0, rae f(u,e) onno- 
_,.Haad (byHkunaA nepsoi crenenuu sgf(u,v)—=sgu. Pabora oObscuaer, nowemy JIMHEHHOe 
ypasuenue y” + 9(x)y—O0 B oOmlemM Cayyae He MMeeT MepHOAMYeCKHX PeweHHH. 


CTAHJAPTHbIE MAEAJIbI B CTPYKTYPAX 
r. Pperuep u 9. T. Uimugr (Byganeur) 


Llenb pa6otb: OG6OOujeHneM HeMTpanbHOrO ufAeana ONnpeseiuTb TakOW THN weanos, 
KOTOPbIM Hrpan Obl B TeOpHu CTPyKTYP POuJIb, nogoOuytO pOM HOpPMaAbHBIX feMMTeTel B 
Teopun rpynn. (Ip stom TpeOyeTcs, 4TOGbI STOT THN HAeaIOB OONaAan BaxKHeMLMMH CBOHCT- 
BaMM HefTpabHbIX MpeanoB, YTO LeNAeT BO3MOXKHBIM OGOSUeEHHE TEOPeM O HeliTPasbHbIX 
ujeasax. 

Onement s (ufean S) crpyktypbi L HasbiBaeTCA CTaHDapTHBIM, ECAH AIA MO0ObIX x, yEL 
(a1 m06bIx ufeanon X, Y ctpyktyppi L) BeinonHAeTCA COOTHOWMeHHE 


xM(suy) = (xNs)U(xNy) ((XN(SUY)=(XNS)U(XNY)). 


Teopema 1. [Ina anemeuta s crpyktyppi L caefyrouyne yCNOBMA 3KBUBAaeHTHbI: 

(a) anemeHT S — CTAaHfapTHbIn; 

(8) naa Bcex amemeHTOB uw u ¢ CTpyKTypbl L, Ana KOTOpbIX U=SUt, HMeeT MECTO 
cooTHOWeHHe 

u—= (uns) U(unt); 

(y) orHOweHneM KOHTpyeHTHOCTH L aBaaneTcA OTHOWeHHeE @,, JA KOTOporO x = y(@,) 
BbINONHACTCA B TOM H TOABKO B TOM Cyyae, ecu (XNy)US;=—=xXUY ANA HEKOTOPOrO Ss; =S; 

(6) 410 m100bIX 9TeMeHTOB X HY CTpyKTypbI L 


(i) SU(xNy) = (SUX)N(SUy), 
(ii) M3 COOTHOWeHHA SUX==SUy HM SNX==SNMy CneAyeT paReHCTBO X= y. 


Ananormuvad TeopeMa MODKeT ObITb MOMyYeHAa AIA CTaHfapTHbIx ufeanos. U3 atTux 
aByx TeOpeM MOryT ObITb MONyYeHbI HanOonee BaxKHbIe CBOHCTBA CTaHaPTHbIX 3eMeHTOB 
uM ufeanon (Teopempl 3—6, nemmpr 1—9). 

Jloxaspipaetca, YTO NOHATHE CTaHAapTHOrO M HelTPambHOrTO 3NeMeHTA COBMaaeT B 
ciyyae CNaOOMOAYIAPHBIX CTPYKTYP, ABAAOUINXCA OOMUMM OOOOMIEHHEM MO/YIAPHBIX CTpyK- 
Typ uM CTpykTyp C OTHOCHTeNBHbIM ONOMHeHHeM (TeOpemp! 7 u 8). 

ABTOpbl JOKa3bIBalOT, 4TO B CTPyKTypax C OTpesOuNbIM WONOAHeHHeM (rae BCAKH 
orpesox [0, a], KaK CTPpyKTypa, ONOAHHTeAbHBIN) AAPO TOMOMOP(u3Ma H NOHATHE CTaHAapT- 
HOrO ujeana CoBNajaroT (Teopema 11), 4TO sBAAeTCA OOOOMWeEHHEM OAHOH TeopembI Bu pk- 
roa [6]. Orctoma nonyyaetca O6O0OueHHe OAHOrO pesyabTata JLuayaprTa [8] m OfHol TeO- 
pempt Baura [34]. 

IIpusoputca pay, npuMepow Toro, KaK C NOMOLIbIO ,,caOBapaA” 

noarpynna > ufean 
HOPMA@JbHbIM JCIMTeAb > CTAHapTHbI Hear 
(pakTop-rpynna > tpakTop-ctpyKtypa 
rpynnopoe pericraue > oObesuHeHHe 

pay TeopemM Teopun rpynn MOKeT ObITh NepesopmynupoBak IA CTpyKTyp. Tak nonyyatoTes 
TeopeMbl MsOMOpHsMBI, emma Llaccenxayca, Teopema Koppana—Téappepa—lLpeiiepa. 
Ilepedpasuposka npo6sempr Ll peitepa o pacmmpennn rpynner TawKe NpHBOANT kK pas- 
pewmmon npobseme. 

Ma jaabuenumx pesyabTaToR OTMeTHM fABe TeopembI (Teopema 21 u 23) o coBnagennn 
uAeanOB, YAOBNETROPAIOMMX NepBOH TeOpeme 06 usOMOpipusMe, MH HelTPaNbHBIX ueanoB B 


CNEUMAIbHOM KaCCe CTPyKTyp C OTPe3O4HbIM AONOAHEHMEM HB MOAYAAPHBIX CIPyKTypax C 
AOKaNbHO KOHEYHOM AIMHOH M HYeBbIM 91eMeHTOM. 


OB OJHOM CBOMCTBE ,CEMEMCTB” MHOJKECTB 


NM. Opgéwm u A. Xanuan (Byfanemr) 


Cuctema MHoxectTB SF HasbipaeTca CucTeMOil CO CBofcTBOM B, ecan cyujecTByeT Takoe 
mMHOKeCTBO B, ana KOTOporo BNF=O0 u FC=B ans sceaxoro FES. SF naspipaetca cuc- 
TeMOH CO cBOiCTBOM B(s), ecan cyuectBveT MHOxKecTBO B, AA KOTOporo O< BNF <s, re 
S$ mo6aa MomHOcTD. SF OGnagaeT cRoiicTBom C(q,r), ecam Ana Bcakoro I’ CH us KF’ =q 
cnenyetT NF <r. 

FE &’ 

Ecam cyujecrByeT MOUIHOCTb Pp, IA KOIOPOH B Cnyyae FES) Fp, 70 910 0603- 
Hayaetca Tax: p(S)— p. 

Bsogatca cnepyroulue CuMBONb!; 

_ M(m, p, g,7r)> B o6osnayaer tor dbakt, ¥TO Kaxkad CHCTeMa MHOMKECTB SP, WA KOTO- 
poi &$—m, p(F)—p, u xotopan o6sagaer ceoiicrpom C(q,r), AomKHAa OONALaTb CBOICT- 
Bom B; 

M(m, p, r)>B(s) o603Hauaet TOT tbaKT, 4TO BCAKAA CUCTEMA MHODKECTB, AIA KOTOPON 
SF =m, p(F)—p uw xotopaa oOnapaet ceolictsom C(2,7r), OMKHA OGNAMATb CROMCTROM 
B(s); 

M(m, p, 9,7) ->B, M(m, p, r)>B(s) o603HayaeT OTpuLaHHe COOTBETCTBYIOLLMX PakTOB. 

Ucxoaa u3 yacrupix pesyapratos Muanepa, foKasaHHbix B [1], c nOMOLIbIO OOmeN 
runoTesbl KOHTHHYyMa faeTCA NOUYTH NOAHAA AUCKYCCHA BbILMe YNOMAHYTHIX CHMBOOB. 

Ormeuaetca, YTO C NOMOUIbIO NOMYYeHHbIX Pe3yIbTATOB MOXKHO CileNaTb HECKObKO 
BbIBOJOB OTHOCHTEAbHO BOSMO}KHBIX TEOPCTHKO-MHODKECTBEHHBIX OOOOMEHNHM TeOpemb! T nu xX O- 
HOBa, B YaCTHOCTH, TaKOKE C MOMOUIbIO PHNOTeSbI KOHTHHYYMa OKasbIBaeTCH, YTO TONOMO- 
ruyeckoe nmponspefenne N;, 1-KOMMaKTHbIX AMCKPeTHBIX TOMOMOrMYeCKNX MpOCTpaHCTB He 
k-KOMMakTHO, rye k m1060e wenoe uncno (cM. Teopemy 11). 

Kpome Toro tbopmyanpyetca pa HepewenHbIx npodem. 


O HEKOTOPbIX 3AMEYAHHS.X MW NPOBJIEMAX B CBA3i 
C OKPALIIMBAHHEM FPA®OB 


An MpiuenbcKkun (Bpounas) 


Tleppaa yactb pa6oTh paccmatpuBaeT HMNANKaLMM PeBATH yTRep»KAeHUM. Cpean Hux 
Hapszy C YTBepsKMeHHAMM OTHOCHTeEIbHO TOMONOrHYeCKOTO NpoOMsBeseHHnA OMKOMMAKTHbIX 
mpocrpaucts Xaycpopda durypupyer u caenyroulee: eCan KaxKAbIN yaCTH4HbIM rpad) HeKO- 
Toporo rpatba MOKeT ObITh OKpPalleH M WBeTaMM, TO 3TO KE HMeeT MECTO AA NOMHOrO 
rpatba. 

BropadA uacTh paOOTb! OKaSbIBAeT SKBUPAMCHIMIO YCTHIPeX YTBep3KAeHH. OKBUBA- 
JeHUMIO NepBbIX [BYX BbIPAKeHHi BBICKASbIBaeT TeOpema KypaTOBCKOFO, saHuMaloMlanca 
BIOXKMMOCTbIO B MOCKOCTbh KOHEYHBIX rpapos. 


IV 


TEOPEMbI O MAKCHMYME WM MUHAMYME VM OBOBLILEHHBIE 
PMAKTOPbI FPA®OB 


T. Paanau (Byfanewrt) 


Nyctb kaxfon Touke X KoHeuHoro rpaiha 7 6e3 HanpaBAeHHA COOTBETCTBYIOT HEOT- 
puuarenbuple wembie uncna x(X) u x’(X). Cucrema fyr, cocrosujad u3 Ayr, NonapHO He 
cogepxKauinx OOMNX rpanel, HasbIBAeCTCA COBMECTHMON (OTHOCHTENBHO % HM x’), ECM B II0- 
oy Touky X monagaer He Gonee x(X) rpann4unbix TOYeK uM He Gonee x'(X) BHyTPeHHUX 
TOYeK, OTHOCAMIMXCA K CucTeme pyr. (flog Ayrou noHMMaeTcsa nyTb wim netras. Heras — Ta- 
KAA OKPYXKHOCTh, OHA H3 TOYeK KOTOPOH ABAACTCA ABOMHOM FpaHM4YHOH TOYKOM.) max MaK- 
CuMyM 4NuCNa Ayr COBMeCTHMBIX CucTeM Ayr. q = q(A, B, C) o603Hauaer Caenyroulyto cucTemy 
pecos: A,B u C mo6pie Takue MHOsKeCTBa TOYeK rpadha /, yTO m106an TOUKa J BCTpeya- 
e€TCA B OAHOM HM TOAbKO OfHOM u3 Hux. Touxam A,B u C coorsercrsyroT Beca 0,1 u 1/2. 
Tpauam, 06e rpaHu4nble TOYKM KOTOPbIA OTHOCATCH K A, COmocTaBAdetTca Bec 1; rpaHsam, 
OHA M3 rpaHu4ABIX TOYeK KOTOPHIX NpuHagaexKuT A, a Apyran C, conocrapasetca Bec 1/2. 
Cucrema BecoB g OOafqaeT TEM CBOMCTBOM, 4YTO CyMMa BeCOB, OTHOCALIMXCA kK TiOGOM rpaHu 
I’m ee rpann4Hpim TOuKaM, = 1. Bcem Takum cucTeMaM BeCOB g NOAXOAALIMM OOPasoM CO- 
moctaBanetca 3HayeHve S(q), sapucaujee OT x u x’. Smin MMHMMYM 9THX 3HayeHHH S(q). 
YrBeprKMeHHe OCHOBHOM TEOPeMBI: 2 nax —= Sinin. U3 OCHOBHOM TEOPEMBI BbIBOAATCA TEOPEMHI, 
aHaormynbie ,Teopeme nm uenen” Meurepa. M3 ocuopHoi TeOopemMbI nNOmy4aeTcaA TaKoKe 
PA TeEOPeM OTHOCHTEBHO CyleCTBOBaHHe OOOOMeHHHIX chakToposB. Ilog O606uleHHbIM (paKk- 
TOPOM ulin (%, x')-cbakKTOPOM NMOWMMaeTCA Takad COBMeCTHMad CHCTeMa Ayr, H3 PPaHM4HbIXx 
TOYeK OTHOCAMIMXCA K KOTOPOM Ayr B AHO6yro TOUKy X nmonagaeT TOUHO «(X) rpaHMuHbIx 
TOYeK. OTM TEOPeMbI B KAYeCTBE CMeuNaMbHOrO CAyYad COMepoKAT PA USBECTHHIX TeOpem 
OTHOCHTEIbHO OOBINHBIX (pakTOPOR. 


OB OBOBUIEHMM TEOPEMbI MIYJIEH—3PMUTA, OTHOCALWENCA K 
BEUJECTBEHHbIM KOPHAM MHOTOYWIEHOB C BELLLECTRBEHHbIMU 
KOIP®PULWMEHTAMU 


H. OOpewKos (Copus) 


Agtop, 0606ujaa xopouo usRecrHyto Teopemy IlyneH—IpMmuta, AOKasbIBaeT, TO 
ecm BCe KOPHH MHOrOUTeHa 


(1) f(x) Sage Sak eee a, 


BeELUCCTBeEHHbI H KOMIMJICKCHbIE KOPHH MHOrOUNeHa 
-l 
B(x) = yx" + Bx" 44+, 
C BeEMMeCTBEHHHIMN KOaPpuuNeHTAaMN pacnorO%KeHbI B OOACTH 
(2 pa 
(2) largz|= ; 


TO BCe KOPHH MHOrOUTeHa 


bof (x) ar bre mxe9) A ES on b,, (x) 


BEWI@CTBEHHBI. 


M3 mpuaoxKennit stoi Teopembl ynomaAKeM Crepyroulee: 
Ecau koadpinuuerntst mMHorownena (1) BemlecTBeHHbI nH ero KOPHH paCnONGKeHHI B 
oOnactu {2), TO BCe KOpHU MHOrOUNeHA 
Ay Qa, oon 


ee a 


BeUECTBEHHBI. 


O CYMME CTEMEHEM KOMMJIEKCHbIX 4MCE] 
®. B. Atkuucon (Toponto) 


Llenb pa6orn 20Ka3aTp runotesy I. Typaua, cornacHo KOTOpON, ecan BEINOAHAeTCS 
(1), TO He3saBucuMo OT Nn 


ee 
ia 


Hanayumasa nocrosnnas B (I) He uaBecrHa. Typau B KHure! pOKasan Aub Gonee cnaboe 


(I) max 


eS easel) 


neers 


1 n —1 
HepaBeHCTBO, KOra BMeCTO 75 ctout log 2 > —]|, koTOpoe no3zyHee ne Bpétin u Yru- 
vl i 


log log n 
logn 
4TO ye NpuMeHAyH ero pesybTarT, MOXKHO flaTb OUCHb npocton MeTO npuOmMKeHHOrO 
pewennaA anreOpanyeckux ypaBHeHul, npHMmeHeuve (1) npnBognT kK CyLIIeCTBeEHHOMY ynpo- 

ICHHIO MeTO/a. 


ama yayuuunn fo (1—e) ,ecmm na >n(e). B kunre Typaua Obin0 moKasaHo, 


OB OBOBLUEHHM OJHOrO HEPABEHCTBA TOMA VM CETE 
3. Makan (Byfaneur) 


Hepapeacrso, qaHHoe dbopmynamn (1) u (2) padots!, u ero OO6OOuIeHHE AA rHabOep- 
Toro npocrpancrsa, JaHHoe tbopmyszon (6), anu B. Tpéi6 u B. PethOongt, onupasumeca 
npu fOKasaTenbCTBe Ha TeOpHIO AMHeMHEIX OnepaTopoR. Hactosujan padora paeT aemeH- 
TapHOe AOKAZaTeAbCTBO BTHX Ke HePaBeHCTB. 


1 P. Turn, Eine neue Methode in der Analysis und deren Anwendungen (Budapest, 
1953). 
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HEKOTOPbIE MHTEPMOJIALMOHHbIE CBOMCTBA 
MHOTOUWIEHOB JPMUTA 


K. K. Maryp u A. Lapa (Jlyknoy, Magus) 


Iyctb X;,%5,-..,X, OGO3HayaloT KOpHH MHOrOUeHa OpMuTa H,,(x). ABTOpbI AOKa3bI- 
BalOT, YTO NPH 4eTHOM 7 CyLecTByeT ef@MHCTBeHHbIM (0, 2)-MHTepNOAALMOHHBIN MHOTO4IeH 
R,(x) we seme 2n—1-oi crenenu, yAOBIeTBOpAIOMMA yCAOBHAM 


d2 
Re Y= ey JER) Ay CHL 2.40). 
dx? LZ, 
BMECh Cy, My,..-,%_, UM y,8,. .,%, moObie uucaa. [Ip HeyeTHOM n TakHe MHOrOUTeHbI, 
BoOOuIe TOBOPA, He MOryT ObITh OMHOSHAYHO ONpeseeHbl. 
Ananoruunyt TeOpeMy aBTOPbI AOKAa3bIBaloT [1A Tak HasbiBaeMbIX (0, 1, 3)-uHTepnorsA- 
LHOHHbIX MHOFOUJeHOB. 
B o60mx cayyaax Mp 4eTHOM 7 aBTOPbI NPHBOAAT ABHbI BU HHTEPMOAAUMOHHBIX 
MHOTO41CHOB. 


O KPYPOBbIX HW LUAPOBbIX OBJIAKAX 


A. Xennew (Byganeuir) 


JI. Penem Tor Hasan k-co0eBbIM WapOBbIM OO62aKOM MHODKECTBO PaCMO10%KeHHbIX 
M@KAY ABYMA NapaseIbHbIMH MOCKOCTAMM HE BKJMHAWOUINXCA APyr B APyra wiapor, ecau 
KakKad NpAMad, MepneHAMKyIApHaA K NapaeAbHbIM NAOCKOCTAM, COReP>KUT BHYTPeHHIOIO 
HIM rpannunyto TOUKY MO KpahHei Mepe A wapos, wHaye TOBOpA, eCaAn Wapbl OOpasy1oT 
OTHOCHTCbHO NPAMBIX, NePNeHAMKYIAPHbIX K NapanMeAbRSIM MOCKOCTAM, ,,k-KpPaTHO He- 
npoxogumyro creny”. AHaOrm4bbIM OOpas0M MOKET ObITh ONPeeMeHO Ha NNOCKOCTH NOHATHE 
k-cnoesoro Kpyrosoro OOnaka. [lof TOW MHOM KpyroBoro HAM WapoOBOrO OOmaKa NOHHMAa- 
eTCH PaCCTOAHMe MEMKAY NapateAbHbIMH TPAMBIMH HAM MAOCKOCTAMH, M@KAY KOTOPbIMH 
HaxoquTcA OOnaKO. Deiiew Tor [1] qoxa3an, 4rO MMHHMYM TONLMHEI OAHOCAOeBOTO Wa- 


posoro o6naKa pasen 2+-)2 (MuHMMyM TOALIMHEI OHOCTOeBOrO kpyrosoro OOaka, o4e- 
BUHO, paBeH 2). 


B nacrosusen padore foKaspipaercs, 4uTO MHHHUMYM TOALMMHbI A-CnO0eBoro KpyroBoro 
oOnaka 


d, = (k—1) V3 +2, 


a MHHHMYM TOAUIMHbI K-c1oeBoro wapoBOoro OOAaKa yAOBNeTBOpAeT HEPaBeHCTBY 


Ds = (K+ 


fk—1 = 
Py | V3+2, econ kK=2.z 


Vil 


OB ABCOJIFOTHOM CXOAMMOCTH TPHTOHOMETPHYECKHX 
PAOB C MPOBEJIAMM 


I]. Croc (Byganewr) 


B pa6ore poxaspiparotca ciefyroulMe TeOpembt: 


Teopema 1. Iycrs nocrosnnaa K=2. Torna cymectsyer takad nocneqonatesb- 
HOCTb HaTypaJIbHbIX 4NCeN 
n 
k+1 _ 
Thy a flo cas ("= x), 


Ny. 


4TO [IA M06OH MOHOTOHHO yOpIBarOlle MOCMeAOBATeNbHOCTH Qj, Qo,... 
@ 


(1) Pa a,,|sin 7 1,,x| << ce 
k=1 


MO)KCT BbINONHATBCA AIA HeWeNOrO X JMUIb B TOM Cry4ae, ecin 


@o 

ws ~ 
yO << e- 
I 


Teopema 2. [lyctb ny, m,... eCTh NOCAeAOBATEMbHOCTH WeAbIX 4NCeN, AAA KOTOPON 


elias 
egg) = == ee 
k>+o Ny, 


Torfa cywecTByeT Takad MOHOTOHHO yObIBalOllad MOCIEAOBATEMbHOCTh Gy, Qy,..., YTO, XOTA 
o 

a, oo, pag (1) cxofuTcaA Ha MHODKECTBE MOLHOCTH KOHTHHYyMa. 

3 Teopema 1 sBaaserca pacnpocTpaHeHneM Ha HeKOTOPbIe paApbI C Npobenamu OAHOM 
KaccuuecKkon TeOopembl Paty; Teopema 2 yrBepyKAaeT, YTO TakOe pacMpocTpaHeHue HeBO3- 
MOKHO, CCIM mpOGenbI MOCNeAOBaTeMbHOCTH {7;} ,CIMWKOM OOmbUIHe”. 


OB OJHOU SKCTPEMAJIbHOU 3AQAYE TEOPMM UVHTEPMOJIMPOBAHHA 
ll. Opwém u MT. Typau (Byganewr) 


Ecan 


nv 


‘1) Nae So tn 289 w(x) = Jf («—x,), 


is | 

ro (yHAaMeHTabHbIe MHOTOWIeHBI OTHOCALeroca K (1) HHTepNoOsMpoBanuA Jlarpawxa, Kak 
<OPOWIO U3BECTHO, MMEHOT BUA, 

(x) 


2) LOT aE oe sacs) (Kale 2reresatt)) 


. 


1 TaK HaspiBaemple cbyHAaMeHTaNbHbIe MHOTOWTeH! BTOPOrO poga MHTepNOAMpORaHHA Op- 
MuTa—Denepa CyTb 
3) hy, (x) = (X— Xi) h(x)? (k= UPA i roy ft)s 


Vill 


Suayenne (byHfamenTanbHbIX MHOrOWTeKOB (3) OCBeLYeHO B padoTe @Menepa [2], Tam xe 
OH NoKasa, YTO MpM COOTBETCTBYIOLUeM BHIOOPe y3.10B (1) 


~~ log n 


(4) max >, |S (x) |< (= ae ‘| ; 


=r = n 


ecau ToAbKO n > no(e). B nactosuelt pasoTe aBTopbl AOKasbIBaHOT, 4YTO MPH 100M BHIOOpe 
y3mo0s (1) 


max v | hy. (x)| = 
Sr ==) 


2 log log "| logn 
—c 
’ logn n 


re C, COOTBETCTBEHHO BbIOPAHHAaA NOMOKUTEAbHAA NOCTOAHHAA, ACHMNTOTHYECKH ONpeselAA, 
TakuM OOpas0M, MHHHMYM 


n 
or 
max _» by.(x). 


ASI —— 


Avanoru4Hbim O6pas0M aBTOPbI AOKAa3bIBaIOT, 4TO MPH 11O60M BHIOOpe ysI0B (1) 


2 log log 
(5) max Sin (x)| =(- pe pat "| log n. 


et log n 


Heckombko meee Cna6yro 4em (5) OWeHKY MOKHO HaliTu B pabore C. Bepuuiteiua. 
[1]; oqHakO AOKa3aTeMbCTBO ABTOPOB OCHOBbIBaeTCA Ha COBEPWICHHO APyrux COOOparxKeHHAX 


NPOBJIEMbI UW PE8YJIBTATbI OTHOCUTEJIBHO MHTEPNOJIMPOBAHHA. II 
Il. Ipwaéw (Byganewr) 


Tlycth —1 Sx, << %y< +--+ << xX, =), . 


o()= [J («—x), 4.0= eu) 


al w' (x) (x—x,) 
JloxaspipaeTca, 4TO 
(1) max Si (x)| > = togn—cy. 


1SrS1 7 


(1) o6ocrpser Teopempr Bepnurretina u Ipgzéuma—Typana. Uspecruo, uto (1) ve 
MOKET ObITh yJY4UeHO, TAK KAK CCAM X, y3abI MHOrOUNeHOB YeGriumesa 7,,(x), TO 


max: a [b.(x)| < = togn +e. 


-l=7= 
Henspectua Cucrema TOYeK, AA KOTOPON 


es pe |L.(x)| 
o 


NpPWHUMaeT CBOE HaMMeHbWIee B3HAYEHHE. 


OB OAHOU NMNPOBJIEME B9PA HU OAHOM MPOBJIEME 
YAUTXEJA B TEOPHM ABEJEBbIX rPpynn 


U. Pormen (Yp6ana, CLA) 


Astop uccaeayer aGenespi rpynne F, ana KOTOpbIx Ext(F, 7)—0O ana pcex nepu- 
oOfmueckux rpynn 7, u Te, Aaa KOTOppIx Ext(F, Z)—0, rae Z rpyina wWebix, HasbiBanA ux 
B-rpynnamu u W-rpynnamnu, coorserctsenxo. B cueTHom cmy4ae usBecTHO pemeHne OGenx 
npoOzem: u Te uw Apyrue rpynnel ABAAtOTCA CBOOOAHEIMU rpynnamu. 


ABTOp monyyaeT ps YaACTHUHBIX PesyaAbTATOR B CAyYae M1060 MomHOCcTH. Tunn4- 
HbIe Pe3yAbTaTHl: 


1. Cenapa6eabuaa B-rpynna crpoinas. 


2. Kaxkgaa W-rpynna cenapaG6enbua, crpoiinad un MOxKeT ObITb BOKeHA B TOHYO 
MpsAMytO CYMMY O€CKOHE4HBIX WMKIMYeCKHX rpynn Kak CepRaHTHad nosrpynna. 


YMOPAXOYEHHBIE NOJIYTPYNNMbI 


JI. Pyke (Byganeut) 


Pa6ota paccmMaTpmBaeT BONpOC O BAOXKMMOCTH B CrefyroulMe ynOpsAMOYeHHbIe MOy- 
rpynnnt: 


P: ayquTuBHad NOAyrpynna HEOTPHuAaTeAbHBIX JeMCTRUTEbHBIX YCeN; 

P,: sBemlecTsesHbii oTpesox [0,1], nencraue a-b—min(a- b, 1); 

P,*: otpes3ox [0, 1] u cumBon oo, pencTBue: a-b—a-+tb umn oo B 3aBncuMOCTH OT 
Toro, 6yneT nu a+ 60=1 wan > 1. 


Teopema 1. TonoxutenbHO ynopsfouenHad nosyrpynna Tora MU TObKO Tora 
MODKET ObITh BAOKeHA BP, ecam Ona 1. apxuMefoRa, 2. He COMepo#KUT AHOMABHOM Mapel, 
u 3. He MMe€ET MaKCUMaNbHOrO aeMeHTa (eCIN OHA COePoKHT MO Kpalined Mepe fBa ane- 
_ MeHTA€). 


Teopema 3. Apxumejora, ecrecrBeHHO ynopsfouenHad noayrpynna usomopdxa no 
ynopagovenuio OfHOH u3 noA~NOAyrpynn or P, Py van P,*. 

Tlocneguaa Teopema aBaserca OOuuM OOOOMeHHeM Teopem Ténpaepa [4] u Kand- 
popaa [2]. 


O CUE CBASAHHOCTH CJIY4AMHOLO FPADA 
ll. Opaéw u A. Peubu (byganeur) 


Iycts 7), y cayyaiiHpi rpadp cn BepliMHaMn N peopamy, 6e3 nerenb u 6e3 napan- 
neabupix pebep. I, y monyyaeTcA cnefyroulMmM oOpasom: BblOnpaem CayyauHO N wa Bcex 
? 


BO3MO}KHBIX 5 pe6ep, coeAnusmioumx n fanHpre BepmuHb! V;, Vo,..., V3; Mp stom no 


n 
NPeANOAOKeHHIO BCE BOSMODKHBIC (@ BLIOOPbI ITUX PeOep OAMHAKOFO BEPOATHHI. 
N 


Tyctrb gaa a1060ro (wenonHoro) rpada G c,(G) o603HayaeT MHHUMaAbHOe 4HCIO k, 
OOnafaroulee CACMY!IOWIMM CBOUCTBOM: MOX%KHO BbIMePKHYTh M3 rpaha G k nopxofaunx Bep- 


X 


WMH (BMeCTe CO BCeMM PeOpamn, KOTOPbIe MHUMPCHTHbI C STHMH BEPLIMHAaMN) Tak, 4TO NO- 
myyaerca HecBAsHbIM rpad. Tyctb c,(G) o60sHayaeT MuHMMambHOe yuCAO J, OOnaQatoulee 
CAeMYIOWMM CBOMCTBOM: MOMKHO BbIYepKHYTb M3 rpadda G / pedep Tak, 4TO nonyyaeTca 


HeceasHbii rpad. Haxoneu, nyctb d(V,) (k= 1,2,...,) uncno pedep, ucxomAlnx us Bep- 
wuHbt V, (BaneHTHOCTh BepuiMHbI V;,.) Mm NONOKAM AS le min d(V,). Kaxaa u3 Tpex Be- 
; =k=n 


aun ¢,,(G), ¢(G) u c(G) moxer ObITh paccmoTpena Kak mMepa CBABAHHOCTH rpada G. 
B pa6ote foKasbipaetcs (reopema 2), uTO ecu 


1 r 
(1) N(n) => nloga += nlog logn+ an + o(n), 


ie ¢ JaHHOe WeNOe HEOTpHuaTebHOe 4NCNO M @ AaHHOe BeLeECTBEHHOe 4NCIO, TO (0608- 
Hayaa 4uepes P(-) BepoaATHOCTb COObITHA B CKOOKAX) HME@EM 
e-2e 


(2) lim Pedy N(n)) aa r) =I Om ri, 


n—->+0 


M 4TO (2) OCTaeTCA BEPHBIM TaKe, ECM B HEM BMeCTO ¢,(7), Nn) CTOMT aH ¢,(T,,, N(»)) Han 
el, N(n) 

Hanee foKaspipaetca (Teopema 3), 4TO 4YNCIO BepuIMH Cay¥aiHOrO rpadha F n, N(n) (Ae 
N(n) onsatTe onpepeneHo C NOMOUbIO (1)), HMeHOLUMX BaeHTHOCTH 7, B Npemene npn n> + oo 


—2@ 


pacnpefeneno no sakouy Ilyaccona c napametpom 2 = — 
r! 


Yacruple cnyyan aTux Teopem, Kora r—O, ObINH AOKAa3aHBI abTOpaMH HaCcTOAMen 
CTaTbu yoKe paHbiuwe B ux padore [4]. 


QUEUES WITH BATCH ARRIVALS. | 


By 
PF. G. FOSTER (London) 
(Presented by A. Rény1) 


1. Introduction. The following single server queueing system is con- 
sidered in this paper: 

(i) Batches of exactly r units arrive at the sequence of instants, 
T1, T2,-.., Tm, -.., Such that the inter-arrival times, ¢,.4:— 7, >0 (n=1, 2, ...), 
are identically distributed independent random variables with common distrib- 
ution function F(x). Put 


lee} 


p(s) lerdF(s), e=|xdF(X) and 4=1/e. 


We suppose @ < ov. 

(ii) Units are served individually by a single server. Since the units of 
a batch arrive simultaneously, we shall suppose that they are ordered for 
purposes of service. Batches are served in order of arrival. Denote by y, the 
service time of the n'" unit to be served. We suppose that {7} (n—1, 2, ...) 
is a sequence of identically distributed independent positive random variables, 
independent also of the sequence {v,}, and that their common distribution 
function, H(x), is the exponential distribution: 


A(x) =R[y =x)=—1—e"" (Qe 0). 


ico) 


Pi = | xdH (xy. Then ~=1/8. Define 0 =A/u. 


In the terminology of [3], the system we consider has the 1-input 
(arrivals) untriggered with input quantity constantly r and a general distribu- 
tion for the 1-input time. The O-input (departures) is triggered with input 
quantity constantly unity and an exponential distribution for the O-input time. 
The system has infinite capacity. On account of the characteristic property of 
the exponential distribution we have the alternative of supposing that the 
0-input is untriggered also but with controlled input quantity: the input being 
virtual whenever the system contains no 1’s. In other words, service begins 
‘rom time to time whether or not there are any units in the system, and if at 
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the end of a service time a unit is present, it departs, otherwise nothing 
happens, and a fresh service begins. 

Such batch-size queueing processes do not appear to have been treated 
explicitly in the literature, although they have obvious applications. They are, 
however, implicit in the work of ERLANG (see [1]) and WisHarT [9]. These 
authors suppose that a service time devoted to one unit is composed of r 
consecutive phases. If, instead, we think of the unit as composed of r sub- 
units corresponding to the phases of service, we have the idea of batch 
arrivals. Justification for the explicit consideration of batch arrivals systems 
resides in the fact that the results one can obtain are elegant, and a natural 
generalization of the case of unit arrivals, as treated for example in [5] and 
[7]. This paper covers much the same ground as [9], but the analysis is 
different and the results obtained here are in fact new. (Cf. my remarks in 
the Discussion of [8].) 

Denote by &(¢) the number of units in the system, including the one 
being served, at the instant ¢ and put &,—E&(rt,—0) (n=—1,2,...). The 
main result of this paper is the determination of the limiting distribution, 

pj= lim P[E. = J]. 
[ am indebted to Dr. L. TakAcs for suggesting a substantial improvement in 
my original method of proof. The distribution {p;} exists and is independent 
of the initial state of the system if and only if re<1. The proof of this 
statement follows the same lines as that for the case r—1, as given in [2]. 

The limiting distribution of the waiting time for an arbitrary unit will 
also be derived. 


2. Let {v,} (21, 2,...) be a sequence of identically distributed inde- 
pendent random variables with distribution 


k= Ply, =] (j=0, 1, 2, ...) 
where 
. uxy’ 
aed enhe WAP), 


Then vy, is thought of as the number of real or virtual departures during the 
n inter-arrival time. 


Put K(z)= >/kz’. We note that K(z) = y{u(1—z)}. We assume ro <1. 


}=0 


Then it follows from Rouché’s theorem that the equation 
(1) K (2) ==" 
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has exactly r roots (distinct or coincident) inside the circle |z|—1. For 
K'(1) = —49'(0) = 1/e >, and so for some small positive 0, K(1—0) < 
< (1— 9)’. Therefore, on the circle |z| =1—d, |K(z)|=¥k,|z)’<(1—0)’ =|z', 
Denote the roots by zy; (j= 1, 2,..., 7). Clearly, one and only one of 
these roots is real and positive. 


Define P(z) = > p;z’. 
s=0 
THEOREM 1. 


(2) PQ) = [7 


Ags 
ja 1— yz 


the result being true whether or not some of the roots, y;, are coincident. 


Proor. By virtue of the characteristic property of the exponential dis- 
tribution referred to in Section 1, 


enti — max [S: ~f f—Vy, O}. 


Letting n—»+ oe and taking generating functions, we have, for |z|—1, 
P(2) =P) ZK (ze) + > o(1—2"), 
j==0 
where {c;} ({=0,1, 2, ...) is a sequence of real non-negative constants for 


which > c;—po. Therefore 
j=0 


£ a 
me ect Zz) 
A, 1—2’K(z") © 

We now have to determine the constants c;, and for this purpose we con- 
sider the zeros of the denominator. Clearly, there are exactly r zeros outside 


the unit circle, and these are 1/y; (j/=1, 2, ..., 7). Now consider the function 


A(z) = P(2) iT (1—y2). 


Since P(z) is the generating function of a probability distribution, A(z) must 
be regular for |z| <1. Now let A(z) be defined for |z|>1 by 


752) >, G(1—27) 
a j=0 
A(Z)= 1—2’ K(z"') 


Since in this expression all the zeros of the denominator outside the circle 
|z| 1 are also zeros of the numerator, it follows that A(z) is regular for 
\z|>1. Therefore, by analytic continuity, A(z) is defined and regular for 


|* 
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all z. Since, moreover, A(z)—o(|z|) as |z|— oe, it follows that A(z)—A, 
a constant independent of z. Therefore 


A 
P(2)=— , 
[H(—72) 
and from P(1)—1 we obtain finally (2). 
We note that the distribution {p,} is thus formally the convolution of r 


geometric “distributions”, if we allow complex probabilities. We have here 
a natural generalization of the known result for r—1 (see [5)). 


EXAMPLE 1. /nter-arrival times exponentially distributed. 
Suppose 
F(x) ==1—e (x= 0). 
Then g(s)=A/(A+s). Therefore K(z)=g{u(l—z)} =A/{4+ «(—z)} = 
= 0/(0-+1—z). Therefore the r roots y; are the roots of 


0 : 


eFI-2 
inside the circle |z|—=1. This equation can be written, 
(3) (l—z)2"+0z"=e, 


which, being a polynomial equation of degree r+ 1, has exactly r+1 roots, 
and one of them is seen to be z—1. 
Now consider the zeros of the expression 


(1—2) LT (1— 72. 
They are 
= 


cre ae avd 
ees ey SF RTs fay 


But these are the reciprocals of the roots of equation (3). Therefore they are | 
the roots of the equation 


(l—2z"!)z-"+ ez-"= 0, 
ERE? 


o I—z{1 +e(l—2")} =0. 
Thus we have the identity 


(12) [] 02) = 1-2 (1 + e129). 
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It follows that, in this case, we have 


(2 J10—7) 


POT a+ olay} 


From P(1)=1 we obtain {/(1—y;)=1—re, so that finally 
j=H1 


__(=re) (I=2) 
a PO ape 2 


Thus in the special case of exponential inter-arrival times, the generating 
function P(z) can be expressed in a form not explicitly involving the roots ¥;. 


EXAMPLE 2. Inter-arrival times having an Erlang distribution. 
Suppose 

SAK) ane 
port TEL oe yt 


QO 


F(x) = 1— 


~ 


Then g(s)={Ak/(Ak-+s)}", and so K(z)=[o/{o-+(1—z)k'}]*. The roots y; 
are thus the roots of 

(6) =z" {o+(l—2ky, 

inside the circle |z| 1. This equation, being a polynomial equation of degree 
r+k, has r+k roots. We know that r+1 of them are 


is Pare ee 
Let the other k—1 roots, which will be outside the circle |z|—1, be 
(Bais (OA. Bl Che ES Palic 
Now the equation whose roots are the reciprocals of the roots of (6) is 


. az fotze}, 
1.€. 
(7) (ko)'2"* —{(1 + ke)z—1}" =0. 


The left-hand side of this equation may therefore be identified with 


(11-2) 012) 102) 


Therefore we have, in this case, 


(1) 1 —2z) 10 — a2) A 95) 
(Ko) 2" 4 (1 Kej2-—1)" 
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From P(1)=1 we obtain 


TT (1) ee 


f k-1 
ies [Ta—«e) 
j=1 


so that finally 
(ko) 'k(I—re)(I—2) py Ta @z 
(ko) 27** —{(1 + ke)z—1}" j=l l—a; 


(8) P(@)= 


Thus in the case of Erlang inter-arrival times, the generating function 
P(z) can be expressed in a form which involves explicitly only the roots 
a; of (6), lying outside the unit circle, or equivalently the roots 1/q; of (7), 
lying inside the unit circle. 

When & is odd, all the @ are complex; when & is even, exactly one 
a; is real and positive. This may be seen by a consideration of the pair of 
curves given by 


(9) y —_ (kaya 
and 
(10) y={(1+ko)z—1}, 


for real z. They intersect at z—1, and since re <1, the gradient at z—1 of 
(9) is less than that of (10). When k is even, the curves are seen to inter- 
sect at one other point lying between z—0O and z—1. But when & is odd, 
they do not intersect at any real value of z such that z|<1. 

For example, when k= 2, there is only one «@;, say @, which must 
therefore be real and positive, and so we have, in this case, 


40(1—ro) (1I—2) l— az 
40°2”"*?— {(1+20)z—1} l—e ’ 


(11) P(2) = 


where «! is the unique real zero, lying within the interval (0,1), of the 
denominator. 


3. The waiting time distribution of an arbitrary arriving unit. 
We consider first the waiting time of the first unit in an arbitrary arriving 
batch. The waiting time is defined as the time which elapses between the 
instant at which the unit arrives and the instant at which its service begins. 
Denote by 7(¢) the waiting time which the unit would have if it arrived at 
time f, and define 7, —(r,—0). Thus », is the waiting time of the first 
unit in the n" arriving batch. We consider the limiting distribution, 

W(ix)= P [nm =xI. 


lim» co 
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Put 


fee} 


Q(s)= | ed WR). 


THEOREM 2. 


12) 2) = [J =“. 
aaa Cage La 
U+S 
Proor. Each unit has a service time whose distribution is exponential 
with Laplace transform «/(w-+-s). By the characteristic property of the expo- 
nential distribution, we can suppose that the service time of the unit at the 
head of the queue re-commences at the instant of the arrival of a batch. If 
an arriving batch finds / units in the system, the waiting time of the first 
unit in the batch will have Laplace transform {u/(u-+s)}’. The asymptotic 
probability of 7 units in the system is p;. Therefore 


x u i u 
aS) S0( 45] ars)? 


which gives the required result. 

We note that, if we allow complex probabilities, the waiting time distrib- 
ution is formally the convolution of r exponential “distributions”, with con- 
centrations 1—y,; (j= 1, 2, ..., r) at the origin. 


COROLLARY. The waiting time distribution of a random unit in a batch 
has Laplace transform 
7 1—yj 1 | u J 
13 smegma ; 
( ) i he a U+s 
[eS 


4. Relationship with the unit arrivals system G/E,/1. Let us now 
consider that the batches retain their identity in the queue: a batch is being 
served until its last member departs. Then if € is the number of units facing 
an arriving batch, the number of batches facing an arriving batch will be © 


where 


| fect, ff 220; 


r 
where [x] denotes the greatest integer not greater than x. We may now inter- 
pret the random variable ¢ as the number of units facing an arbitrary arriv- 
ing unit in the unit arrivals system, G/E,/1, which has mean inter-arrival time 
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1/2, and an Erlang service time distribution with a mean of r/u. The traffic 
intensity is thus ro. | 
We consider the distribution of ¢. Define 
qj = P[c = J], 


and put Q(z) => gz’. Now define 


je 


Then 


We have 
Qo= Po, Oe Pe Co = Paes 


and generally, 


Qi = Pir. 
Therefore 
Q@) _ Sp, a 
1—z j=0 i. 
But 


1 ( Pi) dv 


gu2ni.) l—o os 
“ 


Jj 


where C is a contour around the origin excluding the poles of P(z)/(1—z). 
Therefore 
Q(z) __ ~~ z ( P(v) dv 


l—z fS2ni) 1—p phe 
; 


so that 


(14) Odes | 


2otl:. 
x 


P(v) dv 
v(l—v) (—vw"2) * 


The poles of the integrand within C are at 


v—=aizir Vi=1,2,..., 7) 
where w’ is an r” root of unity. The residue at »>—«/z!” is 


tt “PCa gig 
r 1—@izir * 
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Therefore, summing the residues, we obtain 


(15) Q(z) = —- = Pore) 


fa 1—o zr * 


We may note that the waiting time distribution for an arbitrary arriving 
unit in the unit arrivals system G/E,/1 is identical with that for an arbitrary 
arriving batch in the batch arrivals system, and so is given by formula (12) 
above. Thus we have a solution in an interesting form to the Wiener—Hopf 
integral equation studied by LINDLEY [6]. 


EXAMPLE 3. Inter-arrival times exponentially distributed. 

The generating function P(z) for the batch arrivals system with exponen- 
tial inter-arrival times is given by (5). Therefore if we consider the unit arrivals 
system M/E,/1 with mean inter-arrival time 1/2 and mean service time r/u, 
the generating function Q(z) for the queue-size facing an arbitrary arriving 
unit is given by 

Qe) = Ire > 1 
ee r fai 1—aiz"" 114 0(1—z)} ° 
But the w/z!" {1+ e(1—z)} (j= 1, 2, ..., r) are the 7" roots of z{1 + 0(1—z)}. 
Therefore 
oe (i> 0) 02) 
..” De meelenadl decile)!" 


which is the known result for the system M/E,/1 when the traffic intensity 
aso, 

The waiting time distribution of an arbitrary arriving unit has in this 
case Laplace transform 


Ss 
heck dloreamr l—ro 


; ak 2 =) | : | 
Se Sa! Am ees oh ee 
Ps grr a (asl | {| “\u+s 
which is the known Pollaczek formula for this case. 


5. Further work. Let o;, 02, ..., On, ... denote the sequence of instants 
at which units depart from the batch arrivals system. In a sequel we shall 
consider the existence of the limiting distributions {pj} and {p;'}, defined, 


respectively, by 


2)—P( “|= 


Pj = lim PIS) —J] 
d 
* pt =lim P[E(o,+) =J/). 


> O 
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We shall also examine the relationships existing between the three 
distributions {p;}, {p;} and {p; }. . 


RESEARCH TECHNIQUES DIVISION, 
LONDON SCHOOL OF ECONOMICS 


(Received 8 December 1959) 
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As known, the investigation of the existence of periodic solutions of 
linear equations with periodic coefficients (e. g. the Hill and Mathieu equations) 
involves considerable amount of difficulties. The Floquet theory discussing this 
questions cannot be considered elementary at all. As to non-linear equations 
(e. g. the Liénard equation) the problem is still much more involved. N. LEVINSON, 
M. L. CARTWRIGHT, T. WAZEwskKI and other authors elaborated intricate analy- 
tical and analytic-topological methods to this end. On the other hand, the 
proof of the existence of such solutions is often very desirable for the practice 
too, for a solution like this is connected with some kind of stability (e.g. it 
forms a limit cycle in the sense of the Poincaré—Bendixson theory). 

Even therefore it is surprising how simple tools lead to results con- 
cerning the equation 


(1) y+ ¢()F(VA(y’) =, 


provided that (x) is a positive periodic function, f(y) and h(u) are like 
those in [1] (p. 98, Theorems 5 and 6) where — as throughout [1] — only 
positive monotone (x) was taken into account. 
The purpose of the present paper is to state results 
of this character, of course, also for linear equations. 
On p. 102 of [1] a remark says that there 
is a solution (x) of (1) to any other one y(x) 
of (1) with an arbitrary number of zeros between 
two adjacent zeros of y(x) and 7(x) can be ob- 
tained by a convenient (sufficiently small) initia] 
slope or (extreme) value 7 of (x) at x=a 
(see Fig. 1). — This assertion must be correc- 
ted, for Corollary 8 on p. 87 in [1] does not imply 
really, as asserted, that the distance of two con- Fig. 1 
secutive zeros tends to zero with the above initial 
values (see a counterexample below). In case of g(x) = k= const >0 there 
is given ({1], p. 88) a formula for this distance (i. e. for the period p, viz. 
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the corresponding solution is periodic) and it is doubtless that p is decreasing 
with || (at linear equations unchanged) (see [1], Theorem 5), but, in general, 
does not tend to zero with |7)| or by the initial slope. 

To throw light on the things take first the following example: 


. ] *’ 
(2) y tPF a ar aes 


Here f(y) =y, h(a) = RP satisfy the mentioned conditions and equation 


(2) turns to the linear equation y’ + g(x)y 0 as «—0. If g(x) = *=const, 
(2) may be solved by quadratures. According to y(0)—7>0, y'(0)—0, the 
solution is as follows (see [1], p. 89): 


1) 


(3) : ( Eu ena C0) 


yas + 14+ 22k(7?—u") 


y 


and the period of y(x) (see [1], p. 87) amounts to 


p(é, n, kK) =4e | Pati LBs Se = 
3 =e y1+2&kQ?—uw’) 


~¥ 


Fig. 2 


2 | Vi+V1+ 2&k(@2—w) 
See eS a ad u. 
\k 4 Vre—u? 


Replacing uw by 7 sinz we get 
7 
4 


(4) D(a, n, kK) = np) Vityi+ 2@kr? cos?z dz. 


This value may be made as large as wanted by increasing of |, provided 
«+0. On the other hand, p is decreasing with |n| and we have 
220 
Ps, 0, k) = Vk = p(0, ; k) = p(0, 0, k), 
i.e. p tends with |7|—+0 to the period of the linear equation y’+ky=0. 
We shall prove the following 


THEOREM 1. Let (x) be a positive continuous periodic function having 
period T and monotone symmetrical half-periods, further let min p(x) and 
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max p(x) be denoted by k and K, respectively. If kT?=n°n2; then foran==] 
(2) has a periodic solution of period 2T consisting of two half-waves, while 
for n=ny)>1 (2) has all the solutions as for n<n, and also a new one of 
period 2T consisting of 2n, half-waves, provided that n= 21+ 1 (l=1, oye), 


or a solution of period T consisting of n, half-waves, provided that n—2l 
eee 12 2). 
6 


PROOF. Let (x) be, say, increasing for OS x= ip 


om then the solutions 


Vi, ¥, Of the equations 
n 1 - % 1 Per 


and the solution y of (2), all corresponding to the initial conditions y(0)= 7, 
y'(0) 0, satisfy the inequalities (see 
[1], p. 102) 


Vo< Vy (Oz X50); 


y<y; (O<x= J). 


Here a<b<c denote the first positive 
Zeros Of y,, Y, i, respectively (see Fig. 3) 


and ae is assumed too. For the 


value of c we have 


c(e, 7, k) = Pet a8 


(see (4)). Obviously Fig. 3 
IU 
c(e, O, k) =—— and C(&, co, k) = -+ 00 
; en 2V/k 
and c is a monotone increasing function of |7|. Therefore assuming 
IU i Hi 8 
c(e, 0, 4) =—= == or kT 22, 
(5) (2, 0, k) ak 2 


ji , 
there is a value 7)>O of 7 where O(:, M)= 5» because the interval [a, cl], 


AT 
with the point xd in its interior, passes wholly through the point ee 0| 


as 7) covers (0, +00). At the same time, exactly one quarter-wave of y(x) 


1 n denotes an integer. 
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gets into the interval O=x=->. We state that y(x) is periodic with period 


fhe ‘ 
2T. Viz. the symmetrical 7(x) of y(x) lo=x = s| with respect to the point 
A satisfies (2) and thus it is the continuation 
of y(x) for A =x=T. Really, putting 7—x 
in (2) for x and regarding the relations 


n(x) = —y(T—x), FO) = ¥U—x), 
7" (x)= — yx) 


yx) | ! gy (T—x) = 9 (—x) = 9(x), 
Pee we obtain 
Bx 


r 
(6) A AS B Bt i 
tae n(x) + (x) 1%) =a = O.- 
me ] 2 
84 Brn + #7” (x) 
Fic. 4 It can be proved by the same argument that 


the continuation of y(x) for T=x=27T is 

symmetrical with the branch O=x=T of 

y(x) to the ordinate x—7, etc., thus the 

periodicity of y(x) by the period 27 is clear. 
If we assume instead of (5) the con- 

dition 

(6) c(2, 0, = ee 


or «Pans (n= 2), 


then by a convenient choice of 7 we obtain 
also a new solution y(x) of period 7 or 27, 
according as n=2/ or n=2/+1, re- 
> spectively.” Viz. for a suitable 7 exactly n 
quarter-waves of (x) will lie in the interval 


0=ax2 5) with y(F)—0 or [F)—o, 
Fig. 5 respectively. This is really ensured by the 


. condition (6), because the monotone increas- 
ing of p(x) involves the decreasing of the lengths, amplitudes, areas of 


the successive quarter-waves (see [1], Theorem 6). The branch us =e] @ 


> If (6) is satisfied for n—np, then it is satisfied for n< No, too, and the corre- 
sponding solutions exist also for n= no. 
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y(x) is symmetrical with its own O=x= 


fe 
sap branch to the ordinate x — 


Ns 


or to the point x=, 

The above statements are concerned with the non-linear case e+£0. 
For every «0 there are periodic solutions, provided that (6) is fulfilled. Let 
us denote the above periodic solution of period 27 for n—1 by y(x, & 7). 
If e—-0 and (5) holds, then »,—>-+ o, i. e. there is no periodic solution of 
period 27 of the linear equation (« =0) 


(7) y+ p(x)y = 0, 


respectively, etc. 


iE : 
unless Saas holds in advance. This is obvious by the fact, too, that the 


first positive zero of y(x, 0, 7) (viz. x 6) is independent of 7. 
At all events the condition 


:- 


IU 


fb 

— <T< a= 
; VK Vk 
forms a necessary one for the existence of the above solution. 

Although the limit passage «—-O does not lead to periodic solutions, 
however, we obtain the following — only in part known — result concerning 
the linear equation ; 

(8) y+ (+ Ppx))y =0. 

THEOREM 2. Let (x) be a continuous periodic function of period T with 
monotone symmetrical half-periods. Then « and 6 may be chosen so that (8) 
should have periodic solutions like those described in Theorem 1. 


Proor. Let g(x) be e. g. even increasing for O<x=t and letting 


ig 
k—a+(o(0), K=a+ a we have 
k—=min(a¢+ @g(x)), K=max(¢+¢(x)) (@>0). 
Given 70 let y., y,,y denote the solutions of the equations 
Viegeky=O, We kya 0 


and of (8) — all corresponding to the initial conditions yO=n, y()=0 
— and let a<b<c be the first positive zeros of yo, y, yi, respectively. 

If K=g(k)>k>0 where g(k) is an arbitrary continuous monotone 
function with g(k)—0 as k—0,° then the interval [a, c] (Fig. 3), with the 


3 Or more generally sO: 
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fe 
point x 0 in its interior, passes through the place X= as k-+0. There- 


fore there exists a value k—k,>O of & such that b= + is satisfied. Then 


n 
key 4) Kir pe 
ee ee , p= _ (Ki= g(k)) 


1 oy bi 
p (S — (0) y | a ede! 
and y(x) is periodic with period 27, etc. 


If in the general equation (1) g(x)—k—const>0, the solution is 
periodic with the period 


i) u 
zdz 


=A FACTO [F on | separ ma) —| ae 


This is increasing with |7| (see [1], Theorem 5) and has a zero or positive 
limit as 7,0 and a finite or infinite limit as 7)» o. Denoting these limits 
by p(0,k) and p(cv, k) we can state 

THEOREM 3. Assuming 


p(0,k) _ T _ p(~, K) 


2 n 2 
equation (1) has for convenient 7 solutions of period 2T and T like above 
in Theorem 1. — The conditions imposed on g(x), f(y), A(u) are the same 


as in Theorem 5 in {1}. 

The proof follows previous lines and may be omitted. 

Equation (1) is that particular case of the general equation y’—/f(x, y, y’) 
where f(x,y, y’) is factorized. However, the analogue of Theorem 2 may be 
extended to the solutions of the equation 


(9) y’+(¢+8o()fy, y)=0 ; 
where f(du, 4v)=Af(u, v) and sg f(u, v)=sgu. This equation — discussed 
in a paper [2] of the author — shows common features with the linear equations. 


(Received 15 December 1959) 
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Introduction 


The subject of this paper is to define a special class of lattice ideals, 
the class of standard ideals, and to examine its properties in detail. Before 
giving the definition of standard ideal we want the reader make acquainted with 
three tendencies of modern lattice theory which lead naturally to this notion. 

The distributive lattices play a central role in lattice theory. This may 
be explained, on one hand, by the fact that lattices were abstracted from 
Boolean algebras through the distributive lattices. On the other hand, the 
distributive lattices have a lot of important properties that lattices in general 
do not have and, consequently, many of the researches were restricted to 
distributive lattices. 

This fact gives the reason why some mathematicians have tried to define 
types of elements resp. ideals of lattices which preserve some properties of 
distributive lattices. It was of importance when in his paper [23] O. ORE has 
defined the notion of neutral element and ideal in modular lattices, and _ it 
was also of significance that in [4] G. BIRKHOFF succeeded in defining these 
notions in arbitrary lattices. The neutral elements play a central role, for 
instance, in the theory of direct factorizations of lattices (see [6]). Therefore 
the question how it is possible to generalize this notion to a wider class of 
lattice elements and ideals seems to be of interest. 

Another trend of researches wants to elaborate the theory of lattice ideals 
similarly to the theory of ideals in rings or invariant subgroups in groups. 
Chiefly we are thinking of the fact that any ideal of a ring is the kernel of 
one and only one homomorphism, furthermore the ideals satisfy the well- 
known isomorphism theorems, the lemma of Zassenhaus and the Jordan— 
Hodlder—Schreier refinement theorem. Such efforts have to overbridge many 
difficulties. Naturally, within the Boolean algebras — since the Boolean 
algebras are rings as well — the researcher does not meet any difficulty. 
It is also easy to settle this question in distributive lattices, only a good 
definition of the factor lattice is needed. (The simplest possible method is 
the following: we embed the distributive lattice in a Boolean algebra — for 
instance by the method of [13] — and so we get from the well-known 
notions and theorems of Boolean algebras the same in distributive lattices.) 

The case of general lattices is not so simple. In general, the above 
mentioned theorems are not true. In his paper [31] K. SHODA avoided these 
difficulties by a suitable definition of the factor algebra; this definition of 
factor algebra, however, in case of lattices does not seem to be applicable. 
This was pointed out in [14] by J. HASHIMOTO, remarking that this definition 
of factor algebra in chains gives only the factor chain of two elements. 


STANDARD IDEALS IN LATTICES 19 


In [14], using an other definition of factor lattices, J. HASHIMOTO has 
proved interesting isomorphism theorems. HASHIMOTO made the very strong 
restriction: all the ideals occurring in the isomorphism theorems, are neutral. 
The question arises: is it possible to enlarge the class of neutral ideals, 
preserving the validity of the isomorphism theorems ? 

The third tendency of researches that we are going to sketch has started 
from the Birkhoff—Menger structure theorem of complemented modular lattices 
of finite length (see G. BirkHorr [2], [3] and K. MENGER [22]). This structure 
theorem asserts that the lattices of the above type coincide with the direct 
products of simple lattices. A theorem of R. P. Ditwortu [8] states that this 
structure theorem remains true without any alteration if we omit the suppo- 
sition of modularity (of course, we must change the word ‘complemented” 
to “relatively complemented’). In fact, with this theorem began the investigation 
of the structure of relatively complemented lattices. The aim of these researches 
is to prove the results of the theory of relatively complemented modular 
lattices for relatively complemented lattices as well (some example from among 
these kinds of papers: J. E. MCLAUGHLIN [20], [21] and G. SzAsz [32]). 

The following theorem of G. BIRKHOFF [6] is well known: in a com- 
plemented modular lattice if we let a congruence relation O correspond to the 
ideal of all x with x=0 (Q), then we get a natural one-to-one correspondence 
between neutral ideals and congruence relations. A theorem of SHIH-CHIANG 
WANG [34], connected with this theorem of G. BIRKHOFF, asserts that the 
lattice of all congruence relations of a complemented modular lattice is a 
Boolean algebra if and only if all neutral ideals are principal. However, if 
we want to formulate these theorems for relatively complemented lattices or 
for section complemented lattices (i. e. in which the intervals [0, a], as lattices, 
are complemented), then we do not get in general true assertions. So the 
question arises, how it is possible to get natural generalizations of these 
theorems for relatively complemented lattices, i.e. one may ask for the class 
of ideals, that plays, from the point of view of homomorphisms, a_ similar 
role in relatively complemented (section complemented) lattices, as the neutral 
ideal in complemented modular lattices. 

We see that the developments of these there tendencies of lattice theory 
raise a common request, namely, that of finding appropriate generalizations 
of neutral ideals, of course, one generalization to each tendency! It was a 
great surprise to us, when it became clear that the very same generalization 
of neutral ideals answers all the questions raised above. This generalization 
is given by the notion of standard element and ideal. 

An element s of the lattice L will be called standard if 


xn(suy)=(xNs)U(xNY) 


2: 


- 


oS et 


o 
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for all pairs of elements x,y of L. A standard ideal of L is defined as a- 
standard element of the lattice of all ideals of L. : 

The aim of the present paper is to study the most important properties 
of the standard elements and ideals and, as an application, to prove that the 
standard ideals make us possible to develop further the above listed three 
tendencies of lattice theory. We will prove that in some respects the notion 
of standard ideals is the best-possible one. Namely, the class of standard 
ideals is the widest one, satisfying the first isomorphism theorem, provided 
some natural conditions are assumed. Many other properties are also typical 
to the standard ideals, e. g. the existence of a “dictionary” — as given below. 
But, of course, if somebody will try to develop a theory of certain type of 
ideals, satisfying the requirements only of one of the above mentioned tend- 
encies, then he will go further at the direction than we did. 

It will appear from this paper that the notion of standard ideal corre- 
sponds to the notion of invariant subgroup of groups. Several theorems of 
group theory may be “translated” to lattice theory using the following “dic- 
tionary” :! 

subgroup — ideal 


invariant subgroup — standard ideal 
factor group — factor lattice 
group operation — join operation.® 


We will use this “dictionary” for getting the appropriate forms of the 
isomorphism theorems, the Zassenhaus lemma, the solution of Schreier’s 
extension problem and so on. We will see that the “dictionary” works well 
in all these cases. We get, of course, only the translations of the theorems 
but not those of the proofs! 

The dictionary may be used also for translating negative assertions. 
An example: the invariant subgroup of an invariant subgroup is in general 


' The “dictionary” may be used only in translating from group theory to lattice theory’ 
but not in the reversed direction! Therefore we used the sign > instead of equality. 

2 modulo a standard ideal! 

* In the colloquium on Partially Ordered Sets (Oberwolfach, 26—30 October 1959) 
we have delivered a lecture in which a sketch of this theory was given. After the lecture 
Professor R. H. Bruck proposed an extension of the dictionary, that — after a short dis-_ 
cussion — led to the correspondence 


abelian group - distributive lattice. 


Using this, one can define the solvability of a lattice, notions corresponding to the centra- 


lizator, and commutator subgroup and so on. It may be hoped that one can elaborate this 
part of the theory. 
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not invariant in the whole group and the same is true for standard ideals. 
(It is worth while mentioning that the neutral ideal of a neutral ideal is 
neutral in the whole lattice.) 

Despite the fact that the notion of standard ideal is more general than 
that of neutral ideal, there appeared a lot of new properties of neutral ideals 
from the study of this generalization. Besides many not all too important 
properties, the best example is the result of Chapter VI (Theorem 23). This 
theorem characterizes neutral ideals in a special class of modular lattices. 
However, the proof shows clearly that the assertion is a typical one for stand- 
ard ideals. Hence, we may say, that in this theorem we use the standard 
ideals as a method of proof. 

The paper consists of six chapters. 

The first chapter is of preliminary character. It contains notions which 
are not generally known, while for the fundamental notions of lattice theory 
and general algebra we refer to [6], [16] and [29]. The frequently used notions 
and theorems from the literature are enumerated. 

In Chapter II, after the definition of standard element and ideal, we 
prove the two fundamental characterization theorems. In the remaining part 
we deduce some properties of the standard element and ideal which seems 
to be of importance. 

In Chapter III we are interested in the connections between standard 
and neutral elements. In § 1 we verify the simplest connections, but already 
from these we deduce a new proof of a theorem concerning neutral ideals; 
a proof of this theorem within the theory of neutral ideals does not seem to 
be an easy task. In § 2 we prove the coincidence of standard and_ neutral 
elements in a rather wide class of lattices including modular as well as 
relatively complemented lattices. In § 3 we give a necessary and_ sufficient 
condition for a standard element to be neutral. In §4 we deal with the 
lattice of all ideals of a weakly modular lattice. We prove that the lattice of 
all ideals is not necessarily weakly modular. In the remaining part of the 
section we discuss some properties of the ideal lattice. 

In Chapter IV we prove that the class of standard ideals and that of 
the homomorphism kernels coincide in section complemented lattices. From 
this we infer the generalizations of the above mentioned theorems of 
G. BIRKHOFF and S. WANG. Then we prove the isomorphism theorems, the 
lemma of Zassenhaus and some of its consequences. In the last section we 
solve the lattice-theoretical equivalent of Schreier’s extension problem. 

In Chapter V we first prove that any distributive equality is capable of 
the characterization of the neutrality of an element of a modular lattice. Then 
in § 2 we prove that in modular lattices the uniquely relatively complemented 
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elements are just the neutral ones, and thus we get a generalization of a 
well-known theorem of VON NEUMANN. 

In Chapter VI we deal with ideals satisfying the first isomor- 
phism theorem. In § 1 for a special class of section complemented lattices, 
while in § 3 for modular lattices with zero and of locally finite length we 
prove that this class of ideals coincides with the class of neutral ideals. In 
§ 4 we show that under some natural conditions the standard ideals form 
the widest class of ideals satisfying the first isomorphism theorem. 

There are 20 unsolved problems given at the end of the corre- 
sponding sections. We hope some of the readers will find it interesting to 
deal with them. 


CHAPTER I 
PRELIMINARIES 


§ 1. Some notions and notations 


The partial ordering relation will be denoted by <, in case of set lat- 
tices (that is lattices the elements of which are certain subsets of a given 
set) by c. In lattices the meet and the join will be designated by N and U, 
and the complete meet and complete join by A and \V. The least and greatest 
element of a partially ordered set (or of a lattice) we denote by O and 1. 
If a covers 5b (i.e. a>b, but a>x>b for no x), then we write a>Ob. 

If @(x) is a property defined on the set H, then we define {x; @(x)} 
as the set of all x € H for which @(x) is true. Hence in partially ordered sets 
(a] = {x;x =a} is the principal ideal generated by a, while {x;a=x=b} 
is the interval [a, 6], provided that a=. If 6 covers a, then the interval 
[a, 6] is a prime interval. The dual principal ideal is denoted by [a). 

If any, two elements a,b of L, satisfying a< 6, may be connected by 
a finite maximal chain, then Z is said to be semi-discrete. If the lengths of 
the maximal chains of the lattice ZL are finite and bounded, then L is called 
of finite length. If all intervals of the lattice L, as lattices, are of finite length, 
then L is of locally finite length. If L has a O and is of locally finite length, 
furthermore for all a€ Ll, in [0,a] any two maximal chains are of the same 
length, then we say that in Z the Jordan—Dedekind chain condition is satisfied. 
In this case the length of any maximal chain of the interval [0, a] will be 
denoted by d(a), and d(x) is called the dimension function. 

Let P and Q be partially ordered sets. The ordinal sum of P and Q 
is defined as the partially ordered set, which is the set union of P and Q, 
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and the partial ordering remains unaltered in P and Q, while x<y holds 
for all x€ P and y€Q; this partially ordered set will be denoted by P@Q. 

The set of all ideals of a lattice L, partially ordered under set inclu- 
sion, form a lattice, which will be denoted by /(L). 


LEMMA |. /(L) is a conditionally complete lattice. The meet of a set of 
ideals (if it exists) is the set-theoretical meet. The join of the ideals I. (a € A) 
is the set of all x such that 


ve = la, U ees U la, (lc, € Ie,) 
for some elements a; of A. 


If A is a general algebra and @ is a congruence relation of A, then 
the congruence classes of A modulo © form a general algebra A(Q@). This 
is a homomorphic image of A. 

We will use the two general isomorphism theorems (REDE! [29]): 


THE FIRST GENERAL ISOMORPHISM THEOREM. Let A be a general algebra 
and A’ a subalgebra of A, further let © be an equivalence relation of A such 
that every equivalence class of A may be represented by an element of A’. Let 
© denote the equivalence relation of A’ induced by ©. If © is a congruence 
relation, then so is ©’ and 


A(O) ~A’(0. 


The natural isomorphism makes a congruence class of A correspond to the 
contained congruence class of A’. 


THE SECOND GENERAL ISOMORPHISM THEOREM. Let A’ be a homomorphic 
image of the general algebra A, let O be an equivalence relation of A, and 
denote ©’ the equivalence relation of A’ under which the equivalence classes 
are the homomorphic images of those.of A modulo ©, and suppose that no 
two different equivalence classes of A modulo © have the same homomorphic 
‘image. Then @ is a congruence relation if and only if @' is one and in 
this case 

A(Q)=A'(@). 
The natural isomorphism makes an equivalence class of A correspond to its 
homomorphic image. 


§ 2. Congruence relations in lattices 


Let © be a congruence relation of the lattice L, and denote by L(O) 
the homomorphic image of L induced by the congruence relation ©, that is, 
the lattice of all congruence classes. If L(@) has a zero, then the complete 
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inverse image of the zero is an ideal of L, called the kernel of the homo- 


morphism L— L(@). 


A simple criterion for a binary relation 7 to be a congruence relation 


is formulated in 


LEMMA II. (GRATZER and SCHMIDT [12].) Let 7 be a binary relation de- 
fined on the lattice L. 1 is a congruence relation if and only if the following 


conditions hold for all x,y, z€L: 
(a) Xaex (7); 


(b) xUy=x ny (n) if and only if x=y (); 


(Cc) xe y2e, Sy (y, 


y=z (n) imply 


C= 2 (7; 


(d)x=y and x=y (n), then xUz=yuUz (y) and xnz=ynz (7). 


The congruence relations of L will be denoted by 0, @,.... 


The set 


of all congruence relations of L, partially ordered by “O = ®@ if and only 
if x=y (O) implies x=y (®)”, will be designated by O(L). 


LemMa III. (BIRKHOFF [4] and KRISHNAN [18].)* O(L) is a complete lattice. 
x=y (A Oa) if and only if x=y (Oz) for all a€ A; x=y (V Oa) if and 
acA aca 


only if there exists in L a sequence of elements xUy=2=2%2-=2= 


=xny such that Z=2-1 (O.) G=152,.. .. Aor suuablalers 


.2,@, € A. 


The least and greatest elements of the lattice O(L) will be designated 


by @ and 1, respectively. 


Let H be a subset of L, O[H] will denote the least congruence relation 
under which any pair of elements of H is congruent. This we call the con- 
gruence relation induced by H. If H has just two elements, H = {a, 6}, then 


cud 
aub 


aub 
cad 


cud 
anb 
anb cad 


Fisve! 


4 See also Gratzer and Scumpt [12]. 


QO [H] will be written as O,,. The 
congruence relation @,, is called 
minimal. 

First we describe — following 
R. P. DILWORTH — the minimal con- 
gruence relation ©,,. To this end 
we have to make some preparations. 

Given two pairs of elements 
a,b and c,d of L, suppose that 
either 

cnd=anb 

and 


(cnd)U(aUb)=cud, 
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or 
cUd=aub and (cud)n(anb)=cnd. 


Then we say that a,b is weakly projective in one step to c,d, and write 
a, b—+c,d. The situation is given in Fig. 1. In other words, a, b+c,d 
if and only if the intervals [(aUb)ncnd,au 5], [cnd,cUd] or f[anod, 
(an 6)UcUad], [cn d,cUd] are transposes in the sense of [6]. 

If there exist two, finite sequences of elements a= x0, X1,...,Xn==C 
wd D—yo,..., ¥n==d in L_such that 


1 1 (I? Se seseaee caaeaS ee wr 
(1) a, VKH; Yo —> XxX, Vi —> 9° —+ Xn, Vn = G& d, 


then we say that a,b is weakly projective to c,d, in notation: a, b—+c,d, or 
if we are also interested in the number n, then we write a, b—"+c, d. 

If a,b—-c,d and c,d— sa, 6, then a,b and c,d are transposes, 
and we write a, b .'.c,d. If the sequence (1) may be chosen in such a way 
that the neighbouring members are transposes, then a,6 and c,d are called 
projective, and we write a, b~~c,d. 

The notion of weak projectivity is due to R. P. DILworTH [8] (see also 
MAtcev [19], GRATZER and ScuHMIDT [12]). DILWORTH uses his terminology 
just reversed as we do. ar 

The importance of this notion is shown by the fact that a, b->c,d and 
a=b (@) imply c=d (@) (applying this to O—o, we get that a—0b im- 
plies c—d, a fact which will be used several times). 

Now we are able to describe O,.: 

THEOREM I. (R. P. DiLworTH [8].) Let a, 6,c,d be elements of the lat- 
tice L. c=d (Ow) holds if and only if there exist y,¢L with 
(2) CUI— Yo, Saye CNd and.4, b> yin, yi 

(ze ae oe 

It is easy to describe O[H], using Lemma III, Theorem I and the fol- 
lowing trivial identity: 

(3) O[H]= V Oa. 
a, bE H 


The symbol @[H] will be used mostly in case H is an ideal. Then 
one can prove the following important identity (see [14]): 
(4) O[Vi.] = V Olle] (la € I(L)). 

The following definition is of central importance in this. paper. Let 2 


be a lattice and / an ideal of L. By the factor lattice L// of the lattice L 
modulo the ideal / is meant the homomorphic image of L induced by @[/], i.e. 


PISTOL): 


26 G. GRATZER AND E. T. SCHMIDT 


Finally, we mention the definition of permutability: the congruence re- 
lations © and ©@ are called permutable if a= x (QO) and x=6 (®) imply 
the existence of a y such that a=y (®) and y=6b (0). 


§ 3. Lattices and elements with special properties 


2 will denote the lattice of two elements. 

Let U denote the non-modular lattice of five elements, generated by 
the elements p, g, r, that is, p>q, pUr=qUr=i, pnr=o. V will denote 
the modular, non-distributive lattice of five elements with the generators 
D, qg, r, that is, pUg—=qUr=rup=I, png=—qnr=—rnp=—o. 

An element d of the lattice L is called distributive if 
(5) du(xny)=(duUx)N(duy) 
for all x,y ¢€L. In [25] O. ORE has proved that d is distributive if and only 
if x=y (O[(a]]) implies x Uy=[(xNy)Ud]N(xXUy). 

An element n of L is said to be neutral if the sublattice {n,x,y} is 


distributive, where x and y are arbitrary elements from L. The following 
theorem will be useful: 


THEOREM II. (ORE [24].) The elements x,y,z«€L generate a distributive 
sublattice of L if and only if for all permutations a,b,c of x,y,z the fol- 
lowing equalities hold: 


(6) au(bnc)=(aub)n(auo), 
(7) an(bUc)=(anb)u(aneo), 
(8) (an b)U(6Nc)U(cNa)=—(auU b)N(bUc)N(cUa). 


COROLLARY. An element n of L is neutral if and only if for all x,y€L 
the five equalities obtained from (6)—(8) by substituting permutations of 
x, y,n hold. 


REMARK. It will follow from the theory of standard elements that this. 
corollary may be sharpened, omitting three from the five conditions. 


THEOREM III, (BIRKHOFF [5].) An element n of L is neutral if and only if 


(i) nU(xNy)=(NUX)A(NUy) forall x,yEL; 
(i’) an(xuy)=(nnx)U(nny) for all x,yEL; 
(ii) nnx=nny and nux=nuy (x,y€L) 


imply xy, i.e. the relative complements of n are unique. 


. THEOREM IV. (ORE [24].) An element n of a modular lattice L is neutral 
if and only if condition (i) (or equivalently, condition (i’)) is satisfied. 
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An ideal / of L is called distributive if it is a distributive element 
of /(L). / is neutral if it is a neutral element of I(L). 

The lattice L is weakly modular (see Gratzer and SCHMIDT [12]) if 
from a, b-+c,d (a,b,c,d€L;c-+d) it follows the existence of 4,b,€L 
satisfying anb=a,<b;=aub and c,d>a, by. 

LEMMA IV. (GRATZER and ScumipT [12].) Let the lattice L be 

A) modular, or 

B) relatively complemented, or 
C) simple. 

Then L is weakly modular. 


A lattice L with zero is called section complemented if all of its in- 
tervals of type [0,a] are complemented as lattices. In general, the lattice L 
is section complemented if any element of L is contained in a suitable prin- 
cipal dual ideal which is section complemented as a lattice.5 

The following assertion is trivial: 


LEMMA V. Any relatively complemented lattice is section complemented. 
Finally, we mention the \-distributive law: 
XN VVe = V(XN Ya). 


A complete lattice L is called \-distributive if this law unrestrictedly holds in L. 
. Of importance is the theorem of FUNAYAMA and NAKAYAMA that asserts: 
O(L) is \-distributive. 

The partition lattice P(H) of the set H is defined as the partially 
ordered set of all partitions of H, where the partition p is said to be smaller 
than g if p is a refinement of gq. 


CHAPTER II 
STANDARD ELEMENTS AND IDEALS 


§ 1. Standard elements 


We begin with repeating the definition of standard elements: 
4 The element s of the lattice L is standard if the equality 
(9) xn(sUy)=(xNs)U(xNy) 
holds for all x, y€L. 


5 The section complemented lattices with zero are called by Hermes [16] ,,abschnitt- 
komplementére Verbande”. The English name was suggested by Mr. Lorenz. 
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First of all, let us see some examples for standard elements. In the 
lat ice U (see Chapter I, § 3) p is a standard element. At the same time, it 
is clear that p is not neutral. (Furthermore, in the same lattice (r] is a ho- 
momorphism kernel, but r is not standard.) 

Obviously, any element of a distributive lattice is standard. Further- 
more, in any lattice the elements 0 and 1 (if exist) are standard elements. 

The simplest form for defining standard elements is the equality (9), 
however, it is not the most important property of a standard element. Some 
important characterizations of standard elements are given in 


THEOREM 1. (The fundamental characterization theorem of standard ele- 
ments.) The following conditions upon an element s of the lattice L are equi- 
valent : 

(@) s is a standard element; 

(@) the equality u=(uns)U(unt) holds whenever u=sut (u,teL); 

(v) the relation ©,, defined by “x=y (Os) if and only if (xNy)USi= 
xUy for some s;=s’, is a congruence relation; 

(0) fortallix, yeL 


(i) SU(XNY)=(SUX)N(SUy), 
(ii) SNx=sny and sUx=sUy imply x=—y. 


Proor. We will prove the equivalence of the four conditions cyclically 

(a) implies (8). Indeed, if (@) holds and u=suUfé, then u=un(sud). 
Owing to (9) we get u—(uns)U(und), which was to be proved. 

(8) implies (vy). Using condition (°) and Lemma II we will prove 
that ©, as defined above is a congruence relation. 

(a) x=x (O,). Indeed, for any x€L, the equality (xn x)U(xNs)=x 
trivially holds, so if we put s;==xNs, we get the assertion. 

(b) xNy=xUy (O,) if and only if x= y (O,). This is trivial from the 
definition of Q,. 

(c) xz=y2zz,x=y (O,) and y=z (O,) imply x=z (@,). By hypo- 
thesis x= yUs, and yzU S82 for suitable elements s,, s.=s. Consequently, 
X= YUS1= (ZU S)US1 = ZU (S1U Sx) for siUsoSs, that means, x=z (O,). 

(d) In case x= y and x=y (@,) hold, xuz=yuz (@,) and xnz= 
=ynz (O,). In fact, by assumption x=-yUs; (sis), and hence we get 
XUZ=(yUZ)USi, that is xUz=yUz (@,). To prove the second assertion, 
we start from the relations x =yUs; and xnNzSyUsisyus. Applying 
condition (¢) to u=xnz,t—y and using xny=y, we get 


xNZ=(xNZNs\U(XNZzN y)—(YNzZ)USo, 


where sx =xNzNs3s, which means xnz=ynz (0.). 
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(7) implies (0). First we prove that (y) implies (i). According to the 
definition of @,, the congruences x=sux (Q,) and y=suy (O,) hold for 
arbitrary x,y€L. We get xny=(sux)n(suy) (O,). By monotonicity, 
xNyS(sUx)N(SUy), hence again by the definition of ©, it follows that 
(SUX)N(sSUy)=(xNy) Us: with suitable s, <s. Joining with s and keeping 
the inequalities s; = s and s=(sUx)n(sUy) in view, we derive su(xny)— 
~=(sUx)N(sUy), which is nothing else than (i). 
Secondly, we prove that (v) implies (ii). Let the elements x and y be 
chosen as in (ii). We know that sUy=y (@,), so meeting with x and using 
XUS=yUS we get x==(xXUS)Nx=(yUs)Nx=ynx (O,), consequently, 


using (y), (xN y)Usi==x with suitable s;=s. From the last equality s: = x, 
accordingly, ss; =snx—sny=y (in the meantime we have used the sup- 
"position sn x—=sny of (ii)), thus x=(xny)Us S(xny)Uy=y. We may 
conclude similarly that y= x, and thus xy, which was to be proved. 
(0) implies (a). Let x and y be arbitrary elements of L and define 
pa—=xnN(suy) and b=(xns)U(xny). By (ii), it suffices to prove that 
sena=—syb and suUa=sup. 


To prove the first equality we start from sna: 
Si eee Seis UY) == xX.01Si1{S Uy) | ==X,N Ss. 
‘It follows from the monotonicity that xns=b=(xns)U(xny)= 
-S[xn(suy)|]u[xn(suy)] =a. Meeting with s, we get snxSsnb=sna. 
But we have already proved that sn x—sna, and so sna=snb. To prove 
“sUa=suUO0 we start from sUa and use (i) several times: 


sUa=suU[xn(suy)|=(GUx)n[suGSUPJ—GUXNn(sUy) = 
=sU(xNy)=SU(XNS)U(XNY)=sSUB, 
and so Theorem 1 is completely proved. 
q Rewriting (i) and weakening (ii), (0) may be transformed to the fol- 
lowing form: 
LemMMA 1. An element s of L is standard if and only if the following 
‘two conditions are satisfied: 
; (i*) the correspondence x +x Us is an endomorphism of L; 
(ii*) if xzy, sUx=SUy and snx=snNy, tren X = y. 


j 


It is easy to see that (i) is equivalent to (i*). Indeed, for any fixed s, 
the correspondence x» xUs is a join-endomorphism. That it is meet-endo- 
‘morphism as well, is guaranteed just by (i). In the proof of Theorem I, at 
the step ‘“(0) implies («)” we have used (ii) only for x==@_ and» y= band 


— ws. 
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in this case y=x holds. Consequently, in the proof we have only used 
(ii*), and so one can replace (ii) by (ii’). 
From condition (vy) of Theorem I we derive easily: 


LEMMA 2. Let s be a standard element of the lattice L. Then (s] is a 
homomorphism kernel, namely O[(s]] = O.. Conversely, if x=y (O[(s]]) holds 
when and only when (xn y)Usi=XUy with a suitable s;=s, then s isa 
standard element. 


PRooF. The congruence relation ©, obviously satisfies O,—O[(s]], 
consequently (s] is in the kernel of the homomorphism induced by ©,. We 
have to prove that (s] is just the kernel. Otherwise there exists an x > s with 
x==s (O,). By definition, it follows x—sUS; (Si: =s) which is obviously a 
contradiction. Conversely, if OJ[(s]]—0., then ©, is a congruence relation, 
since Q[(s]] is one, and then from condition (vy) of Theorem 1 it follows 
that s is a standard element. 

We have formulated Lemma 2 separately — despite the fact that it is 
an almost trivial variant of condition (v) of Theorem 1 — because it points 
out that property of the standard elements which we think to be the most 
important one. It may be reformulated as follows: if (s] is a principal ideal 
of L, then x=y (O[(s]]) if and only if there exist a sequence of elements 
XUVH HEME 2% =—xNy of L, an 5, =, and a sequence of integers 
f,...)Mm such that s1,S—~ 21,2 (i=1,...,m). Now the definition of 
standardness is as follows: s is standard if and only if n;==1 may be chosen 
for all 7. It follows then we may suppose m= 1 as well. 


§ 2. Standard ideals 


An ideal S of the lattice L is called standard if it is a standard ele- 
ment of the lattice /(L), that is, if 


(10) In(Suk)=(nS)udnk) 


holds for any pair of ideals /, K of L. 

An example for standard ideals is given by the ideal (p] of the lattice U. 
Further examples will be given at the end of this section. 

Our chief aim in this section is to prove the analogue of Theorem 1 
for standard ideals. 


THEOREM 2. (The fundamental characterization theorem of standard 


ideals.) The following seven conditions for an ideal S of the lattice L are 
equivalent: 
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(@’) S is a standard ideal; 
(@’’) the equality 
In(Suk)=(/nS)udnk) 
holds if I and K are principal ideals; 
We for any ideal I, the elements of SUI are of the form sux (sé S, 
x Ci); 
(8) for any principal ideal I, the elements of SUI are of the form 
BUX (SES, xE1); 
(y’) the relation Os of I(L) defined by “I=K (Os) if and only if 
(UN K)USi=1UK with a suitable S:;SS” is a congruence relation of I(L); 
(y") the relation O[S] of L defined by “x=y (O[S]) if and only if 
(xNy)US=xUy with a suitable s€S” is a congruence relation; 
(0’) for all I and K€ I(L) 
(i) SUT A)=(SUIN(SUK), 
(ii) SAl=SnkK and SUI=SUK imply I=K. 


Proor. The conditions of this theorem are the analogues of those of 
Theorem 1. To make the similarity clear, first we show that (3) is equiva- 
lent to the following condition: 

(6") if for the ideals / and / the inequality J—Su/ holds, then 
J=(JNS)u(Jn J). 

It is, obviously, equivalent to (6") that any element of / may be written 
in the form suUx(s€S,x€/). Since / is arbitrary, that means: any element 
of Su/ is of the form sUx, and this is condition (6). So these two con- 
ditions are equivalent. 

Another analogue of (6) may also be formulated: 

(6**) if for the principal ideals / and / the inequality J/&Su/J/ holds, 
then J/=(JnS)u(/n/). 

Now, it is trivial that the equivalence of («’), (6), (y’) and (0’) is an 
immediate consequence of Theorem 1. 

(@’) is a special case of (@’). The proofs that (@’’) implies (@”) and 
(@”) implies (7”) run on the similar lines as those of the corresponding 
implications in the proof of Theorem 1. Thus it is enough to prove that 
(y’) implies (6’). Suppose (y’”) holds and let / be an arbitrary ideal of L, 
and x€ Su/. From Lemma | we get the existence of s€S and i¢€/ with 
x=sui. Since s=sni (O[S]), therefore sUi=(sniUi=i (O[S]), and 
so x=xn(sUi)=xni (O[S]). Accordingly, using (vy) we get x =(xNi)US’ 
where s’€S. But xnié/, hence (5’) is proved. 
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The proof of Theorem 2 is complete. 
The analogues of Lemmas 1 and 2 are naturally true. We formulate 
only the analogue of the most important part of Lemma 2. 


LEMMA 3. Let S be a standard ideal of L. Then the congruence relation 
Q[S] of L defined by condition (y”’) of Theorem 2 is the congruence relation 
induced by § and § is the kernel of the homomorphism induced by O{S). 


We may say that Lemma 3 gives an approval of the notation we have 
used in condition (y”) of Theorem 2. 
We get many examples of standard ideals from the following 


LemMa 4. The principal ideal (s] of L is standard if and only if s its 
a standard element of L. 


Proor. The assertion is clear comparing Lemma 2 with condition (y’’) 
of Theorem 2, since s; €(s] and s; =s are equivalent statements. 
It follows now from Lemma 4 that the existence of standard elements 

/ in a lattice implies the 

existence of standard 

ideals. The converse 

of this statement is not 

true. We construct a 

lattice L in which there 

exists a standard ideal, 

but has no. standard 

element. Consider the 

direct product of the 

chain of the integers © 
with 2. The elements 

of this lattice are of 
the form (n,0) and 
(n,1) where n is an- 
arbitrary integer and 0° 
and 1 are the elements 

of 2. We define new 

=o elements. x, (7 ==Q} 

Se +7 1. .),) SUDIECL stm 


the following relations: 
X,U(n, 1) =x, U(n+1, 0) =(n +1, 1), 
XN (n, 1) =x, 1 (a+ 1, 0) = (a, 0). 
The resulting partially ordered set L is shown in Fig. 2. One can easily 
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prove that L is a lattice and L is simple, that is, © (L) consists of two ele- 
ments. In L there is no standard element (if s were one, then w< Os<u 
would be a contradiction), but the whole lattice is a standard ideal. 

A proper standard ideal is obtained if we take two copies of this lat- 
tice, L; and Ls, and define L~1,@L2. Then this lattice contains no stand- 
ard element, but ZL; and Ls are standard ideals. 

It is natural to ask, why the following condition is not included in 
Theorem 2: 

(O”) if J and K are principal ideals, then 


(i) Suu A)=(Sul)n(SUK); 
(ii) SNi=SnkK and SUJ=SuUK imply /=K. 


The reason is that we could not prove the equivalence of this condi- 
tion to the others. Therefore we ask 

PROBLEM 1. Does condition (0”) characterize the standardness of the 
ideal S? 


§ 3. Basic properties of standard elements and ideals 


In this section and in the next one we shall deduce from the funda- 
mental characterization theorems some important properties of standard ele- 
ments and ideals. 

If S is a standard ideal, then we call the congruence relation O[S] 
generated by S a standard congruence relation. If S—(s], then O[S]—=@O,, 
so ©, is a standard congruence relation that we may call principal standard 
congruence relation. First we see some results on the connection between 
standard ideals and standard congruence relations. 


THEOREM 3. The standard elements form a distributive sublattice of the 
lattice L. The principal standard congruence relations form a_ sublattice of 
@(L). Between these two lattices the correspondence s—» ©, is an isomorphism. 

Further, the standard ideals form a \-distributive sublattice of I(L) which 
is closed under forming complete join. The standard congruence relations form 
a sublattice of O(L). The correspondence S— @[S] is an isomorphism be- 
tween these two lattices. 

Proor. First we verify the assertions concerning standard elements. Let 
s, and s» be standard. Then by an iterated use of (9) we get that for all 
mye L 

x [(s1 U 82) U9] = XN [51 U (SUP) = (N51) UX (SU) = 
= (x51) U(x 8) U(XNY) = [XN (SU 82)] UCN), 


3 Acta Mathematica XII/!—2 
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that means, by definition, that s; U ss is standard. It is almost trivial that the 
correspondence s—> @, is a join-endomorphism. Indeed, owing to Lemma 2 
and the standardness of s;U Sz, the equality O.,U Os, = Osus, is equivalent 
to O[(si]] U O[(s2]] = O[(si U se]], and this is a special case of formula (4). 
Further, if s;¢s2, then 0,,0,,, for the kernels of the homomorphisms 
induced by ©, resp. Qs, are different (see Lemma 2). 

Now we prove 0,,N Os, = Osns,- If x=y (Os,N O,,), then x=y (O;,), 
and so (xn y)Us{=xUy (si= 51), on the other hand x=y (@,,.) holds as 
well, and from this sj —(xUy)Nsi=(xny)nNsi (O.,), hence with a suitable 
Ss <s» the relation sj—[(xny)nsi]Us holds. Consequently, s = sj is valid, 
therefore s = siN So and (xn y)US=(xNy)U[(XNy)N si] US=xUy. We have 
proved the following: x==y (O.,9 @.,) if and only if (xNy)Us=xUy with 
a suitable s € (s:N s:]. According to Lemma 2, this means that s;/ Ss. is stand- 
ard and 0,n O;,—=Q.,.5,. Thus we have shown that the standard ele- 
ments form a sublattice of L, the principal standard congruence relations 
form a sublattice of @(L), and the correspondence s—@, is an isomor- 
phism. It follows now, since @(L) is a distributive lattice, that the lattice of 
standard elements is distributive. 

Applying the results proved so far to the lattice of all ideals of L, we 
get that the standard ideals form a sublattice of /(L), the congruence relations 
©; form a sublattice of O(/(L)), and S— Oy, is an isomorphism. But we 
need the same assertions for O[S] instead of Oy. Therefore we prove a 
lemma from which the desired conclusion will follow. 

First we need some notions. Let © be a congruence relation of L; O 
defines in the natural way a homomorphism of /(Z) under which /== / 
(/,/ € 1(L)) if and only if to any x€/ there exists a y€ J such that x=y (0), 
and conversely. That means: /=/ if and only if the images of / and / 
under the homomorphism L—L(@) are the same. This congruence relation 
of /(L) we call the extension of @ to /(L). On the other hand, any con- 
gruence relation ® of /(L) induces a congruence relation of L under which 
x==y if and only if (x]=(y] (®). This we call the restriction of ® to L. 
Now we may state 


LEMMA 5. Let S be a standard ideal. Then Ox is the extension of O[S] 
to I(L) and Q[S] is the restriction of Os to L. 


Proor. Let @[S] be the extension of @[S] to /(L) and /=/J (O[S)); 
we suppose /[/. Choosing a y€ J we can find an x€/ (y=x) with 
x=y (Q[S]), and so there exists an s,, with xUs,,—=y. The ideal S’ gen- 
erated by the s,, (x and y run over the elements of J and J) satisfies 
S'SS and /US’=/J. On the other hand, if /US’=/ witha suitable S’CS, 
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then with y¢/ it follows that p=sux GES’, x€1,S is standard!), and so 
x=y (O[S]). Thus O[S]=Os. To show the second assertion, suppose 
(a]=(6] (Os). Then there exists an S’CS with (an b) US’ = (au 8]. It follows 
that aUb€(anb]US, and since § is standard, we may find an s¢S with 
(an 6) Us=au6, which proves a=6 (O[S)}). 


COROLLARY. The correspondence @[S]— Ox is an isomorphism between 
the lattice of all standard congruence relations of L and the lattice of all 
principal standard congruence relations of I(L). 


Combining Corollary of Lemma 5 with the facts we have proved above, 
we get all the assertions of Theorem 3 with the exception of the statement 
that the lattice of all standard ideals of L is closed under forming complete 
join and is \-distributive. 

Suppose the S, are standard ideals, S—\VS,, / is an arbitrary ideal and 


x €/US. Owing to Lemma I we may find s;€ Sz,, y€/ such that x = V SiUY, 
i=l 


u 


consequently, x € V Su,U/. We know already that V Sa; iS a standard ideal, 
i=1 t=1 


Bence X=—=Uv, we Se © Sand v€/. Thus, by condition (¢’) of Theorem 2, 
i=1 


S is a standard ideal. 

Now we may apply formula (4) which compared with Lemma 3 gives 
O[VS.a] =VO[S.]. Thus the standard congruence relations form a sublattice 
of @(L) which is closed under form- 
ing complete join. In O(L) there holds 
the \-distributive law and this is pre- 
served under taking a sublattice which 
is closed under forming complete join, 
therefore the lattice of standard con- 
gruence relations is \-distributive, and 
then the same is true for the lattice 
of standard ideals. Thus the proof of 
Theorem 3 is completed. 

Naturally arises the question: is 
the complete meet of standard ideals 
(if it exists) a standard ideal? We will 
show by a counterexample that this 
is not true in general. Let N be the 
chain of all negative integers, and de- 
note by 0,a,6,1 the elements of a 
Boolean algebra of four elements and 


3* 
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form the direct product of N and this Boolean algebra. The lattice L is 
formed by adding three further elements s,x,0 to this direct product 
subject to 

xn(n,b)=0, xU(n, b)=(n,1), xU(n,a)=(n, a), 

$U(n, a) =sU(n, 6)=(n, 1), sn(n,a)=x, sn(n,b)=0' 
The resulting partially ordered set is given by Fig. 3. It is easy to prove 
that L is a lattice. Define s;—(—i,1) (i—1,2,...). The principal ideals 
(s,] are standard, while their complete meet (s] is not a standard ideal, for 

(n, 6) [s U(n, a)] = (a, 8), 
[(n, 6) Ns] U[(n, 6) N (2, a)] = 0 U (n, 0) = (n, 0), 
and so (9) does not hold. 
Owing to the definition, the following assertion is immediate: 


(n € N). 


Lemma 6. Let the correspondence x-+x be the homomorphism of a lat- 


tice L onto a lattice L. If s is a standard element of L, then S is a standard 
element of L. 


COROLLARY. Let x-+x be a homomorphism of L onto L, let S be an 
ideal of L, and denote by S the homomorphic image of S under this homo- 


morphism. If S is standard in L, then S is standard in L. 


PROOF OF THE COROLLARY. Let © be the congruence relation which 
induces the homomorphism x—x. Then the extension O of © to J(L) 
(defined before Lemma 5) is acongruence relation of /(L) and (x]=(y](O) 
(x,y €L) if and only if x=y (O). Hence the homomorphism X— X 
(X€/(L)) induced by © is an extension of the homomorphism x—>x and 
carries S onto S. Thus we may apply Lemma 6 to /(L) and get the Corollary. 

The converse of Lemma 6 is not true. One can find easily a lattice L, 
a homomorphism x—»x of L onto L and in L a standard element s such 
that in L there is no standard element s with s—s. As an example take the 
lattice U (see §3 of Chapter I) and the homomorphism induced by O,,. : 
In the homomorphic image of U (which is the Boolean algebra of four ele- 
ments) the image of r is standard, while r is not standard and is not con- 
gruent to any standard element (as a matter of fact, r forms alone a congru- 
ence class under @,,). 


From the point of view of later applications it is of importance the 


LEMMA 7. Any two standard congruence relations are permutable. 
PRoor. We have to prove that if S and 7 are standard ideals, x, y and 


z elements of the lattice with x=y (O[S]), y=z (O[T]), then for a suitable 
element uw the relations xu (O[7]), u=z (O[S}) hold. 
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First we consider the case x = y =z. Then by condition (7) of Theo- 
rem 2, we get elements s€S and t€T with X=yUS, y=zUt. We assert 
that u—zUs fulfils the requirements. Indeed, z—=zUs—u (O[S]) and be- 
cause of uUf=zUsUt=yUs=x we have u=uuUt—x (O[T]). 

In the general case consider the elements X,XUY, XUYUZ. We have 
X=xUy (O[S]) and xUy=xUyuUz (O[T]), therefore with a suitable ele- 
ment v, x=v (O[T]) and +=xuUyUz (O[S]). We obtain in a similar way 
the existence of a w with z=w (O[S]) and w=xuyuz (O[T)). The ele- 
ment uv w fulfils the requirements, for u= vn w=vn(xnynz)—v (O[T]) 
and this, together with += x (O[7]), gives u=x (O[T]). Similarly, we 
can prove uz (Q[S]), completing the proof of the lemma. 

Let s be a standard element of the lattice L. Then from Lemma 2 it is 
clear that L/(s] ~[s). Indeed, for all x € L we have x==suUx (@,), and so any 
element of L is congruent to a suitable element of [s), therefore L/(s] is a 
homomorphic image of [s). But this homomorphism is an isomorphism, for 
a=) = Ss and x=-y (QY,) implies x SyUs=y, i.e. x=—y. 

To determine the factor lattice modulo a non-principal standard ideal 
is not so simple A solution of this problem is given in 


THEOREM 4. Let S be a standard ideal of the lattice L. Then the lattice 
of all ideals of L/S is isomorphic to the interval [S,L] of I(L), and, conse- 
quently, the interval [S, L] of I(L) determines L/S up to isomorphism. 


Proor. We know from Lemma 5 that the extension of O[S] to /(L) is 
@,;. Hence the homomorphism L—L/S induces in /(L) a homomorphism 
I(L) + I(L)/(S]. But, as we have remarked above, /(L)/(S]~[S, L] where the 
interval [S, L] is taken in /(L). This, together with a theorem of Komatu [17], 
according to which every lattice is determined up to isomorphism by the 
lattice of its ideals, we get the theorem. 


§ 4. Additional properties of standard elements and ideals 


In our paper [10] there is a lemma that states: in a distributive lattice 
if the join and meet of two ideals are principal ideals, then the two ideals 
themselves are principal. We now generalize this to standard ideals of arbi- 
trary lattices: 

Lemma 8. Let / be an arbitrary and S a standard ideal of the lattice L. 
If [US and In 8 are principal, then | itself is principal. 

Proor. Let /US=(a] and Jn S=(6]. By condition (°) of Theorem 2 
we have a—=sux (s€S,x€/). We state that /=(xU 8]. Indeed, suppose 
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w=xU band wé/. Then (Q]>Su(w]>Su(xusJ>Su(x]=—(Q], that is, 
S U(a]=Su (xu 6]. Further, (6] =SnJ2>SnW]2Sn ub] >Sn (6] = (6), 
and so Sn(w}= Sn(xué]. This two equalities imply (see condition (ii) of (0’) 
of Theorem 2) that (w]=(xU6], and so w=xU06. Therefore, there are no 
elements in / greater than x U8, that is, /—(x U6], completing the proof of 
the lemma. 

By means of a simple example one can show that under the hypothesis 
of Lemma 8 S is not necessarily a principal ideal. 

Since the ideals of a distributive lattice are standard, an exact analogue 
of the lemma of [10] is the 


COROLLARY. Jf the join and meet of two standard ideals are principal, 
then both standard ideals are principal. 


This corollary does not call for proof. 


LEMMA 9. Let s be a standard element of the lattice L and a an arbitrary 
element of L. Then ans is a standard element of the lattice (a). 


Proor. Any element of the ideal (a] may be written in the form anx 
(x € L). Hence it is enough to prove that 


(xna)n[(sna)U(yna]=[(xna)n(sna)uUl[(xna)n(yna)j. 
Starting from the left member and applying (9) repeatedly, we get 
(xna)n[(sna)U(yna)] = (xna)n[(suy) Na]=(xNa)N(suUy)= 

=(xnans)U(xnany)=[(xNa)n(sna)jU [(xna)n(yna)] 

which was to be proved. 


CorROLLARY. Let S be a_ standard 
a ideal and I an arbitrary ideal of the lat- 
tice L. Then SqJ is a standard ideal of 

the lattice I. 


< Perhaps it is not worthless to note 

that the conclusions of this lemma are’ 

not valid for distributive elements. A 

counterexample is the lattice of Fig. 4, 

where d is a distributive element of the 

lattice, but the element and is not a dis- 

tributive element of the lattice (a]. 

Fig. 4 As we have seen, the neutrality of | 

the element n was defined in such a way 

that for all x, y€L the sublattice {n, x, y} is distributive. Though, in general, 
the notion of standard elements does not coincide with the notion of ne- 
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utral elements, we may hope the validity of a weaker assertion for stand- 
ard elements. Indeed, the following analogue of the definition of neutral 
elements is true: 


THEOREM 5. Let s, and s, be standard elements of the lattice L. Then 
the sublattice {s,,s.,x} of L is distributive for all x € L. 


PRooF. Our proof is based upon Theorem II. According to this, we 
have to prove the validity of (6), (7) and (8). 

Condition (7) is valid, for it asserts the same as (9) since 6 or c is 
Standard. As a consequence of condition (i) of (0) of Theorem 1, (6) holds 
if a is standard; otherwise 6 and c are standard. In this case let us start 
with the right member of (6), apply (9) for the elements a, aUc for the 
Standard element 6 and then for a,b and the standard element c. We get 


(aUc)n (au b)=[(aUc) Na] U[(@uUc)n b] =au(anb)U(cnb)=au(cnd). 


Finally, we prove (8). (8) is a symmetric function of its variables, therefore 
we have to prove it for one permutation of its variables only. Using the 
assertion of Theorem 3, according to which s,Us, and s,s, are standard, 
further equality (9) and condition (i) of (0) of Theorem 1, we get 


(5) (Se) U (SX) U (Sx) = (S, 1s.) UG, Us) Nx] = 
= [(S, N So) U (5; U S)] N [(S1 N Sz) U X] = (Si U SQ) N [(S1 N So) U X] = 
= (p83) 11 (SAX) {Se U'X); 
and this is just (8). Thus the proof of Theorem 5 is completed. 
Applying Theorem 5 to /(L) we get: 
Coro.iary. Let S, and S, be the standard ideals of the lattice L. Then 
S,, S, and anarbitrary ideal X of L generate a distributive sublattice of I(L). 


We have got Theorem 5 as an analogue of the definition of neutral 
elements (ideals). It is natural to ask, whether or not it is possible to get 
from Theorem 5 a new characterization of standard elements (ideals). That 
should mean that in a lattice the standard elements form a (unique) maximal 
subset for which the assertion of Theorem 5 is true. This is not true in 
general; not even in modular lattices. Consider the lattice V (see §3 of 
Chapter 1); there are in V only two standard elements: o and i. We may 
enlarge the set {o,i} by the element p, and the assertion of Theorem 5 is 
true for this enlarged set as well. (See Problem 2.) 

Now consider the lattice L and let us fix an element s of L. We call 
the mapping x >(xns,xUs) of L into L,;=(s] <[s) the natural mapping of 
L into L,. We can obtain by means of this notion a new characterization of 
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standard elements, which is a direct generalization of a theorem of G. 
BIRKHOFF [5]. 

THEOREM 6. The natural mapping of the lattice L into the lattice L. ts 
a meet isomorphism if and only if s is a standard element. It is an tsomor- 
phism if and only if s ts neutral. 


Proor. The first part of this theorem is essentially condition (0) of 
Theorem 1. Namely, condition (i) assures that the mapping is a meet- 
homomorphism and (ii) that different elements have different images. The 
second part of the theorem is equivalent to Theorem III. . 

We remark that the idea of the proof of this theorem is due to BIRKHOFF 
[5]. This theorem seems to be a good tool for proving the standardness of 
an element. 


CoroLiary. Let L be a bounded lattice. L;~ L in the natural way (the 
direct components are supposed to be ideals of L and (x,y)—~xUy) if and 
only if s is a neutral element having a complement, that is s is an element 
of the center. In other words, L has a non-trivial direct decomposition if and 
only if its center has an element different from O and 1. 


In connection with Theorem 5 the following problem arises: 


PROBLEM 2. Is it possible to characterize the set of standard elements 
as a maximal subset of the lattice L satisfying the condition of Theorem 5 
and having some additional properties? 


CHAPTER Ill 
STANDARD AND NEUTRAL ELEMENTS 


§ 1. Relations between standard and neutral elements 


We have mentioned in the Introduction some causes which required | 
the definition of standardness to be a generalization of neutrality and to 
coincide with the same in modular lattices. It is obvious that our definition 
fulfils this requirement, that is, the following assertions are valid: 


LEMMA 10. All the neutral elements of the lattice L are standard. Further- 
more, in modular lattices the two notions coincide. A standard element s is 
neutral if and only if condition (i) of Theorem III holds. 


PROOF. The first assertion is clear from the definitions. The second 
assertion is a consequence of Theorem IV and we get the third statement 
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by a simple comparison of the conditions of Theorem 1 (0) with those of 
Theorem III. . 


From these simple observations one can get a result of some interest 
for neutral ideals. 


LEMMA 11. Let n be a neutral element of the lattice L. Then (n] is a 
neutral ideal of L and conversely. 


Proor. Every neutral element is standard, and so by Lemma 4, (n] is 
standard. Then by Lemma 10 it is enough to prove that 


(INTUN=(anHNu(a|n/ (JE ML). 


Let A=(n]n(V/u/) and B=((n]n/)U((a]n/). Since ADB holds always, 
it is enough to prove that a€ A implies a€ B. For some i¢€/ and j€/J we 
have a=/U/, and soa=an(iuf/)Snn (ius). But nn(iu)=—(nnidu(anys, 
because n is neutral and (nN i)U(nn/J) is an element of B, hence a€ B holds 
as well. This completes the proof of the first part of the lemma. The con- 
verse statement is trivial. 

It is of some interest that we could not find in the literature the asser- 
tion of this lemma (in [6] it is stated only for modular lattices). In §3 of 
this chapter we shall derive this lemma from a more general theorem, using 
the deep theorem of ORE (or Lemma 12). We should like to point out that 
a direct proof of this lemma through Theorem III meets the same difficulty 
as that mentioned in this paper as Problem 1. 

From Lemma 10 it is clear 


LEMMA 12. Jf an element s is standard in the lattice L as well as in its 
dual, then s is neutral. 


COROLLARY. n is neutral if and only if 
i (Uy) —— (xt) U (xn y), 
xU(NN y)=(xUN)N(XUY) 
wor all x,yéL. 

Thus we see that from the five equalities which we have got from 
Theorem II to be characteristic for the neutrality of an element, three may 
be omitted. 

LEMMA 13. Let s and n be elements of L such that n is neutral, s=n 
and s is standard in (n]. Then s is a standard element of L. 

Proor. From Theorem 6 we know that x>(xNn,xUn) is an isomor- 


phism between L and a sublattice of Ly = (a) [n). Under this isomorphism 
s—(s,n). Since s is standard in (n] and n in (n], therefore s is standard in 
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L,,. Since the property of being standard is preserved under taking a sub- 
lattice and under isomorphism, we get that s is standard in L. 

If s is neutral in n, then — it is clear from the above proof — s is 
neutral in L too, i.e. 


COROLLARY 1. Let s be a neutral element of (n] and n neutral in the 
lattice L. Then s is a neutral element of L.* 


Applying Lemma 13 to /(L) we get 


CoROLLARY 2. Let S and N be ideals of the lattice L, SSN such that 
N is neutral in L and S is standard in N. Then S is a standard ideal of L. 


Applying Corollary 1 to /(L) we get a theorem of HasHimoto [14]: 


COROLLARY 3. A neutral ideal of a neutral ideal is neutral in the whole 
lattice. 


It is easy to see that the same assertion is not true for standard ideals 
or elements. As a counterexample take the lattice U and the elements p >q. 
p is standard in U, q is standard in (p], but (g] is not even a homomor- 
phism kernel! 


PROBLEM 3. We have seen in the Corollary of Lemma 12 that it is 
possible to define the neutral elements with the aid of two equalities. Is it 
possible to define neutrality by a single equality? (E.g.: is the neutrality of 
n equivalent to the condition that (xNy)U(YVNA)U(ANX)=(xXUY)N(WUA)N 
n(nUx) holds for all x,y € L?) 


PROBLEM 4. Let G be a finite group and L(Q) the lattice of all sub- 
groups of G. Characterize the standard elements of L(G) (the same problem 
for neutral elements of L(G) has been solved by G. ZApPA [35]). 


§ 2. Standard elements in weakly modular lattices 


: 

Our aim in this section is to prove the coincidence of (distributive and) 

standard and neutral elements in weakly modular lattices. This theorem con- 

tains a part of Lemma 10, that has asserted the same in modular lattices. 

There the proof was trivial, in consequence of the application of Theorem IV. 

But in weakly modular lattices we are in lack of a theorem of this kind, 
therefore the proof is not so simple. 


* Added in proof (13 February 1961). The following assertion may be proved: Let 
a and b be neutral elements of the lattice L, a= 6 and c¢ a standard (neutral) element of 
b . Then c is a standard (neutral) element of L. 
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THEOREM 7. /n a weakly modular lattice L, an element d is distributive 
if and only if it is neutral. 


PROOF. It follows easily from a theorem of OrE’s paper [25] that d is 
distributive if and only if x=y (@[(d]]) is equivalent to [(xny)Ud]n 
N(xUy)=xUy. It follows that the kernel of the homomorphism induced by 
the congruence relation @[(a]] is (d]. Further, if x,y =d and xy (Of{(a]}), 
then x—y, because x Uy—=[(xn y)Ud]n(xUy)—=xny. From these facts we 
will use only the following: 

(x) If a= b=d=c=e and d is a distributive element, then a,b—c,e 
implies c—e. 


Indeed, under the stated conditions, a,b—c,e implies c=e (O[(d]]}), 
and so ce. 

Now let d be a distributive element of the weakly modular lattice L. 
First we prove that d is standard, that is, we prove the validity of (9). 
Suppose (9) does not hold for a fixed couple x, y¢€L. Then 


xn(duy)>(xnd)u(xny). 


Denote by a the left member of this inequality and by 6 the right member. 
We prove that 


(11) d, dnx->a, b, 


namely, 


Ada (Ux 0y), p> c,d. 


Indeed, because of dn x= 6 we have to prove for the validity of 


d,dnx—»(dux)n(duy),6 only dub=(dux)n(duy). 


But dUb=du(xnd)u(xny)=du (xn y) =(dUx)N (Uy), for d is distrib- 
utive. Now, using the inequalities a=(dUx)n(dUy) and u>b, we see 
that b—bna and a—(dUx)n(dUy)na are trivial. Thus 


(dUx)N(dUy),6—+a, b 


and (11) is proved. 
Next we verify that 


(12) d,duy—a, 6, 


namely ig). sien 
d,dUy—» dix, a—»a, 6. 


To prove the first part of this statement, we have to show only an d=dnx, 
but and=dnxn(duy)=—adnx. The second part of the assertion is clear. 
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Let us use the condition a> 6 and the weak modularity of L: from 
these it follows the existence of elements u,v for which 


(13) a,b—u,v, dSv<usduy. 


From (11) and (13) it follows d,dnx—u,v, in contradiction to (*). Thus 
we have got a contradiction from a>, so a6, i.e. d is standard. 
The second step of the proof is: using that d is standard, we prove 


that it is neutral. 
If this statement is not true, then by Lemma 10 we conclude the 


existence of elements x, y of L such that 
dn(xuy) >(dnx)u(dny), 

i.e. the condition (i’) of Theorem III does not hold. Putting s,—dn(xuUy) 
and s,—=(dnx)U(dny) let us suppose s, >s,. First we prove that 

S,Ux>5,Ux and s;Uy>s. Uy. = 
Suppose that one of these does not hold, for instance, s,UXx>>s,Ux; then 
from s,;>s, we have s, Ux—s,U x. We will see that it follows dN x,x—S,, So, 
namely 


dX, X—> Sa U (d (1X), So U X—=> Sy, So. 


To prove this it is enough to show that s, n [s. U(@N x)] = s, and s,N (s, Ux)=s, 
Indeed, s,N[s,U(@Nx)] =5:N S:—S, and s,N(S.UxX)—s,N(S,UX)—s, (we 
have used s; UX=—s,UxX in this step). Again from s,>s, and from the weak 
modularity it follows the existence of elements u,v with dnxSu<vsx 
and s,,S,—u, v. But s,,s,=d, and so s,=s, (Qa), consequently u=vr (Oj). 
Therefore (see condition (y) of Theorem 1) »wUd, with a suitable d, = d. 
Then v=uUd, Suu (dnx)=—u, for we get from v—uud, that d, =v =x, 
and hence d, = dfx. The inequality we have just proved is in contradiction 
to the hypothesis + >u. Thus we have proved that s,Ux>s,Ux, and in a 
similar way one can prove s,Uy>s,Uy. 
Now, using s,;Ux >s,Ux and s,Uy>s,Uy, we prove that 


AN (S. UX), SUX S,N(S2UY), 5), 
namely, 


dN (S.UX), 8, UX—+A NX, X—+S UY, SU(KUP) + (HUY) NS, Si. 


From these df (s,UX),s,Ux—+dNx,x is clear. To verify dNx,x—> 
—+ S,UY, S, U(X Uy) we use the inequality dn x =(dn xX)U(ANY)=S SS, Uy, 
and so (dN x)U(s,Uy)=s,Uy, further xU(ssUy)=s,U(xUy). To prove 
So UY, So U(X U y) + (8) U y)NSi,5; we have only to observe the inequality 


S:=4N(XUY) Ss,U(xUy)=xUy, and then [s,U(xUy)] Ns, =5,. 
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Before applying weak modularity we have to show that Si FS N(S. Uy). 
Indeed, in case s,=s,N(s,Uy) it follows s,<s,U y, and then s,Uy= SU y 
which is a contradiction to s,Uy>s,U y. From this we see that dn (So U x) : : 
—=S,Ux is also impossible, for dn (s,Ux),s,Ux—>5,N (SoU y), Si, and SO 
df (S,U xX) =s,Ux implies s,n(s.U y)—s,. Now, using the weak modularity 
and df (s.UX), %:UxX—s,N(s.Uy),s,, it follows the existence of u,v such 
that aN (s,Ux)Su <vSs,Uxand sn (s,Uy),s,—4, v. It follows now u=v (O.) 
in a similar way as in the first step of the proof, thus »—wud'(d' =d). 
But from + =s,Ux we have d’=df(s,Ux) for d=s,>5s. Consequently, 
v—=uUd =uU[dn(s,Ux)]—u, a contradiction to v > u. 

Thus we have verified the validity of the conditions of Theorem III, 
thus d is neutral. The proof of Theorem 7 is completed. 


COROLLARY 1. /n a weakly modular lattice every standard element is 
neutral. 

The assertion is clear from condition (0) of Theorem 1. 

Apply this theorem to /(L): 

COROLLARY 2. /f [(L) is weakly modular, then any standard ideal of L 
is neutral. 


COROLLARY 3. /n a relatively complemented lattice L any standard element 
is neutral. 


CorROLLARY 4. /n a modular lattice any standard element and ideal is 
neutral. 

Corollaries 3 and 4 are immediate consequences of Lemma IV. 

Unfortunately, we cannot establish Theorem 7 for distributive ideals, 
not even the more important Corollary 1 for standard ideals. A detailed discus- 
sion of the proof shows that the idea of the proof essentially uses that dis- 
tributive, resp. standard elements are dealt with and not distributive, resp. 
standard ideals. It will be clear from §4 of this chapter that we cannot get 
the results for ideals by a simple application of Theorem 7 to /(Z). 

We shall now deal separately with (standard, i.e.) neutral elements of 
a special class of weakly modular lattices. We intend to show that in relatively 
complemented lattices the set of all neutral elements is again a relatively 
complemented lattice. First we prove 

Lemma 14. Let a,b,c be neutral elements of a lattice L, and suppose 
a<b<c. If a relative complement d of 6 in the interval [a, c] exists, then it 
is also neutral and uniquely determined. 


Proor. We know from Theorem 6 that we can embed L in L, = (6] x[0) 
under the correspondence x > (xn 0, x Ub). Under this d— (a,c), therefore d 
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is neutral (for both components of d are neutral) in L,, and consequently it 
is neutral in L. The unicity assertion is trivial. 

COROLLARY 1. (BIRKHOFF.) Any complement of a neutral element is neutral. 

COROLLARY 2. The neutral elements (if any) of a relatively complemented 
lattice form a relatively complemented distributive sublattice. 

We note that from Corollary 1 we do not get Lemma 14, only that d 
is neutral in [a, c]. 

Lemma 14 is not true for standard elements. As an example take the 
lattice U where o, p,i are standard, while (the unique) relative complement 
of p in [o, i] is r which is not standard. 


PROBLEM 5. Is a distributive (or at least a standard) ideal of a weakly 
modular lattice neutral? 


§ 3. A neutrality condition for standard elements 


The last statement of Lemma 10 gives a necessary and sufficient con- 
dition for a standard element to be neutral. The condition is not trivial, for 
it is a conclusion of the comparison of the deep Theorem III with con- 
dition (0) of Theorem 1. But in the previous paragraph, when we wanted 
to prove the coincidence of standard and neutral elements in weakly modular 
lattices, we have seen that this condition is not easy to apply. Therefore we 
set ourselves the aim of finding a sharper condition from which Corollary 1 
of Theorem 7 may be easily derived. This is the content of 


THEOREM 8. A standard element s of the lattice L is neutral if and only 
ifaz=b=s=c=e and a,b- c,e imply c=—e. 


To prove the “only if” part of the theorem, suppose s is neutral. Then 
the dual ideal [s) — as an ideal of the dual lattice Z —is standard. So it is 
impossible that a congruence of the form ce (@,) would hold in the dual 
lattice Ly thus ¢ ==. : 

Now we interrupt our proof to observe that the property (*) (stated in 
the previous section) is characteristic for distributive elements. Indeed, if d 
is not distributive, then there exist x, y with dU(xny)<(dUx)n(dUy). We 
prove that dU(xn y)=(dUx)n (dU y) (O[(d]]). Indeed, d=dnxny(O[(d))). 
Joining both sides of this relation first with x, then with y, we get 


dUx=x (O[(d]}) and duy=y (O[(a)). 
Meeting the corresponding sides, it results 


(dUx)N(d@Uy)=xny (Of[(a))). 
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Finally, joining both sides with d, we reach (dU x)n (dU y)=duU (xn y) (O[(a]}), 
as desired. 

Now we prove the “if” part of Theorem 8 If s is not neutral, then s 
is not distributive in the dual lattice L. We may apply the result just obtained 
to get the existence of a=b=sce in L with a,b ,e. This is the 
Same as the required relation in L, completing the proof of Theorem 8. 

From the proof we see that the fact that standard elements and not 
ideals are dealt with, is again very essential. 

Suppose that in the lattice L the following condition holds which is a 
weakened form of weak modularity: 


(14) whenever a>b=c>d and a,b-—c,d, then c,d—>a,, bd, 
with suitable elements a=a,> 6, = 6. 


COROLLARY 1. /f the lattice L satisfies (14), then every standard element 
in L is neutral. 


PRoor. Suppose L satisfies (14) and s€L is standard, but not neutral. 
Then, owing to Theorem 8 we can find elements a>6=s =c>d such that 
a,b-—>c,d. Now, applying (14), we infer the existence of a pair of elements 
a, 6, such that a=a,>6,=6 and c,d—a,, b,. Consequently, a,=6, (O.), 
which is impossible, since a, >6,=s and s is standard. 

Since condition (14) is a generalization of weak modularity, it follows 
that the last corollary implies Corollary 1 of Theorem 8. We will prove by 
means of a simple example that this new corollary is stronger than the former 
one, that is, there exists a not weakly modular lattice L which satisfies (14). 

Let L be the lattice defined in § 2 of Chapter II]. We adjoin three new 
elements: x,0,1, subject to the following reiations: 


pa oe —e eee a eR 


for all a€ L. We get a lattice H whose diagram is given in Fig. 5. In this 
lattice 0, x + (2,0), (1,0) and despite this fact (2,0),(1,0)—u,v holds for 
no u,v€L for which x =u>v=O. This can be seen from the fact that the 
two different elements of the interval [0, x] are not congruent modulo Qe, 0a, 0)- 
Consequently, H is not weakly modular. But condition (14) holds in H. Indeed, 
within L it holds, for L is simple (see Lemma IV). The only remaining case 
of interest is 1>a=b>c (a,b,c€L), when 1, 1,a—6,c always holds. But in 
this case b,c—>a,d where d is an arbitrary element with 1>d> a. 

In this counterexample (14) holds and so does the dual of (14). It is 
easy to show that any counterexample of this kind is infinite. 


LEMMA 15. Let L be a semi-discrete lattice in which (14) and its dual 
hold. Then L is weakly modular. 
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Proor. Let a,b,c,d€L, a>b, c>d and dna=b, dua=c. Then 
a,6—¢,d lt c=d iia, then simply ¢, d—+a, 6. If c<dUa, we choose an 
element x with c=x~<dua. Then x,dUa—>a,b—-¢,d, i.e. x,dUa—e,d 
and dua>x=c>d. Using (14) we get c,d— u,v with suitable dua =u> 


>vz=x. But dUa>x, therefore u—duUa, v=x, that is, 


c,d—>x,dua. 
Trivially, x,dUa—a, b, and so c,d—a, b. 


Bigno 


In case a>b,c>d,bUc=a and bc =d, the relation a, b—>c,d holds, 
and then we can verify weak modularity by the dual of the above reasoning. 
The general case a, b—"+c,d may be deduced using a simple induction on n. 

We see that in Lemma 15, instead of the semi-discreteness of the 


lattice L, we have used the following weaker property: if a>b, then there 
exist x and y with a>x=b6b and a=y> b. 


PROBLEM 6. Is (14) equivalent to weak modularity in finite lattices? 
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§ 4. On the lattice of all ideals of a weakly modular lattice 


In §2 the problem arose: why is it not possible to get the results of 
Theorem 7 for distributive and standard ideals by a simple application of the 
theorem to /(L). In general, a way of getting a theorem for standard ideals 
is to prove the same first for standard elements. For instance, we got in this 
way the coincidence of standard and neutral ideals in modular lattices. 

Whenever we make a step of this kind we have to ponder over the 
question: did we make a supposition on the lattice ZL which is not 
preserved if we pass from L to /(L)? In case of modular lattices there is no 
trouble, for if L is modular, then so is /(L). But this is not the case in 
weakly modular lattices: 


THEOREM 9. The lattice of all ideals of a weakly modular lattice is not 
necessarily weakly modular. 

PrRoor. We have to construct a weakly modular lattice K such that 
I(K) is not weakly modular. Consider the chain of non-negative integers 
and take the direct product of this chain by the chain of two elements. The 
elements of this lattice are of the form (n,0) and (n,1), where O and 1 are 
the zero and unit elements of 2 and n is an arbitrary non-negative integer. 
Further, we define the elements x, (n=1,2,...) satisfying the following 
relations: 

XU (—1, 1) = x5. (0, 0) = (a, 1), 
Xn, N(n—1, 1) =x, (n, 0) = (n—1, 0). 


Thus we have got a lattice L. Finally, we define three further elements 
x,y, 1 subject to 

AU Y¥=xUZ=yUzZ=—1, 

y= X= V0.2 (0,0) cnn ge) 
Denote the partially ordered set of all these elements by K. The elements of 
K are denoted by o in Fig. 6. 

It is easy to see that K is a lattice. K is simple and so, by Lemma IV, 
weakly modular. All but two ideals of & are principal ideals, these excep- 
tional ones are denoted by @ in the diagram, thus the diagram of A, com- 
pleted by these two elements, gives the diagram of /(K ). Now, it is easy to 
see that K is not weakly modular. Indeed, under the congruence relation 
generated by the congruence of the two new elements, no two different 
elements of K are congruent. While from the congruence of any two different 
elements of K it follows the congruence of the two new elements, we have 
considered K to be imbedded in /(K). The existence of the lattice A proves 
Theorem 9. 


4 Acta Mathematica XII/ —2 
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Some related unsolved problems are listed at the end of this section. 

So far we could assure the weak modularity only of the lattice of all 
ideals of a modular lattice. Naturally, the same is true for every weakly 
modular lattice in which the ascending chain condition holds, because in this 
case the lattice of all ideals is identical with (more precisely isomorphic to) 
the original lattice. The following question arises: is it possible that the 
lattice of all ideals of a relatively complemented lattice is weakly modular if 
in the lattice the ascending chain condition does not hold? Is it possible 


Fig. 6 


that the ideal lattice of the same is relatively complemented? The interest of - 
this latter question is that in modular lattices the answer is always negative 
as a consequence of a theorem of HASHIMOTO [15]. Despite this, the follow- 
ing assertion is true: 


There exists a_ relatively complemented lattice L, not satisfying the 
ascending chain condition, such that I(L) is relatively complemented. This 
lattice may be chosen to be semi-modular. 


To construct Z, consider an infinite set H. We say that the partition 
p of H, which devides the set H into the disjoint subsets H., is finite, if 
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all but a finite number of the H. consist of one element, and every H, con- 
sists of a finite number of elements. We denote by FP(A) the set of all 
finite and by P(#) the set of all partitions of H. 

It is clear that the join and meet of any two finite partitions are finite 
again, and if a partition is smaller than a finite partition, then it is also 
finite. It follows that FP(H) is an ideal of the lattice P(H). Now, it is easy 
to prove that just the finite partitions are the elements of the lattice P(H) 
which are inaccessible from below. Indeed, if p is a finite partition, then the 
interval [w, p] of the lattice P(H) is finite, therefore p is inaccessible from 
below. Now suppose p is not finite, and let {H.} be the corresponding parti- 
tion of H (the H. are pairwise disjoint). Either infinitely many H, are con- 
taining more than one element, or at least one H, contains an infinity of 
elements. In the first case, assume that H,,H,,... contain more than one 
element. We define the partition p; to be the same as p on the set H\. V H;, 


j=it+l 


while on the set \Y H; let all the classes of p; consist of one element. 
j=t+1 


Obviously, p, < p,< --- and Vp;—p, consequently, p is accessible from below. 
In the second case, let H,; be a set which contains infinitely many elements 
{X,, X),...}. We define the partition p;: upon the set HH, it is the same 
as p, {xX,,..., Xi} is one class, and all the x, (n >i) form separate classes. 
Again, p,<p.<-:+ and \p;=—p, so p is accessible from below. 

It is also clear that every partition is the complete join of finite parti- 
tions and, finally, it is well known (it follows trivially from Lemma III) that 
P(A) is meet continuous. It follows from a theorem of KomaTu [17] that P(H) 
is isomorphic to the lattice of all ideals of FP(/). 

Now we will prove that FP(H) satisfies the requirements. We have to 
prove yet that in FP(H) the ascending chain condition does not hold, that 
FP(H) and P(A) are relatively complemented, and finally that FP(H) is 
semi-modular. The first of these assertions is trivial, since H is infinite. The 
second and the third assertions have been proved in [25] for P(H), but these 
properties are preserved under taking an ideal of the lattice, therefore these 
hold in FP(#). 

We could assure the weak modularity of the ideal lattice of a modular 
lattice, for the modularity of a lattice may be defined by an equality. We 
now show that if the weak modularity of a lattice is a consequence of the 
fulfilment of a system of equalities, then the ideal lattice is also weakly 
modular. First we prove a general theorem which will serve for other pur- 


poses as well. 
To formulate the theorem we need two notions. Following ORE [25] we 
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call a subset / of the ideal / a covering system of I if [={x;iyé€l,x Sy}. 
Thus, for instance, /—/ is always a covering system and if /—(al], then {a} 
is a covering system. If / is generated by the set {xa}, then the finite joins 
of the xX. form a covering system. 

Let fa(V, X1,.-., Xn) and Pal, X1,..., Xn) be lattice polynomials, where 
n depends on « and @ runs over an arbitrary set of indices A. (It is not a 
restriction that fa(y, X1,..., Xn) and Qa(y,%1,.-.,Xn) depend on the same 
number of variables. Indeed, if @¢—2a(y,%X1,-.-,%,),7<n, then define 
Lal, X1) «+0 Xn) = Lal, Xt, «+ XrJU(%1 N XN ++ NX-N--- NX NY). Independ4 
ently of the values of the x1,...,%», the equality 2o(y,%1,..-, Xr)= 
== 94(V, X1,..., X,) always holds.) We say that the element s is of the type 
fa = 2a (2 € A), if for all a;,...,a,€L and @€ A we have fa(S, ai; -.., Gn)=— 
= 2a(S,Q1,...,@,). It is clear from (9) that the standard elements are of the 
type fa = 2a with the polynomials f(y, x1, X2) = x1 (y U X2) and gi(y, X1, X2) = 
= (xi Ny)U(xiN x2) and A= {1}. Similarly, the neutral elements are also of 
the type fe==2«a; we get a system of five polynomials from the Corollary of 
Theorem [i and another system consisting of two polynomials from the 
Corollary of Lemma 12. 


THEOREM 10. Given the ideal I of the lattice L and a covering system 
I of I and the lattice polynomials fu, Za (@ € A). If every element of I is of 
the type fa== 2a (@€ A), then I as an element of I(L) is of the type fu= 2a 
(a € A). 

Proor. It is enough to prove the theorem for one pair of polynomials 
Ja == Za. For if the theorem failed to be true, then there would be a pair of 
polynomials fg such that / does not satisfy the corresponding equality. 

Consider the polynomials f and g, and construct the following sub- 
Sete Ole Ls. 


Fis {ts tS £(0, 1) joccens du) dtl Gole bike ene anne 
G= {hts 2G fii. Pfu) peSl re jie a a . 


where ji,..., J, are fixed ideals of L. We prove that F is an ideal. It is 
enough to prove that #,,4¢€F implies fiUt¢€F. Indeed, if 4,,t.€F, then 
there exist a;€/ and /ii€ fi, ..-,Jni€Jn (i—=1, 2) with 


t; ag (fea ee seey Imi) 
Now choose an element a of / for which aUa@sa. Then f(a, fi,1U 
Uf, 25 +++) fut UJn,2) is an element of F, and since the lattice polynomials are 
isotone functions of their variables, t1UfS f(a, fi,1U sso, fui Ufa >) ee 


clear, and so t,Uts€F. Similarly, we can prove that G is also an ideal. If 
f€F, then te f(a,fjr,..., jn), but f(a, fr,...,fr)—=2(G, ji, ..-, fa), for a is 
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an element of the type f—g, and so t=g(a, ji, --+>Jn), that is, f€ G. We 
f/°]G and similarly GCF, that iss FG. Owing to Lemma I, 
fee fl, Ji, <.-, Jn). is clear. G=g(i,):,-.., Jn) holds as well. Summing up, 
we got that f(/, i, e+e, Jn) =2(, Ji, -.-, Jn) and that was to be proved. 

Now we turn our attention to corollaries of this theorem. We say that 
the lattice L is of the type fa—g. if every element of Z is of the same 
type, i.e. if the equalities f.— ga (« € A) identically hold. 


COROLLARY 1. Let fu, Ge (@€ A) be lattice polynomials and suppose L 
is of the type fu= «a (a € A). Then this system of equalities holds in I (L) too. 

Corollary 1 follows immediately from Theorem 10 taking /—=J/ for all 
ideals /€ /(L). 

This corollary was known by BirRKHOFF (see Ex. 1 and Ex. 2 of pages 
79 and 80 in [6], especially Ex. 2 (b*)). It answers in affirmative the first 
question of Ex. 2 (b’*). 

From Corollary 1 it follows immediately the following assertion, con- 
sisting of a theorem of STONE and one of DILWORTH: 


COROLLARY 2. The lattice of all ideals of a modular lattice is modular ; 
the lattice of all ideals of a distributive lattice is distributive. 


Since both the standard and neutral elements are of the type fa —Za, 
we get from Theorem 10 the following 


COROLLARY 3. The principal ideal generated by a neutral element is 
neutral. A standard element generates a standard principal ideal. 


As a generalization of Lemma 13 we get 


CoROLLARY 4. Let N bea neutral ideal of the lattice L. [f F is an ideal 
of the type fa =a (a@ € A) of the lattice N and the zero of any lattice is of 
the type fu—=2a (a € A), then F is an ideal of the same type of the lattice L. 


Proor. Owing to Theorem 10, we get that (N] is a neutral ideal of 
I(L) and (F] is an ideal of the type fuga of the lattice (NJ. Therefore, it 
is enough to prove this assertion for a neutral element n and for an element 
f of type fa—ga. The proof may be carried out just in the same way as 
that of Lemma 13, we have to use only the assumption that the zero is of 
type fra (this has been satisfied trivially for standard elements). 

We note that the supposition: the zero element of every lattice is of 
type faa (« € A) is essential. If this does not hold, then the zero element 
is of type faa in the principal ideal generated by the zero element, the 
zero element is neutral and despite this fact the conclusion of Corollary 4 


does not hold. 
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An interesting special case of Corollary 4 is 


COROLLARY 4’. An element of type faa (@ € A) of a neutral ideal N 
of the lattice L is of type fu=8a (@ € A) in the whole lattice. 


Finally, we consider the question: is the converse of Theorem 10 or 
any of its corollaries true? 

The converse of Theorem 10 is not tiue. It is not true even in the 
very special case when the defining system of the standard elements is in 
question. In fact, we have shown in § 2 of Chapter II the existence of stand- 
ard ideals in lattices without standard elements. 

The converses of Corollaries 1 and 2 are naturally true, for L is a sub- 
lattice of /(L). 

The converse of Corollary 4 states the following : 

Assume that an ideal N of the lattice L has the property that whenever 
F is an ideal of the type fa—ga (@€ A) (provided the O of any lattice is 
of this type) in N, then it is of 
the same type in the whole L. 
Then AN is a neutral ideal. 

This assertion is obviously 
true. Indeed, if an ideal N has 
the property required, then since 
N is a neutral ideal of N and 
since the property of being neutral 
is a property of type fa—2« 
(@€ A), it follows N is neutral 
in the whole lattice and this was 
to be proved. 

We now prove that the con- 
verse of Corollary 4’ is not true 
in general. Let L be a lattice gen- 
erated by the elements x, y, z, 
Xi piXeres - ANC. Y, Pos n. se Wel 
Fig. 7 quire that 


1 


XNY=YNZ=ZNX=ANG=xANY=yYNY=O (>/) 
and 


ZIMUWCXUY<e*<KXUY, ZUW=HZUX=—XUV Yj. 


Let N be the ideal of L generated by the z, x; and y; (i=1,2,...). 
The figure of L is shown in Fig. 7. We prove that any element n of the type 
fu = Za of N is of the same type in L. This follows easily from the following 
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assertion: if L, is a sublattice of L generated DY fisexL and ayes ty. <then 
one can find a sublattice L, of N such that L,~ ZL, and under this iso- 
morphism n corresponds to n. The validity of this assertion follows directly 
from the construction. 


It remains to show that N is not neutral. Indeed, Nn (x]=(0] and 
Nn (y]=(], but Nn [(x] u(y] =N. 


PROBLEM 7. Is it possible to construct a relatively complemented lattice 


L such that /(L) is not weakly modular? (This would be a sharpening of 
Theorem 9.) 


PROBLEM 8. Is any homomorphism kernel of a relatively complemented 
lattice a neutral ideal ? 


REMARK. Using Theorem 11 we see that Problem 8 is a special case of 
Problem 5. 


PROBLEM 9. Let the lattice polynomials fz, @a (@ € A) and 3, 2% (8€ B) 
be given. Give condition on the polynomials that an element be of the type 
fa =a (@ € A) if and only if it is of type f—gp (CE B). 

PROBLEM 10. Give types of weakly modular lattice which are defined 
by identical relations and are different from the following three classes of 
lattices: a) the class consisting only of the lattice of one element; b) the 
class of distributive lattices; c) the class of modular lattices. 


REMARK. BIRKHOFF states in [6] that among the modular lattices gener- 
ated by three elements, one can define with the aid of identical relaticns 
only the above listed three classes of lattices. 


PROBLEM 11. Find identities (in the variables s,x,y) ensuring that in 
the lattice generated by s,x and y the element s should be standard. 


REMARK. The same problem for neutral elements is solved by Corollary 
of Theorem II. 

PROBLEM 12. Determine the free standard lattice FSL(3), that is, the 
free lattice generated by the elements s, x, y and we suppose s to be standard 
m1 L (3). 

REMARK. The same problem for neutral elements has been solved in [6], 
for the free neutral lattice with three generators is the free distributive lattice 
with three generators. 
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CHAPTER IV 
HOMOMORPHISMS AND STANDARD IDEALS 


§ 1. Homomorphism kernels and standard ideals 


It is assured already by Lemma 3 that a standard ideal is a homo- 
morphism kernel. The converse statement — as we have remarked — is not 
true in general, not even in modular lattices.° A simple example for that is 
shown in Fig. 8. The principal ideal (a] of this lattice is a homomorphism 
kernel (obviously, because it is a prime ideal), but it is not standard for 
xn(aut)=x but (xna)U(xnt)—y. 

Now we prove: 


THEOREM 11. Let L be a section complemented lattice. Then every homo- 
morphism kernel of L is a_ standard ideal and every standard ideal is the 
kernel of precisely one congruence relation. 


Proor. Let the ideal / of the lattice L be the kernel of the homomor- 
phism induced by the congruence relation 0. Let a=6 (0), a=b, a, bEL. 
We pick out an arbitrary element uw of /. From the definition of section 
complementedness it follows the existence of 
an element cSunanob of L, for which the 
dual ideal [c) as a lattice is section comple- 
mented, that is, any interval of type [c,d] is 
complemented. From u€/ it follows cé€/. Let 
b’ be the relative complement of 6 in the inter- 
a val [c,a]. From a==06 (QO) we conclude that 
c=bnb'=acb’=P' (0), and, since J is a 
homomorphism kernel, 6’€/. Then bUb’=—a 
and 6’ €/, thus by condition (y’’) of Theorem 2, 
/ is a standard ideal. 

Fig. 8 At the same time we have proved that if 

/ is the kernel of the homomorphism induced 

by 0, then O = Q[/], and it follows that every standard ideal is the kernel 
of at most one homomorphism. It is known already from Lemma 3 that every 


standard ideal is the kernel of at least one homomorphism. Thus the proof of 
Theorem 11 is completed. 


* It is included in a theorem of Hasnimoro [14] that in a finite modular lattice every 
homomorphism kernel is standard and every congruence relation is a standard one if and 
only if the lattice is a direct product of simple lattices. 
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Theorem 11 is not true with “neutral ideal” instead of “standard ideal”. 
A counterexample is shown in Fig. 9. That lattice is section complemented, 
the principal ideal (a] is standard, but not neutral. 

Since relatively complemented lattices form an important subclass of 
section complemented lattices (see Lemma V), therefore we formulate the as- 
sertions of Theorem 11 again for relatively comple- 
mented lattices. 


COROLLARY 1. /n relatively complemented lattices a 
there is a one-to-one correspondence between the stand- 
ard ideals and the homomorphisms having kernel, 
letting a homomorphism correspond to its kernel. 


From Lemma 10 we know that in a modular 
lattice every standard ideal is neutral. Hence we get 


COROLLARY 2. /n section complemented modular 
lattices there is a one-to-one correspondence between the 


neutral ideals and the homomorphisms having kernel. Bigs Y 


It is obvious that every homomorphism of the lattice L has a kernel if 
(and only if) L has a zero. Adding this trivial remark to Corollary 2 we get 


COROLLARY 3. /n relatively complemented modular lattices with zero there 
is a one-to-one correspondence between the neutral ideals and homomorphisms, 
letting a homomorphism correspond to its kernel. This correspondence is an 
isomorphism between the lattice of all neutral ideals of L and O(L). 


This Corollary 3 is BiRKHOFF’s theorem mentioned in the Introduction. 
We did not use in the formulation the expression “section complemented”, 
for in modular lattices it means the same as “relatively complemented”. This 
corollary shows that Theorem 11 is actually a generalization of BIRKHOFF’s 
theorem. 

Using Corollary 2 of Theorem 7, we can give another generalization of 
BIRKHOFF’s theorem : 

Corotiary 4. Let L be a lattice with zero, and suppose that I(L) is 
weakly modular. Then there is a natural one-to-one correspondence between 
the neutral ideals and homomorphisms of L. 

From Theorem 11 and its Corollary 4 we shall get a generalization as 
well as a new proof of the structure theorem of relatively complemented 
lattices. An important tool in proving the structure theorem was the assertion 
that any two congruence relations of a relatively complemented lattice are 
permutable. First we generalize this assertion : 


58 G. GRATZER AND E. T. SCHMIDT 


CorOLLARY 5. Any two congruence relations of a section complemented 
lattice L are permutable. 


Proor. Suppose the assertion is not true. Then (as it is obvious from 
the proof of Lemma 7) there exist a>b>c (a,6,c€L) and O, BE O(L) such 
that a==6 (O), b=c (®), while no element d of [c, a] satisfies a=d (®) 
and d=c (Q). 

By the definition of section complementedness, there exists an e€L 
such that a, 5,c€[e) and [e) is section complemented. Any congruence rela- 
tion © of L induces in [e) a congruence relation 0: x=y (O) (x,y €[e)) 
if and only if x=y (@). [e) is a section complemented lattice with zero, 
therefore every congruence relation of [e) is a standard congruence relation. 
Owing to Lemma 7 we see that 0 and @ are permutable, that is, there exists 
d € [c, a] with a=d (@) and d=c (©). This implies a=d (®) and d=c (0), 
and this contradiction (the existence of such a d) proves the validity of 
Corollary 5. 


REMARK. In applications it is enough to have Corollary 5 for section 
complemented lattices with zero. In this special case all the proof of Corol- 
lary 5 is the following: from the supposition and Theorem 11 it follows that 
every congruence relation of L is a standard congruence relation and by 
Lemma 7 any two standard congruence relations are permutable. — We 
remark that in proving Corollary 6 we shall not use Corollary 5. 


DILWORTH has stated a structure theorem for relatively complemented 
lattices with ascending chain condition and with zero. We will suppose only 
that the lattice is section complemented and _ satisfies the ascending chain 
condition, and in this case we shall give a necessary and _ sufficient condi- 
tion for the validity of the structure theorem. 


COROLLARY 6. Let L be a section complemented lattice with zero satisfy- 
ing the ascending chain condition. A necessary and sufficient condition for L 
to be the direct product of simple lattices is that L be weakly modular. 


Proor. First, suppose L is weakly modular. If ZL is not simple, there 
is a non-trivial congruence relation © of L, and let /={x;x==0 (@)}. From 
the ascending chain condition it follows that /(L)~L and / is principal, 
[= (n]. Thus /(L) is weakly modular, hence from Corollary 4 of Theorem 11 
it follows that (n] is neutral. From Corollary 3 of Theorem 10 we get the 
neutrality of n. From the ascending chain condition it follows the existence 
of maximal neutral elements ni (@€ A) different from 1.. The complements 
Na (@ € A) of the n@ are minimal neutral elements of L. The index set A is 
finite. Otherwise, let m,,... be distinct minimal neutral elements. Then 


STANDARD IDEALS IN LATTICES 59 


i 
putting my =A) es we have 0<m,<m,<:-- contradicting the ascending chain 
condition. Let n,,..., be the minimal neutral elements of L, and put 
k 
n= Vn;. If nl, there is a neutral element ni with n=n,<1. But (ita) = Ni 
Une | 


for some i, thus (ng) =n, a contradiction. Thus Vn;—1, that is (Corollary 
of Theorem 6), L=(n,]x-++x(m]. We have to prove yet that the (n] are 
simple. Indeed, if this does not hold, say (n,] is not simple, then by the 
same argument as above, we get the existence of a neutral element 1 of (n)] 
with O<n<n,. But then (Corollary 3 of Lemma 13) n is neutral in L, contra- 
dicting the minimality of n,. 

Conversely, suppose that L is the direct product of simple lattices. By 
Lemma IV, simple lattices are weakly modular, and it is obvious from the 
definition of weak modularity that the direct product of a finite number of 
weakly modular lattices is weakly modular again. Thus L is weakly modular, 
completing the proof. 

As a further application of Theorem 11 we now prove a generalization 
of a theorem of SHIH-CHIAH WANG mentioned in the Introduction. 


THEOREM 12. Let L be a relatively complemented lattice with 0 and 1. 
O(L) is a Boolean algebra if and only if every standard ideal of L is prin- 
cipal. 

PRoor. Suppose every standard ideal of L is principal. It follows that 
every congruence relation of L is of the form ©, where s is a standard 
element. Indeed, every congruence relation © is of the form O—O[S], 
where S is the kernel of the homomorphism induced by ©, every homo- 
morphism kernel is standard (these assertions are consequences of Theorem 11), 
and finally, every standard ideal is generated by one element S=(s]. From 
Corollary 1 of Theorem 7 it follows that s is a neutral element. L is section 
complemented, therefore s has a complement ¢. By Corollary 1 of Lemma 14, 
t is also neutral. Using Theorem 3 we get 0.9 O:= Osu —=O).=o and 
O,U O: = Out = O, =1, that is, O, is the complement of ©,. Therefore, 
every congruence relation of O(L) has a complement, that is, @(L) is a 
Boolean algebra. 

Conversely, suppose that @(L) is a Boolean algebra. Owing to The- 
orem 11 we see that every congruence relation of L is of the form O[S] 
where S is a standard ideal. Let the congruence relation @[7] be the com- 
plement of O[S] (7 is also a standard ideal). From Theorem 3 it follows 
O[Sn T]=o, O[SuT]=«. Again from Theorem 3 we get Sn T= (O] and 
SuT=L. L has a unit element, therefore both Sn 7 and SUT are princi- 
pal ideals and, consequently, from the Corollary of Lemma 8 we obtain the 
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result: S and 7 are principal ideals. We have proved that every standard 
ideal of L is principal, and thus the proof of Theorem 12 is completed. 

We know (Lemma 10) that in modular lattices every standard ideal is 
neutral, consequently, from Theorem 12 we get as a special case the theorem 
of S. WANG: 


CoroLiary. The lattice of all congruence relations of a complemented 
modular lattice is a Boolean algebra if and only if every neutral ideal is prin- 
cipal. 

PROBLEM 13. Describe those finite lattices in which we get a one-to-one 
correspondence between the homomorphisms and standard ideals, letting a 
homomorphism correspond to its kernel. 


REMARK. The lattice of Fig. 7 shows that such a lattice is not neces- 
sarily the direct product of simple lattices. 


§ 2. Isomorphism theorems 


In this section we will show that both isomorphism theorems are true 
for standard ideals. 


THEOREM 13. (First isomorphism theorem for standard ideals.) Let L be 
a lattice, S a standard ideal and I an arbitrary ideal of L. Then Sql is a 
standard ideal of I and 
(uS)/S1/UINS). 


Proor. Corollary of Lemma 9 is just the first assertion of our theorem. 
The simplest mean to prove the isomorphism statement is the use of the first 
general isomorphism theorem of REDE! [29] (see Ch. I, § 2). We have only 
to prove that every congruence class of the lattice /US may be represented 
by an element of /. Indeed, any element x of JUS is of the form y Us where 
s€Sandy€/(see condition (6’) of Theorem 2). Further, x = yUs=y(@ [S]), 
and so the congruence class that contains x may be represented by y € /. 

According to Theorem 4, the isomorphism statement of the first iso- 
morphism theorem is equivalent to the isomorphism of the intervals [S,/U S] 
and [/N S,/] of /(L). We can add to the isomorphism statement the following 


SUPPLEMENT. Let L be a lattice and S a standard ideal of L. Then 
[FSpr] SATSP7-S] 
for all 1€ KL). An isomorphism is given by the correspondence 


X= XU S GRE SAY 
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The inverse correspondence is 
Y>Ynl (YE[S, Ju S}). 


Proor. From condition (0’) (i) of Theorem 2 we get that X>XuS 
(X € [Jn S, /]) is a homomorphism. If X,, X, ¢ [7n S, 7], then Sn .X,=SnX, 
(for x,,X,C/, and so SnX;=SnX:n/I=Soail, i=, 2). Thus from con- 
dition (0’) (ii) of Theorem 2 we get that SU X,+SuX,. Therefore, X> XuS 
is an isomorphism of [/9 S,/] into [S,SU/J]. We prove that 


CY ee oe LY G[S:LuS]), 


and this will prove that Y> Yn/J (Y€[S,/US]) is the inverse of X— XuUS 
(X¢€[/nS,/]), and the latter correspondence maps [/7n S,/] onto [S,1U S]. 
Indeed, using condition (0’) (i) of Theorem 2, we get 


Os af VS) 9 US). (1. S) = Y, 


and this completes the proof of the Supplement. 

In the last proof we have got a new proof of the isomorphism: theorem. 
In case S is a principal ideal, the isomorphism given in the Supplement is 
essentially the isomorphism of the two factor lattices. 

We remark that HASHIMOTO has got the first isomorphism theorem under 
the condition that both S and / are neutral ideals. 


THEOREM 14. (Second isomorphism theorem for standard ideals.) Let L 
be a lattice, S an ideal and T a standard ideal of L, S>T. Then S is stand- 
ard if and only if S/T is standard in L/T, and in this case 


L/S ~(L/T)(S/T). 


Proor. If S is standard, then from Lemma 6 we get that S/T is stand- 
ard in L/T. Conversely, suppose S/T is standard in L/T. We show condition 
(7) of Theorem 2 holds for S. We have seen in the proof of Theorem 1, 
in the step “(%) implies (y)’, that it is enough to prove that x=y (O[S]) 
and x=y imply xnu=ynu (O[S]) for all wE L. (Here O[S] denotes the 
relation defined in condition (7’) of Theorem 2.) We denote by a the image of 
the element a underthe homomorphism L ~ L/T. Then we have x= y(Q[S/7]), 
and since S/T is standard in L/T7, therefore with a suitable s¢€ S/T we get 
xNu—(yNnu)uUs. Further, since 7 is standard in L, we can find a fe T 
such that xnu—=[(ynu)Us]Ut. We puts, =sut and get xnu=(ynu)US,, 
s,€S. This proves that S is standard. 

We remark that during the proof we have made effective use of the fact 
that the congruence classes of L/7 under @[S/T] are the homomorphic images 


of those of L under O[S]. 
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The isomorphism is again proved simply by reference to the general 
second isomorphism theorem of REDE! [29]. 


CoROLLARY. There is a natural isomorphism 
X — X/T 


between the dual ideal [T) of I(L) and I({L/T), and this isomorphism makes 
the standard ideals of L containing T correspond to the standard ideals of L/T. 


The second isomorphism theorem of HASHIMOTO supposes that S and T 
are neutral and it is confined to the isomorphism statement. 

The question naturally arises: what happens with the neutral ideals 
under the correspondence of the Corollary of Theorem 14? The answer is: 
neutral ideals of [7) are mapped upon neutral ideals, but the converse is 
not true. Of course, 7/7 is always neutral in L/7, thus, if 7 is not neutral, 
then we have found a not neutral ideal carried into a neutral one. 

And what happens if 7 is neutral? An answer is given by 


THEOREM 15. (Second isomorphism theorem for neutral ideals.) Let L 
be a lattice, S an ideal, T a neutral ideal of L,S>T. The ideal S is neutral 
if and only if S/T is neutral in L/T. In this case we have the isomorphism 


L/S (L/T)(S/T). 


SUPPLEMENT. The ideal S (S>T) is of type fafa (@ € A) (it is pre- 
supposed that the zero of any lattice is of this type) if and only if S’T is of 
type fa—=Za (@€ A) in L/T. 


Proor. Owing to Corollary 3 of Theorem 10 we can reduce the the- 
orem to the case of neutral elements. Then, using Theorem 6, we trivially 
get (supposing 7 is neutral) that an element s=n of this lattice is neutral if 
and only if s is neutral in the lattice [7). On the other hand, [7) is isomorphic 
to the factor lattice L/(n] and thus the assertion is proved. The assertions 
for the elements of type fea (@€ A) are to be proved in the same way. 

We see that the second isomorphism theorem for standard ideals is — 
characteristic for standard ideals. A slightly weaker form of Theorem 14 is 
already not characteristic for them. Namely : 


There exists a lattice L and a homomorphism kernel S of L such that 
S is not standard, but if T is a homomorphism kernel of L with TCS, then 
S/T is a standard ideal of L/T and 


L/S (L/T)\(S/T). 


To construct such a lattice we take the chain of non-positive integers, 
and form the direct product of this chain with the chain of two elements. 
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The elements of this direct product are of the form (n,0) and (a1) (tis. a 
non-positive integer). We define one further element x subject to 
x U (0, 0) = x U(—n, 1) = (0, 1), 
xn (0, 0) = (—1, 0), | 
xn (—an, 1) == (—n, 0) 


The diagram of this lattice is shown by Fig. 10. Let S=(s]. By an easy 
discussion one can show that the requirements are fulfilled. 


(0,1) 


O 
Fig. 10 Fig. 11 


A very difficult question is: which class of ideals is characterized by 
the first isomorphism theorem? It is easy to prove that this class is wider 
than the class of standard ideals. Before giving the example, we first give 
a precise meaning of the expression: an ideal satisfies the first isomorphism 
theorem. 

We say that the ideal 7 of the lattice L satisfies the first isomorphism 
theorem if 

A lee LT, 
or all /€/(L). 

Now consider the following lattice of Fig. 11. The ideal (¢] of this lattice 
satisfies the first isomorphism theorem, but it is not standard. In this lattice 
he following ideals satisfy the first isomorphism theorem: (OJ, (4, (], (@], C1]. 
These do not form a sublattice of /(L). It is. a bit more difficult, but still 
Jossible to give such a counterexample, where the ideals satisfying the first 
somorphism theorem do form a sublattice of the lattice of ideals. 

In some special class of lattices we shall examine the ideals satisfying. 


he first isomorphism theorem in Chapter VI. 
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Now we are in the position to show how the dictionary, mentioned in 
the Introduction, works. Let us repeat first the dictionary: 


subgroup — ideal 
invariant subgroup — standard ideal 
factorgroup — factor lattice modulo a standard ideal 
group operation — join. 


Consider the isomorphism theorems: we see that these are word by 
word translations of the corresponding statements of group theory. To get 
further examples, consider the following assertion of group theory: 

The subgroup N of the group G is invariant if and only if NH is a 
subgroup for every subgroup H of G. 

Here NH is the complex product of N with H. The corresponding 
notion is the “complex join” of two ideals /, K, let us denote it by Jv kK 
(the notation /UK would be ambiguous, it is used to denote the ideal-the- 
oretical join of J and K), that is, /v K—={x;x=iUk;i¢€l,k€ K}. Now the 
“translation” of the above theorem is: 

The ideal S of the lattice L is standard if and only if S\ K is an ideal 
of L for every ideal K of L. 

This theorem is actually true, for it is nothing else but a reformulation 
of condition (6) of Theorem 2. 

The fact that one can use the dictionary so fruitfully seems to prove 
not only the applicability of the notion of standard ideals, but at the same 
time the usefulness of the definition of factor lattice. 

The existence of the dictionary suggests the idea of possibility to define 
for general algebras a notion of “standard subalgebra”, which is a common 
generalization of ideals in rings, of invariant subgroups in groups and standard 
ideals in lattices, and for which one can prove those theorems which can be 
translated from group theory to lattice theory. In fact, this can be done if 
we confine ourselves only to the isomorphism theorems and do not consider 
the result concerning complex product of subgroups and the theorem of § 4 


of this chapter. So far we did not succeed in finding any notion which ful- 
fils all the requirements. 


§ 3. The Zassenhaus lemma 


In groups as well as in rings one can prove the Zassenhaus lemma 
using the two isomorphism theorems. So it is not surprising that translating 
the Zassenhaus lemma to lattices, we can prove it without any difficulty. 
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THEOREM 16. (The Zassenhaus lemma.) Let J and K be ideals of the 
lattice L. Further, let S and T be standard ideals of the lattices I and K, re- 


spectively. Then SU(IN T) is a standard ideal of the lattice SU (in K) and 
TU(SK) is that of Tu(In K). Finally, we have the isomorphism : 


[SUUNK)/[SUUN T)]~[Tudn kK) [Tu (Sn K)]. 


Proor. (The situation is shown by Fig. 12.) Owing to the first isomor- 
phism theorem we have 


(x) [S, SUN K)] = [Sa K, 10 Ki). 


From Lemma 9 it follows that Sn K and /nNT are standard ideals of the 
lattice / K, and so from Theorem 3 we get that their join (Sn K)U(/n T) 
is likewise a standard ideal of the same lattice. Consequently, by Lemma 6, 
(Sn K)UUnNT)/SnK is a standard 
ideal of Jn K/Sn K. From the Sup- 
plement of the first isomorphism theo- 
rem we know that the isomorphism 
(*) may be set up by the correspond- 
ence X—>XUS (X€[SnNK,/nK)). 
This carries the ideal (Sn K) Un T) 
into the ideal SUUN7T) and Snk 
into S. Thus we get from the above 
statement that SU(/NT)/S is a 
standard ideal of Su (/n K)/S. From 
the first assertion of the second 
isomorphism theorem we get that Fig. 12 
Su(/nNT) is standard in SUNK) 

and thus the first assertion of the Zassenhaus lemma is proved. 

It follows from the above statements that 


[Su(n K)y/S\/[S un T)/S] [In K/Sn KV[(Sn kK) un 7T)/Sn kK), 
‘and from the second isomorphism theorem we get 
[Sun K\[Su(in TY Yn KV (Sn kK) u (in 7). 


K 


Tu(Ink) 


Tu(Sak) 


Similarly, 

[TUN K)[Tu(SnkKJ=UnaAV[(Snk)udn 7), 
and these two isomorphisms together prove the required isomorphism statement. 
j From Theorem 4 it follows that the isomorphism statement of the Zas- 
senhaus lemma is equivalent to the isomorphism of the following two inter- 
vals of /(L): 

[Sun T), Sun kK) = [Tu(Snk), TUUNK)). 


5 Acta Mathematica XII/1—2 
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SUPPLEMENT. An isomorphism of these two intervals is given by the 
-orrespondence 
i X— (XN K)UT (X€[SUUNT), SUN A))) 


those inverse is 
whose Y—(Y¥nNuS (Y¢€[Tu(Sn kK), Tu(in A))). 


A special case of some interest of the first assertion of the Zassenhaus 
lemma is the following: 


Coro.iary. Let A and B be elements of the lattice L and suppose A>B. 
If a is a standard element of the lattice (A] and 6 is a standard element of 
the lattice (B], then aU b is a standard element of (aU B]. 


This corollary is a generalization of a part of Theorem 3, which asserts 
that the join of two standard elements is again a standard element. It would 
be interesting to give a direct proof of the Corollary. 

The proof of the supplement may be got simply by applying twice the 
supplement of the first isomorphism theorem. 

If both S and 7 are principal ideals, then the isomorphism of the sup- 
plement is the isomorphism of the two factor lattice. 

The Jordan—Hdélder—Schreier theorem follows from the Zassenhaus 
lemma as usually. To formulate the theorem we need the usual notions: 

A chain 

=?h>:-->?2h=/] 
of the ideals of the lattice Z is called a standard series of length n of the 
interval [/,/] if 4 is standard in /,; for k=1,2,...,n. A standard series 
is called proper if we have always > instead of >. A composition series is 
a proper standard series which has no proper refinement in the interval [/, /]. 


THE JORDAN—HOLDER—SCHREIER—ZASSENHAUS THEOREM. Any two stand- 
ard series of the interval [J,1| have refinements such that the lengths of the 
two refined series are the same and the factor lattices of the two refined series 
are — disregarding of the order — pairwise isomorphic. Further, if in an 
interval there exists a composition series, then every standard series may be 
refined to a composition series. Consequently, any two composition series have 
the same length. 

Obviously, we may make the refinement in the same fashion as in 
groups and rings. Therefore we may omit the details. 

We note that if we defined the standard series, requiring that every 
member of the series be a standard ideal in the whole lattice, then our 
Jordan—H6lder—Schreier—Zassenhaus theorem would be a consequence of 
the general Jordan—Holder—Schreier—Zassenhaus theorem (see BIRKHOFF [6]). 
Indeed, in this case from Lemma 7 it follows that any two congruence rela- 
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tions in question are pairwise permutable. Furthermore, it is not a restric- 
tion to suppose that the lattice L has a zero, for we may pass from L to L// 
where / is the least standard ideal which occurs. | 

In [14] HASHIMOTO has proved the above theorem, supposing all the 
ideals which occur are neutral. From the above remarks it follows that the 
results of HASHIMOTO are special cases of the theorem of [6]. 


§ 4. The Schreier extension problem for lattices 


We will now examine a lattice-theoretical analogue of the well-known 
Schreier problem of the theory of groups. 

The original problem is the following: 

Let the groups G, and G, be given. Describe all groups G containing 
G, as an invariant subgroup such that G/G, ~ Gy. 

Translating this problem with the aid of the “dictionary” to lattice 
theory, we get the following problem: 

Let the lattices L; and L, be given. Describe all lattices L containing 
L, as a standard ideal such that L/L;~ JL). 

Such a lattice will be called the Schreier extension of L, by L,. Schreier 
extensions always exist, e. g. the direct product of the two given lattices. 

SCHREIER’s extension problem in groups and rings may be solved by means 
of certain functions. It is possible to define these functions as a consequence 
of the invertibility of the group operation. Although the problem is solved 
for semigroups too — with a suitable definition of invariant subsemigroup — 
but in this case the requirement is essentially the regularity of the operation 
with respect to the invariant subsemigroup. Because there is no possibility 
of defining regularity of the lattice operations, therefore we have to give up 
the hope of finding a solution similar to the method of the Schreier’s func- 
tions. This is suggested already by a result of SzAsz [33], according to 
which the rather general notion ‘das schiefe Product” of REDE! ({26] and [27]), 
including in case of groups all Schreier’s extensions, gives in lattices the 
direct product and nothing more. 

Therefore, we had to recourse to other methods. 


THEOREM 17. Given the lattices L, and L,, suppose L, has a unit and 
L,has a zero element. L is a Schreier extension of L, by L, ifandonlyif Lis 
isomorphic to a meet-sublattice’ of L, x L, which contains all the elements of 
the form (x, 0) (x€L,) and (1, y) (y€ Ly). 

7 A subset H of the lattice L is called a meet-sublattice if it is closed under forming 


finite meet and under the partial order induced by that of L it is a lattice. This means 
that the join in H is not necessarily the same as in L. 


5* 
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Thus, while the group-theoretical Schreier extension problem is reduced 
to finding certain functions, now the same problem for lattices is reduced to 
finding certain meet-sublattices of a well-constructed lattice. 

Proor. Suppose L is a Schreier extension of L, by Ls. Let s be the 
greatest element of the ideal L; of L and embed L in L, (see the definition 
of L, before Theorem 6) in the natural way, that is, with the correspondence 
x—> (xfs, xUs). It follows from Theorem 6 that it is a meet isomorphism. 
The image of L in L, contains all the elements of the form (x, 0) and (1, y). 
Because of L,Y {a;a€L,a=(x,0)} and L,~{a;ac€L,a=—(l,y)} we get 
that L fulfils the requirements of Theorem 17. 

Now we suppose that L is a meet-sublattice of L, x L,, and it contains 
the elements of the form (x,0) and (1, y). We shall prove that S—{a;ae€L, 
a= (x,0)} is a standard ideal of L. Consider that partition of L which is 
induced by the congruence relation O[S] of L, x L,. If we prove that this 
partition is compatible, then it follows that S is a standard ideal. It is enough 
to show that if y—xvs,s€S (v denotes the join in L), then in L, x L, the 
relation x=y (Q[S]) holds. This does not hold trivially, for in general 
xvs2=xus. But, from (1,0)€Z and from xU(1,0)=2x it follows that 
x=xvssxu(l,0), and so x=xu(1,0) (O[S]), thus x=xUs (O[S]) as 
we wished to prove. 

Thus S is a standard ideal. S~ JL, is trivial, and L/S~L, is also im- 
“mediate, thus the proof of Theorem 17 is completed. 

It is clear from Theorem 6 that if the kernel were defined to be a 
neutral ideal, then we would not get the meet-sublattices, but the sublattices 
of L, x Ly as the solution of the extension problem. 

A few words about the conditions: L, has a unit and JL, has a zero 
element. The first hypothesis can easily be omitted, we have only to refer 
to Theorem 4, but obviously, without this condition the theorem would be 
more difficult. 

The second condition is much more important. It assures that L, may 
be regarded as an ideal of L, x L,. Omitting this supposition, some new idea 
seems to be necessary to settle the question. 

It seems that the standard ideals are the possible widest generalization 
of the class of neutral ideals, for which the Schreier problem has a solution. 
For instance, it is probable that there is no analogue of Theorem 17 for dis- 
tributive ideals. To be precise we may say the following: it is natural to 
require in solving the Schreier problem that we get a finite general algebra 
as an extension of a finite general algebra by another finite one. This con- 
dition holds for groups, semigroups, rings and lattices (Theorem 17). It should 
not hold if we supposed the kernel to be only a distributive ideal. An example 
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for this is given by the lattice of Fig. 4, which is the Schreier extension of 
2 by 2, and the kernel of this extension is a distributive ideal. 


PROBLEM 14. Try to omit the hypothesis that L, has a zero in Theorem 17. 


CHAPTER V 


CHARACTERIZATIONS OF NEUTRAL ELEMENTS 
IN MODULAR LATTICES 


§ 1. Characterizations by distributive equalities 


The notion of standard elements has been defined by (9) which is a 
distributive equality. Furthermore, the condition (0) (i) of Theorem 1 is also 
a distributive equality. Thus we see that there is a close connection between 
distributive equalities and standard elements. 

This connection is deeper in modular lattices as a consequence of 
Theorem IV of ORE which asserts that in modular lattices both (6) and (7) 
are capable of the definition of neutral elements. 

First the question arises what the situation is with the distributive equal- 
ity (8). Is it also capable of definition of the neutral elements in modular latti- 
ces? Further: one can imagine that there are in the class of modular lattices 
other equalities, capable of the characterization of the distributivity. Are all 
of these identities able to define the neutrality of an element? 

In general, in lattice theory, distributive equality means one of the 
equalities (6), (7) and (8). The cause why these are called distributive equal- 
ities is given by the following theorem (DEDEKIND [7], MENGER [22]): let 
f(x, y, Z) = g(x, y, zZ) be any one of the equalities (6), (7), (8); then a distrib- 
utive lattice may be defined as a lattice of type f—g. Basing upon this 
theorem, we give the definition of distributive equality as follows: 

Let © bea class of lattices. f(x, y, Z) = g(x, y, Z) is a distributive equality 
of © if and only if within © the distributive lattices are just the lattices of 
Hype f—z. 

We remark that f and g are elements of FLe (3), that is, the free lattice 


with three generators over £. (FLe(3) consists of all polynomials of three 
indeterminates and f(x, y, Zz) g(x, y, 2) in FLg(3) if and only if f(a, 6, j= 
=g(a, b,c) for all a,b,cE€ LES.) Pe 

We say that the distributive equality f—g is equivalent to the distrib- 
utive equality f’—g’ over © if for all a,b,cEeLeE’, f(a,b,c)=—g, b,c) 
is equivalent to f’(a, 0,c)—g'(a,6,c). This amounts to the coincidence of 
the congruence relations O,,, and Oy, of FLe (3). 
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Now, our aim is to determine all non-equivalent distributive equalities 
of the class of modular lattices, and to decide whether it is possible or not 
to define by any one of them the neutrality of an element. 

We reach both of our aims by proving the following theorem: 


THEOREM 18. Let f(x, y, 2) = g(x, y, 2) be a distributive equality of modu- 
lar lattices. The elements a,b,c of the modular lattice L generate a distributive 
sublattice of L if and only if f(a, b,c)= g(a, 6, c). 


Before proving the theorem, let us draw some consequences of it: 


CoroLiarY 1. Let f(x, y, 2) = g(x, y, 2) be an arbitrary distributive equal- 
ity of modular lattices. An element n of the modular lattice L is neutral if 
and only if f(n,a, b)=g(n, a, 6) forall a,b€L. 


The proof is obvious, comparing the definition of neutrality with the 
assertion of Theorem 17. 


COROLLARY 2. /n the class of modular lattices all distributive equalities 
are equivalent. 


Proor. Let f(x, y, z2)= g(x, y, z) and f(x, y, z)=g' (x, y, Z) be distribu- 
tive equalities. If f(a, b,c) g(a, 6,c) for a,b,c€ L, then by Theorem 17 the 
sublattice generated by a, 0,c is distributive, thus /’(a, 6, c)=g'(a, b,c), and 
conversely. That means the equivalence of any two distributive equalities. 

The proof of the theorem is based on the following lemma which seems 
to have an interest of his own. 


Lemma 16. Let L be a modular but not distributive lattice generated by 
three elements. L has a homomorphism onto V, that is, onto the modular but 
not distributive lattice of five elements. 


Proor. Let a,b,c be generators of L and p,qg,r those of V. The 
correspondence ap, b-+q, c-+r may be extended to a homomorphism 
of L onto V. It is rather easy to show that this correspondence is a homo- 
morphism, but one can spare the trouble of this proof by a simple reference 
to a theorem of BIRKHOFF, which effectively describes the free modular lattice 
with three generators (see Fig. 15). 

So far the lattice V has been used as a sublattice to characterize the 
non-distributivity of a modular lattice. Lemma 16 shows that it may be used 
also as a homomorphic image to characterize the non-distributivity in 
case L is generated by three elements. In general this is not true, as shown 
by the modular lattice of six elements, having four atoms. This lattice is 
simple, therefore it has no homomorphism onto V. 


PROOF OF THEOREM 18. Suppose the theorem is not true, that is, there 
exists a modular lattice L, three elements a,b,c of L and a distributive 


STANDARD IDEALS IN LATTICES 71 


equality f(x, y, Zz) = g(x, y, z) such that f(a, b,c) = g(a, b, c) and the sublattice 
L, generated by a, 6,c is not distributive. Then by Lemma 16 it has a homo- 
morphism onto V such that the homomorphic images of a, b,c are D, 9,1: 
Consequently, f(p, 9, r) = xg(p,q, r). Let u,v, w be three elements of V distinct 
from p,q,r. Then these elements generate a distributive sublattice of V, thus 
f(u,v,w)=g(u,v,w). We have shown that f(u,v,w)—g(u,v,w) for all 
u,v,w€V, that is, V is of type f—g. This is obviously a contradiction to 
the definition of distributive equalities. The proof is complete. 

Finally, we make some general remarks. Let £ be a class of lattices, 
fg, fg € Fle (3). We say that f= g is equivalent to f/—g’ if O, , = Gy,’ 
although this is not the generally used definition. In [6], though not explicitly 
stated, another definition is used; this we shall now call the definition of 
weak equivalence. Denote by &,—, the 
class of lattices of type f= g in the class 
&. We say that f—g is weakly equiva- 
mato jap if £7 —f-_,. 

An example of weakly equivalent but 
- not equivalent equalities: x UyU(xnNynz) = 
—=xUyUz and xnyn(xUyUz)=—xnynz. 
They are weakly equivalent, for they define 
the lattice of one element, but they are 
not equivalent, for in the lattice of Fig. 13 
the elements a, b, c satisfy only one of them. 

It is trivial that per definitionem 
any two distributive equalities are weakly 
equivalent. Theorem 17 asserts that they Fig. 13 
are equivalent in modular lattices. The 
same assertion in the class of all lattices is not true, as it is shown again 
_by the lattice of Fig. 13, where an(bUc)=(anb)uU(anc) but au(onc)# 
# (au b)n (auc). 

PROBLEM 15. Let degree m (an infinite or finite cardinal) of non-distrib- 
utivity of the modular lattice L be defined as the power of a subset H of 
L maximal with respect to the property that any three elements of H generate 
a non-distributive sublattice of ZL. Is m an invariant of the lattice? Is it true 
that L has the degree of non-distributivity 3 if and only if it has a homo- 
morphic image isomorphic to V? If the degree of non-distributivity of L is 
m, has L homomorphism onto a simple lattice, having the same degree of 


non-distributivity ? 
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§ 2. Neutral elements as elements with unique relative complements 


A theorem of J. VON NEUMANN (see [6]) asserts that an element n of a 
complemented modular lattice L is neutral if and only if its complement is 
unique. In modular lattices the same assertion does not hold in general; the 
element a of the lattice of Fig. 14 is uniquely complemented, but it is not 
neutral. This observation is due to HALL (see [6]). Applying twice Ex. 2 of 
p. 115 of [6] we get® that an element n of a complemented modular lattice 

L is uniquely complemented if and only if it 
is uniquely relatively complemented, that is, if 
it has just one relative complement in any 
interval containing n. In this way it is pos- 
sible to generalize NEUMANN’s theorem to ar- 
bitrary modular lattices. 


THEOREM 19. An element n of a modu- 
lar lattice L is neutral if and only if it has at 
most one relative complement in any interval 
containing it. 

Proor. If n is neutral, then by condition 

Fig. 14 (ii) of Theorem III it obviously satisfies the 

stated condition. 

Let n be an element of the modular lattice L, and x, y arbitrary ele- 
ments of L. The free modular lattice FML 3), generated by n, x, y, according 
to a theorem of BiRKHOFF [6] is given in Fig. 15. If a satisfies the condition 
of Theorem 19, then wv, for w and » are the relative complements of a in the 
interval [anu,aUul]. It follows that the lattice generated by a,x and y must 
be a homomorphic image of FML(3)(O,.,). But FML(3)(O,,) is distributive 
and it follows that n is neutral, as asserted. 

COROLLARY 1. (Theorem of NEUMANN.) /n a complemented modular lat- 
tice an element n is neutral if and only if it has precisely one complement. 

Indeed, as we have remarked above, in complemented modular lattices 
an element n is uniquely relatively complemented if and only if it is uniquely 
complemented. Hence the corollary. 

COROLLARY 2. An element n of the modular lattice L is neutral if it is 
neutral in every interval [aN x,nUx] (x €L). 

Corollary 2 is an immediate consequence of Theorem 19. 

In weakly modular lattices Theorem 19 fails to be valid. In the lattice 
of Fig. 16 the element a is uniquely relatively complemented, but not neutral. 


8 See also [32]. 
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Corollary 2 is obviously true in relatively complemented and in com- 
plemented lattices. For if L is relatively complemented and n€ L is neutral 
in any [2Nx,nUx] (x,y€L), then let a be a relative complement of n in 
[2NxNy,nUxUy]. Since n-is neutral in [nN a,nUa}), {n, x, y} is a distrib- 
utive lattice, and so n is neutral. But Corollary 2 is not true in general. 
Consider the lattice of Fig. 17. In this lattice a is not neutral, but it is in 
every interval of the form [an x, aU x]. 


PROBLEM 16. Is the assertion of Theorem 19 true in relatively comple- 
mented lattices? | 

PROBLEM 17. Is the assertion of Corollary 2 of Theorem 19 true in 
weakly modular lattices ? 


Note. The corresponding assertion for standard elements is not true. 
If s€L is locally standard (i. e. standard in every interval [s 9 x,sUx]) and 
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L is weakly modular, it does not follow that s is standard, as shown by the 
lattice of Fig. 18. 

PROBLEM 18. Call an element s of L a standard element of order two 
if it is a standard element of a standard ideal of S. Do the standard elements 
of order two form a sublattice of 1? Characterize the standard elements of 
order two. What can be said of the standard elements of higher order? 


REMARK. The following theorem may be useful: if s is a standard 
element of order two of L, then there is a unique maximal standard ideal 
S such that s is standard in S. 


Fig. 16 
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CHAPTER VI 
IDEALS SATISFYING THE FIRST ISOMORPHISM THEOREM 


§ 1. The case of relatively complemented lattices 
with zero satisfying the ascending chain condition 


In this section we want to prove the following theorem: 


THEOREM 20. Let L bema relatively complemented lattice with zero in 
which the ascending chain condition holds. An ideal I of the lattice L satis- 
fies the first isomorphism theorem, i. e. 


IUKI=K/INK 
for all ideals K of L if and only if I is neutral. 


Proor. If / is neutral, then from Theorem 13 it follows that it satisfies 
the first isomorphism theorem. Now let us suppose that the ideal / of the 
relatively complemented lattice L with the ascending chain condition satisfies 
the first isomorphism theorem. By the structure theorem of DILWORTH, 
L=L,X:---XL, with simple lattices L;, and consequently, J/=/, x---x h, 
with /;CL; (j=1,..., k). We prove that / satisfies the first isomorphism 
theorem if and only if every /; satisfies in L; the first isomorphism theorem. 
This is an immediate consequence of the following identity: 


Dead fh eo Se Lid Tis 


Hence we have reduced the question to the case of simple relatively 
complemented lattices. Instead of this we shall now consider a bit more 
general class of lattices, which will lead not only to the proof of Theorem 20, 
but at the same time to a generalization of it: 


LEMMA 17. Let L be a complemented simple lattice. No principal ideal 
of L except for (O| and (1] satisfies the first isomorphism theorem. 

Proor. Let a€ Ll, and 6 the complement of a. Applying the first iso- 
morphism theorem, we get 


(a U b)/(a] & (OJ/(a n 0}. 


The left member is isomorphic to the lattice of one element (except a=(Q) 
and the right member is isomorphic to the principal ideal (6]. This is a con- 
tradiction, unless a—0O or 6=0, as stated. 

Lemma 17, compared to the arguments we have made above (using 
the structure theorem given in Corollary 4 of Theorem 11), leads to the fol- 
lowing generalization of Theorem 20: 
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THEOREM 21. Let L be a section complemented weakly modular lattice 
with the ascending chain condition. An ideal I of L satisfies the first isomor- 
phism theorem if and only if it is neutral. 


Coro.iary. Let / be a section complemented weakly modular lattice 
satisfying the ascending chain condition (for instance, a finite relatively com- 
plemented lattice) in which the first isomorphism theorem unrestrictedly holds. 
Then I is a finite Boolean algebra. 


In § 3 we shall show that the assertioneef Theorem 20 holds in finite 
modular lattices as well. But it is not already true for finite weakly modular 
lattices. Fig. 17 shows a lattice L which is simple. The dual LZ of Z has an 
element s+£0,1 which is locally standard® and thus it satisfies the first iso- 


morphism theorem. 


§ 2. A general theorem 


In the following section we want to prove that the conclusion of Theo- 
rem 20 holds in modular lattices of locally finite length with zero. In this 
section we prove a general theorem which characterizes the ideals satisfying 
the first isomorphism theorem in certain classes of lattices which are a little 
more general than the class of finite lattices. The condition of this theorem 
is rather difficult, but starting from this, we shall be able to solve the prob- 
lem in modular lattices of locally finite length with zero. 

First we turn our attention to proving two lemmas of preliminary character. 


LEMMA 18. Let L be a lattice of finite length and let L satisfy the 
Jordan—Dedekind chain condition. Then L(O)~L (O € O(L)) implies O= a, 
that is, no proper homomorphic image of L is isomorphic to L. 


PROOF. Suppose Ow and L(Q)~L. Then there exist a,b€L such 
that a>b and a=6 (Q@). Let C be a maximal chain of length a such that 
a,b€C. The image of C under © is a maximal chain of L(Q@), and its 
length is at most n—l, for the homomorphic images of a and 6 are the 
same. From the isomorphism L ~L(@) it follows that the Jordan—Dedekind 
chain condition holds in L(Q@), and consequently the length of L(Q) is at 
most n—1. Since the length of the original lattice is n, therefore this contra- 
dicts the isomorphism of ZL and L(@),. 


CoROLLARY. Let L be a lattice of finite length and suppose that every 
homomorphic image of L satisfies the Jordan—Dedekind chain condition. Then 
O, DE O(L) and O= O, further L(O)~L(®) imply O = ®. 


” See the definition in the Note after Problem 17. 
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We remark that the conclusion of Lemma 18 does not hold if the 
Jordan—Dedekind chain condition is not presupposed. An example is given by 
Fig. 19. Let © be the congruence relation @,,. Then O,, >@ and (One L. 

A generalization of the first isomor- 
phism theorem is a homomorphism theorem 
which is always true: 


LEMMA 19. Let J and K be arbitrary 
ideals of L. Then we have 


K~KIINK~IURK/I. 


SUPPLEMENT 1. A natural congruence 
relation ©, of K under which K(Q,)~ K/InN K 
may be given in the following way: the ele- 
ments a,b of K are congruent under ©, if 
and only if there exist u,v€ INK and avb=x,=x,=::: 
Retry —> Xy4, X¢ (I 1,2; 0..,n) within K. 


SUPPLEMENT 2. A natural congruence relation ©, of K under which 
K(O,)~JUK/I may be given as follows: the elements a,b of K are con- 
gruent under ©, if and only if there exist u,v€I and aUb=y=),= 
=== VY, ——7/)0 such that U, v— Yi41, Vy; (i—=1, 2,...,n) within IUK. 

Without loss of generality we may suppose L—/J/UK. Consider the 
congruence relation O[/]. This makes a partition of K into congruence classes 
and, obviously, this partition of K is compatible. Consider the congruence 
relation ©* of K which induces the same partition on K. We assert that 

LUK/I = K(@"). 
From the first general isomorphism theorem we get that it is enough to prove 
that every congruence class of /U kK modulo @[/] contains an element from Kk. 
Indeed, let x€/UK, then with suitable y€/ and z€K we have xSyuz. 
We put t=xnynz (€/). Then y=t (Of[/]), hence yUz=tuz=—z (Of[/)), 
and so x=xN(yUz)=xnz (O[/]). Thus xUz€K is congruent to z mo- 
dulo Q[/]. 

On the other hand, denote ©, the congruence relation of the lattice kK 
generated by /NK (i.e. O, = O[/n KJ on the lattice KX). Obviously, a= b (@) 
implies a=6(0"), that is, O,=0*. Thus K(O,)~ K("). We have already 
seen that /UK/I~K(@"), hence we have K~ K/KN1~/UA/I which was 
to be proved. 

The assertion of the supplements is immediate if we compare the defi- 
nitions of @* and ©, with that of @, and @, and with Theorem | and for- 


mula (3). 


=X =O SUCH 
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Now it will be easy to give the required characterization of the ideals 
satisfying the first isomorphism theorem. 


THEOREM 22. Suppose that every element a of L satisfies one of the 
following conditions: 

(a) [0, a] is a finite lattice; 

(b) every homomorphic image of the lattice [0, a] satisfies the Jordan— 
Dedekind chain condition. 

Then an ideal I of the lattice L satisfies the first isomorphism theorem 
with any principal ideal K=(k] if and only if whenever the weak projectivity 
u,v —x,y holds within IU K, where u,v€l and x,y€K, x>y, then with 
suitable elements w, z of 1) K the weak projectivity w,z— x,y holds within K. 


Proor. From the conditions it follows that if A —(A] is a principal 
ideal, then for the lattice [0,k] the conclusion of Lemma 18 is true. Indeed, 
if K satisfies condition (b) of Theorem 22, then the assertion follows from 
Lemma 18. If K satisfies condition (a) of Theorem 22, then it is a finite 
lattice. Let O, DE O(K) and O<@. Then K(@) consists of fewer elements 
than K(Q), thus K(O)~K(®) is impossible. 

Now, in Lemma 19 we have seen that /UK//~K(O") and K/nkK= 
~ K(Q,), where the congruences @* and ©, of K have been defined in the proof 
of Lemma 10. Thus, if A satisfies the first isomorphism theorem, then from 
the previous section and from ©,=0' it follows that O,—0"*. From con- 
ditions (a) and (b) we conclude that the lattice L is discrete, that is, any 
two elements a>b of L may be connected by a finite maximal chain. It 
follows that two congruence relations, @, and ©*, are the same if and only if 
©, and ©* collapse the same prime intervals. But if @ covers 0, then in 
Supplement 1 of Lemma 19 we may take n—1 and in Supplement 2 m—1, 
and thus the coincidence of ©, and ©* upon every prime interval is just 
assured by the condition of this theorem. 

Conversely, if the conditions of Theorem 22 hold, then the congruence 
relations ©, and ©* are the same, that is, K(@,) ~ K(@*). Consequently, by 
Lemma 19, we get /UK/I~K/I7.K, completing the proof of Theorem 22. 


§ 3. Modular lattices of locally finite length with zero 


The main result of this section is the following: 


THEOREM 23. Let L be a modular lattice of locally finite length with 
zero. An ideal I of L satisfies the first isomorphism theorem if and only if it 
is neutral. 
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We prove a bit more than the assertion of the theorem, namely 


CoROLLARY. Let L be a modular lattice with zero which is of locally 
finite length. The following four conditions on the ideal I of the lattice L are 
equivalent : 

(a) / satisfies the first isomorphism theorem, that is, for an arbitrary 
ideal K of L 

(URNS KI VK; 

(b) / satisfies the first isomorphism theorem for an arbitrary principal 
ideal K = (k]; 

(c) J is standard; 

(d) / ts neutral. 


We prepare the proof of this theorem with four lemmas. Among these 
the first is surely known, but we did not find in the literature. The most 
interesting of these lemmas is the third (Lemma 22) which gives the structure 
of an interesting free lattice. 


LEMMA 20. Let L be a locally finite modular lattice and I an ideal of L. 
A prime interval p of L collapses under O[/] if and pay if it is projective 
to a prime interval q of I. 


PROOF. It is easy to derive this assertion from Theorem I and formula (3). 
A direct proof is the following: we define the relation 0: a=b (Q) (a, b€L) 
if and only if there exists a sequence of elements aUb=y>y, > +++ > Yn = 
=ajnb such that each [yisi, yi] (=O, 1,...,2—1) is projective to a prime 
interval of /. All the conditions of Lemma II are trivially satisfied for ©, thus 
© is a congruence relation and © —OQ[/] is also obvious. If a>, then 
n=1, hence the assertion. 

Let L be a modular lattice of ljocally finite Jength. Let us fix an ideal 
J and a prime interval p of L. By the previous lemma we can find prime 
intervals g in / such that g<"+p. Choose a q such that n be as small as 
possible. For the proof of Theorem 22 it will be useful to call this smallest 
n the order of p relative to /. nO means that p©/ and p is of infinite 
order if p does not collapse under O[/]. 

LEMMA 21. Let L be a modular lattice of locally finite length. An ideal 
I of L is standard if and only if the orders of the prime intervals of L relative 
to I are 0,1 or infinite. 

Proor. If / is standard, then by condition (y”) of Theorem 2 the asser- 


tion is obviously true. 
Conversely, suppose the ideal / of L satisfies the condition. Let O be 


the relation defined in the proof of Lemma 20. If a6 (Q), then there exists 
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a sequence of elements aUb=yo>Yir +s > Mn—anb such that each 
[vin1, yi] is projective to a prime interval [ai1,ai] of / Because all the 
[vis1, yi] are of the order 1 or O relative to /, it follows that we may sup- 
pose yiiUai—yi. Let x=Va;, then obviously y,Ux—y). This means that 
I satisfies condition (7) of Theorem 2 and, consequently, / is standard. 


CorOLLaryY. An ideal I of a modular lattice L of locally finite length is 
not standard if and only if there exists a prime interval p of L of order 2 
relative to I. 


Fig. 20 


The sublattice V (that is, the lattice of five elements which is modular 
but not distributive) is called minimal if its length in L is 2. 

Now suppose that / is a non-standard ideal of the modular lattice L 
of locally finite length and consider a prime interval p of order 2, the 
existence of which is guaranteed by Lemma 21. It is possible that we can 
reach p from / in the way shown by Fig. 20. In this case the “turn” is 
through a minimal V. If this is the case, then we call the zero element of 
the minimal V a turning element. Consequently, if we can find to the ideal / 
a turning element, then / is surely not standard. The most important point 
of the proof of Theorem 22 is the converse of this statement. We cannot 
prove directly this assertion. First we have to find the most general situation 
which may occur in Fig. 20, that is, the corresponding free lattice. 


LEMMA 22. Let L be a modular lattice of locally finite length. I is a 
non-standard ideal, p a prime interval of order 2 relative to I, q a prime 
interval of [ and q<+p,namely, b,a—».f,e—»d,c, p= [6,a] and q=[{d, c}. 


STANDARD IDEALS IN LATTICES 81 


The free modular lattice generated by the elements a,b,c,d and e Tals 
the following: 


e 


Fig. 21 


REMARK. Simply to say, in Lemma 22 there is determined the free 
modular lattice generated by two covering pairs of elements. It is interesting 
the existence of this free lattice, for, in general, it is not allowed to prescribe 
covering relations in a free lattice. 

Proor. Consider the elements x =aUd, y=fn(aUc), z=ObUc, further 
the elements a, b,c, d,e,f, bUd, aUc, bnd. We prove that from the modu- 
larity and from the fact that the order of p relative to / is 2, finally from 
the covering relations it follows that these elements form a sublattice of L 
and all the joins and meets are the same as in Fig. 21 and these are con- 


sequences of the hypotheses. 
First we show that x, y and z generate a minimal V, and 


XxUp=yUzZ—=ZUxX=aUC, xNy=YNz=—zNx—bud. 


6 Acta Mathematica XII/1—2 
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xUz—auc is clear from the definitions. We have x Uy—(a@Ud)U 
U[fn(auc)]=(from aud=auc and from the modularity) =(auduf)n 
n(aUc) (because auf=e)=(dUe)N(aUc)=auUc for c=e.We can get 
yUz=auc in a similar way. 

From x—aud it follows that the interval [b Ud, x] is a transpose of 
[b, a], and so it is of length 1 (we excluded the case dua=duB, for this 
implies dna>dnb, thus [dn b,dnajC/ is a transpose of [b, a] the order 
of which relative to / is 1). Similarly, [6 Ud, z] is also of length 1. Finally, 
[b, a] [f, e] > [y, aU], and so [y,aUc] is also a prime interval. 

e 


d Fig. 22 b 


We show that no two of x, y and z coincide. Suppose x =z. Because 
of xUz=aUc we get x—z—aUc. Further, [bUd,x] is a prime interval, 
and so y—bud. In this case the diagram of the lattice (more precisely, a 
part of it) is shown by Fig. 22. We see that anc—afnd is impossible, for 
aUc=aUd and aUc=x. Thus [and,anc] is a prime interval. Further, 
from d=y we get and=anynd=bdnd. We prove that [and,anc] is a 
transpose of [b, a]. This will be a contradiction, for in this case the order of 
[5, a] relative to / is 1 contrary to the hypotheses. 

We have to prove that bU(and)=—6 and bU(anc)—a. We have 
bU (and) = (from and=bn d)=5; further bU (anc)—(bUc) Na=zna=a. 

The impossibility of xy is very easy to prove, for if x —y, then 
f=fn(auc)=y=x=aUd=a, that is, e—fua—f, a contradiction. We 
get a similar contradiction from y =z. 
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Of the remaining relations it is enough to prove anc=obnd. Indeed, 
from anc=b/Nc (which is surely true, otherwise the order of [5, a] relative 
to J were 1) and from ync—d we get anc=bnc=—(ynb)nc=(yno)n 
nb—dnb. Thus the proof of Lemma 22 is completed. 

Now we are able to prove the existence of turning elements. 


LEMMA 23. Let L be a modular lattice of locally finite length. An ideal 
I of L is non-standard if and only if there exists a turning element. 


-Proor. Using the notations of Lemma 21 and Lemma 22, consider the 
prime intervals p—[6, a] and g—J[d,c] the existence of which is assured by 
Lemma 21. The sublattice of L generated by a,6,c,d and e,f is a homo- 
morphic image of the free lattice of Lemma 22. Under this homomorphism, 
the minimal V of the free lattice does not collapse. (Indeed, if the minimal 
V collapsed, then both p and q would collapse.) Thus the minimal element 
of the minimal V may serve as a turning element. 

We remark that the only congruences of the free lattice of Lemma 22, 
under which p does not collapse, are Oy, Oia, O.. and their joins. 

Now we are prepared for proving Theorem 23. 


PROOF OF THEOREM 23. We prove the Corollary, for it is a stronger 
assertion than the theorem. 

(c) implies (d) — this is stated in Lemma 10. 

(d) implies (a) — this was proved in Theorem 13. 

(a) implies (b) — this is trivial. 

Thus we have to prove that (b) implies (c). 

For this reason, let us suppose that L is a modular lattice with zero 
and of locally finite length, and / is an ideal satisfying 


Meds FO. 


for all K—(k]. If (b) does not imply (c), then / is not standard, that is, by 
Lemma 23 there exist turning elements in L. From the suppositions on L we 
obtain the existence of the dimension function d(x). We denote from now 
on by uw a turning element for which d(u) is as small as possible. Finally, 
we denote by p and q the prime intervals (see Lemmas 22 and 23) from 
which the turning element w has been constructed. 

Now we apply Theorem 21 to / and (a]. We may do so, for every 
interval [0, a] of L satisfies the Jordan—Dedekind chain condition, and the 
same is true for any homomorphic image of [0, a]. /U(a] contains the prime 
interval p, the order of which relative to / in /U (a] is 2, for /U(a] contains 
the whole minimal V because of x UyUz=aUcé€(a]U/. The order of p 
relative to Jn (a] in (a] is at most 2, for if it were 1, then the order of p rela- 


6* 
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tive to J in JU(a] would be also 1. Thus by Theorem 21 and Lemma 20 
we can find a prime interval g, of / (a] and prime intervals q,,..-,Q.—=P 
(n= 2) of (a] such that q,+q,—»-+++—+q, =p. Let the intervals be chosen 
in such a way that n be the order of p relative to JN (a] in (a]. Then q is 
of order 2 relative to /N(a] in (a]. It is trivial that the order of q. relative 
to J in /U(a] is also 2, otherwise it would be 1, and this would imply the 
same in (a]. We may now apply Lemma 23 to q),q. and //n (aj, to conclude 
the existence of a turning element 7. This turning element of //f (a] in (a] 
is a turning element of / in the whole lattice, too, for g, is of order 2 rela- 
tive to /. But the minimal V, the zero of which is the turning element v, is 
included in (a], therefore d(v)<d(a)—1. On the other hand, d(a)=d(u) +1, 
thus d(v)<d(u). We have found a turning element of lower dimension than 
u, a contradiction to the minimality of d(u). This contradiction proves the 
Corollary of Theorem 22 and at the same time Theorem 22. 

We should point out that as a consequence of Theorem 22 we get that 
every ideal satisfying the first isomorphism theorem is a homomorphism 
kernel in modular lattices with zero and of locally finite length. We have 
obtained the same conclusion in section complemented weakly modular latti- 
ces with ascending chain condition in § 1 of this chapter. Thus the following 
problem arises: 


PROBLEM 19. Give classes of lattices in which every ideal satisfying the 
first isomorphism theorem is a homomorphism kernel. (Does the class of 
weakly modular lattices serve for this purpose?) 


REMARK. In general it is not true, see, for instance, the ideal (g] of the 
lattice U. 


PROBLEM 20. Does there exist a modular lattice L and an ideal / of L 
such that / satisfies the first isomorphism theorem and despite this 

a) / is not a homomorphism kernel, or 

b) / is not a neutral ideal? 


§ 4. A characterization of standard ideals 
by the first isomorphism theorem 


In the Introduction we alluded to the fact that the notion of standard 
ideals is the best-possible one from the point of view of the first isomorphism 
theorem. 

To formulate precisely what this means we need some notions. 

Let | be a class of ideals, i.e. if we are given a lattice Z and an 
ideal / of L, then we are able to determine whether /€€ or not, We say 
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that Cl is of type fag. (a € A) if 16 & is equivalent to the fact that / is of 
type fa =a (@ € A) in the sense of § 4 of Chapter IfIl. We say that 4 satis- 
fies the first isomorphism theorem if from /¢€ 4,/ is an ideal of L it follows 
that / satisfies the first isomorphism theorem with any other ideal K of L. 
Finally, an ideal / of the lattice L is said to have the condition (**) if L,// 
is a sublattice of L// under the natural mapping whenever ISL, CL, L, is 
a sublattice of L. Again, 4 has property («*) if any of its ideals has it. 

Only condition (**) needs a little explanation. It essentially requires 
that from the structure of L informations may be got about L//. 

For groups, (**) holds always (putting invariant subgroup instead of 
ideal and subgroup for sublattice). 

Now we may state 


THEOREM 24: /f the class & of ideals 
Te Te ea eae Pe i 
2. satisfies the first isomorphism theorem ; 
3. has the property (#*), 
then contains only standard ideals. 


The proof is easy, we have only to observe that it is an easy conse- 
quence of Theorem 10 that we may restrict ourselves to principal ideals. Now 
if /—(d], then it may be easily proved that (*) of § 2 of Chapter III is 
equivalent to (**). As it was proved in § 3 of Chapter III, it follows that A 
contains only distributive ideals. Now if d were distributive but not standard, 
then by Lemma 1 L would contain x,y with x=y, dUx=duy, dnx= 
=dny. By 1, (d]€ a in {d, x, y} contradicting 2. 


(Received 31 December 1959) 
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ON A PROPERTY OF FAMILIES OF SETS 


By 
P. ERDOS (Budapest), corresponding member of the Academy, 
and A. HAJNAL (Budapest) 


1. Introduction. In this paper we are going to generalize a problem 
solved by MILLER in his paper [1] and prove several results concerning this 
new problem and some related questions. We mention here that some of our 
theorems (Theorems 8 and 10) have the interesting consequence that the 
topological product of N;, 1-compact spaces (Lindeléf spaces) is not necessarily 
k-compact for any finite k.' 

Der. (1.1) Let & be a family of sets. & is said by MILLER to possess 
property B if there exists a set B such that 


Fn B==0 for every Fe &, 
FCZB for every Fes. 


Der. (1.2) Let & be a family of sets. Let p*(s) denote the least 
cardinal number p for which FS: for every Fé. If F=p for every FES, 
we write || =p. In what follows p(s*)—=p denotes briefly that the family 3 
possesses the property 


P'(F)=p, |F| =p. 

Der. (1.3) Let s& be a family of sets and let g= 2, r=1 be cardinal 
numbers. The family & is said to possess property C(q,r) if f) Fai. for 
every subfamily 3’ of #, provided 3’ = q. Fe 

Note. If for a family & |s|=r and & possesses property C(2,r), then 
& consists of almost disjoint sets. 

The result of MILLER which is our starting point can be stated as follows: 

(1.4) Let p be an infinite cardinal number, n an integer (n>0) and 
let $ be a family which possesses property C(p*,n) such that (S| = p. 
Then the family & possesses property B.’ 


1 In our example the spaces will be discrete ones. The generalized continuum hypo- 
thesis is used in the proof. As far as we know this result is new already for k= 2. This 
theorem should be compared with a theorem of J. Los [3] (see Section 7). 

2 See [1], p. 35, Corollary. 
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To show that this result is best-possible MILLER proves the following: 


(1.5) There exists a family F (p(F)—No, F = 2%) which possesses 
property C(2,N,) and fails to possess property B.° 

However, one can ask what happens if & possesses property C(2, N)) 
and || is supposed to be greater than No. 

On the other hand, one can sharpen property B as follows: 


Der. (1.6) Let & be a family, s a cardinal number, s= 2. & is said 
to possess property B(s) if there exists a set B such that Fo BO and 
Fn B<s for every Fes. 


Our problems will be of the following kind. Let & be a family of sets, 
and let m,p,q,r,sS be cardinal numbers such that }—m, p(s)—p and 
suppose that 3 possesses property C(g,r). Under what conditions for the 
cardinals m,p,qg,1r,s has & to possess the properties B and B(s), respectively ? 

As the easy example (3.3) will show, nothing can be said about pro- 
perty B(s) if g>2. The case g=2 contains the essential difficulty in the 
researches concerning the property B too. 

The problem just stated is clearly a generalization of the problem treated 
in (1. 4) which is a corollary of [1], Theorem 1. We remark that it would 
be possible to generalize in a quite similar way the theorem itself not only 
its corollary, however, such a generalization does not seem to need new ideas 
and its formulation would be very complicated. 

We restricted the formulation of the general problem with the assumption 
p(F)—=p instead of MILLER’s original assumption |s|=p. This has no 
importance in the problems concerning property B, however, in the problems 
for property B(s) it seems to be an essential restriction (see the remark at 
the end of Section 4). 


2. Definitions. Notations. We use the usual notations of the set theory. 
We are going to list only those where there is a danger of misunderstanding. 


In what follows Ss, G,... will denote families (sets of sets); capital 
letter will denote sets; x,y,... are the elements of the sets; m, ¢, p, CAE eee 
denote cardinals; i, /,k,/,n,... denote non-negative integers; a, 6,... denote 


ordinal numbers. Union and intersection of sets will be denoted by U and f), 
respectively. 

t* denotes the least cardinal greater than ¢ (if ¢ is finite, t*—¢+ 1). 
tf is the immediate predecessor of the cardinal ¢ if it exists, if not, then (==, 
(If ¢ is finite, #¢—¢—1 for t>0 and =O for ta={):) 

3(S) denotes the set of all subsets of S. 


3 See [1], Theorem 3. 
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If (x,)y<» is an arbitrary sequence of type @ of not necessarily different 
elements x,, then {x,},-, denotes the set of all x,’s forthcoming in the 
sequence. This distinction will be sometimes omitted if there is no danger 
of misunderstanding. 

Let g(x) be an arbitrary property of the elements of a set H. The 
set of all x€H which satisfy g(x) will be denoted by {x:p(x)}. (We are 
going to use the logical signs 4 (and), v (or) in the formulation of these 
formulas.) 

The sets {X:XOS/ X=t}, {X:XSS)\X<t} will be denoted by 
_[S]‘, [S]" 4, respectively. 

For an arbitrary family & the set UF is denoted by (3). Other special 

re§ 
notations concerning families will be introduced later. 

For the study of the problem stated in the introduction we introduce 

the following symbols: 


Der. (2.1) M(m, p, g,r)—> B indicates the statement that every family $ 
which possesses property C(q,r) possesses property B, provided p() =p 
and = Nt. 


Yi 


Der. (2.2) M(m, p, r)—> B(s) indicates the statement that every family F 
which possesses property C(2,7r) possesses property B(s), provided p(3*) = p 
and #$—m. M(m, p,q,r)—>B and M(m, p, r)—>B(s) denote the negations 
of the corresponding statements, respectively. 


To exclude trivial exceptions here we assume once for all m>0, p>0O, 
m1 7>0,s>1. 

We call briefly the symbols now introduced symbol-I and symbol-ll, 
respectively. 

The proof of some of our theorems makes use of the generalized 
continuum hypothesis or of the so-called measure hypothesis stated in [5}. 
These hypotheses will be cited as hypotheses (*), (**) and the corresponding 
theorems will be denoted by the same signs, respectively. 


3. Preliminaries. A short summary of the content of the follow- 
ing sections. We briefly say that one of the symbols is monotone increasing 
(decreasing) in one of its variables, e. g. in m, if the fact that it is true for 
-m, p,q, 1,(s) implies that it is true for m’,p,q,1r,(s) for m' =m (m' =m), 
respectively. The following monotonicity properties are immediate conse- 
quences of the definitions (2.1) and (2. 2): 


(3.1) Both symbols are decreasing in m and r. Symbol-I is decreasing 
in g. Symbol-I is increasing in p, symbol-II is increasing in s. 
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We call attention that symbol-II is not increasing in p (see the end of 
Section 4). 
It is also obvious that 


(3.2) M(m,p,r)—B(s) implies M(m,p,2,r)>B if s=p. (For s>p 
symbol-II is trivially true.) 
Now we prove: 


(3.3) Let p=N., ssp be cardinal numbers. There exists a family 5 
such that F=p, p(F)=p, & possesses property C(3,1) and it does not 
possess property B(s). 

Proor. Let S be a set of power p. Let 3’ be a system of subsets of S 
such that #’ =p, F,nNF,—O for Ff, € 9’, F.~F, and F=p for every 
Fes’. Put F={S!us. It is obvious that F satisfies the requirements of 
(3.3) for s==p. 

(3.3) shows that in the investigations concerning property B(s) the 
assumption g = 2, i.e. g=2 is essential. 

MILLER’s result (1.4) can be stated as follows: 

THEOREM 1. Suppose p=N., g=p*. Then for every m and for every 


LON 
M(mm, p, q, r)—> B. 


MILLER’s theorem can be considered as a generalization of BERNSTEIN’S 
theorem which states that if p is infinite, then every family F (S —p, p(})—p) 
(without any further assumption for property C(g, r)) possesses property B,* i. e.: 

THEOREM 2. M(p, p,9,°)—>B if p=, for every q and r. 

MILLER’s counterexample (1.5) can be stated generally as follows: 

THEOREM 3. M(2’, p, 2,p)>B if p is infinite. 

Theorem 3 can be proved quite similarly as its special case for p—W, 
cited in (1. 5) and therefore we omit the proof. 

Theorem 2 shows that in the investigations concerning property B we 


may always suppose that m=p, and Theorem 3 shows that if m>p, then 
to obtain positive results we have to suppose r<p. 


We mention that without using (*) we can not decide the following 
PROBLEM 1. M(N,, N,, 2, No) > B? 


We can not prove without (*) that every F (p(F)—N, F<2™) pos- 
sesses property B. 


eiseet4]; 
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It is obvious that the property C(g’,r) is weaker than the property 
C(qg,r), provided q’>g. 
Now we prove: 


(3. 4) M(2’,7,9,1)-+B if q>2’, p=R,. 


_  Proor. Put &=J[S]’ where S is a set of power p. It is obvious that 
= 2", p(F)—p, # possesses property C(g, 1), but it does not possess 
property B. 

(3. 4) shows that we have to suppose g=2”, and since here we do 
not want to discuss the difficulties caused by the continuum problem, we are 
going to suppose g=p*. 

It results that the best-possible generalization of Theorem 1 would be 
the following : 


(0) M(m,p,q,r)—B for every m, provided q=p*, p=, r<p. 


We can prove this only with the stronger assumption r*<p (see 
Theorem 4) or with the restriction that m is not too large (see Theorem 5). 
Both proofs use (#). 

The simplest unsolved problem here is 


PROBLEM 2. M(Nou, Inte Pm N,) ae B? 


As to the symbol-II the problems are more ramified. First we have to dis- 
cuss the case m =p which leads to some interesting result too. This will be done 
in Section 4. (3.2) shows that we have to suppose s=p. In Section 4 we 
are going to prove that at least in the case p= No, m =p we may suppose 
= 5. 

So the best-possible refinement of the conjecture (0) would be the 
following: 

(00) M(m, p,r)— B(r*) for every m= p=®Nb), provided r<p. 

Now we have to distinguish two cases: 

(i) If r is finite, then (00) is false. However, it is always true for N, instead 
of r* and using (*) corresponding to every m, p and r we can determine 
the least s (eventually finite) for which M(m,p,r)— B(s) is true. These 
results will be proved in Section 7. As a consequence of these results we 
prove the topological theorem mentioned in the introduction (in Section 8). 
There we state many conjectures which all would have been consequences 
of 2-compactness of the topological product of N, Lindeléf spaces — now 
disproved — and which we can not disprove with our method. 

(ii) If r is infinite, (00) is very likely true, however, we can prove it 
— using (*) — only with similar restrictions as in the case of symbol-I, 
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namely we can prove that 
M(m, p,r)—> B(r*) for m=p>r>N, 
provided m is not too large (see Theorem 7), and we can prove that 
M(m, p,r) > B(r**) for every m2p>r°>No 


(see Theorem 6). 
The simplest unsolved problems here are 


PROBLEM 3. 

a) M(Nou ’ Nou, N,) aig B(N,)? 

b) M(Naut, Wi, S,)—> B(N;)? 

c) M(Nou, N,, N,) > B(N,)? 

The results on (0) and (00) will be proved in Section 6. All the positive 
results concerning the case m>p will be proved with the method of MILLER’s 
theorem, and the proof runs always by induction on m. That is why we 
need a generalization of the induction process used in [1]. This will be done 
in Section 5 and as a corollary of it we obtain all the positive theorems 
(Theorems 4—9) already mentioned. 

In Section 9 we deal with the case of finite sets (p<) and with some 
questions related to property B. 

4. The symbol-II in the cases m= p (p=N,). The following theorems 
of A. TARSKI will play an important role in our investigations: 

(*) LemMMA 1. Let S be a set, & a family such that (F¥)CS, S=Na, 
F| = Ne. Then 
a) F=Na, provided F possesses property C(Na:i1, Ns) and cf («)#*cf (8). 
b) F=N., provided J possesses property C(Nau,r) for an r<Np- 


Note that in TARSKI’s paper the theorems are proved under the stronger 
conditions that ct possesses the properties C(2,N,) and C(2,r), respectively, 
however, the proofs can be carried out in the same way for our case too. 

Lemma 2. Let S bea set, F a family such that (F)CS, S=Na, |F\ =r 
where r is finite. Then $% =Na, provided F possesses property C(Ne, 1). 


Lemma 2 is a corollary of the fact that [S]’—W. for every finite r. 
Note that the proof of Lemma 2 does not make use of (x). 


(4.1) M(m, p,r)— B(m*) for every m, p, r. 
M(m, p,r)—> B(m) if r>p and p= (\=m=sp). 


» See [2], Theorem 5, I, p. 211 and Corollary 6, p. 213 for a) and b), respectively. 


ON A PROPERTY OF FAMILIES OF SETS 93 


ProoF. The first statement is trivial, the second is to be seen quite 
similarly to (3. 3). 


REMARK. /f m is finite, m=2, then M(m,p,r)—B(m) and 
M(m, p, r)—'> B(m—1) is true under the same conditions for p,t respectively. 


(4.1) shows that we may always suppose r =p. 


(4.2) M(m, Na,r)—> B(2) for every « if m<Na and r<Na. If r—=Na, 
then the same is true for M<Nipa. 


Proor. Let & be a family (p()—N«, F =m) which possesses pro- 


perty C(2,r). It is obvious that the set F— UJ F’ is of power N. and so 
Pe hE aE 
it is non-empty for an arbitrary F ¢€ st. Let x» be an element of this set and put 
B= {xr}rc#. We have Bn F-=1 for every FES, hence & possesses pro- 
perty B(2). 
(4: 3) M(Nixa), Ne ’ N.) ae B(N.a)) for every ca. 


Proof. Let & be a family such that p(¥)—=N., F = Nea), and suppose 
that & possesses property C(2, N.). Let F=({F,},. o.q@, be a well-ordering of S. 
The set F,— UF, is of power Ne for every v< aga). Let x, be an 


<a 


element of it. 

Patt ==4%;}5< oa ‘It is obvious that Bi, 0 forevery Vw) 
and BN F,< N.y@ for every ¥<@-a), since if 7 >yv, then x,€F,. It follows 
that possesses property B(N:ja). 

Now we show that (4.2) is best-possible in “s”’, i.e. 

(4. 4) M(Nija), No, Nz) aig B(s) if S<Nepa- 

Proor. We are going to suppose that @ is of the second kind. If « is 
of the first kind, the statement can be proved quite similarly. Let S be a set 
of power Na and let S={x,}s-., be a well-ordering of type wa of S. Let 
{@y}v— 0,7, b€ a monotone increasing sequence of type a) of ordinal 
numbers less than « cofinal with @. Put S, = {Xxg}z. og) for every V¥< cya). 
Obviously, one can define the sequences {Fo hy <eopay? {F3},. ofa) of type 
Ma, Of subsets of S in such a way that — if we put F = {Fifr<eyq)U 
DF 2} y. oa)» then S possesses property C(2,N.) — and that the following 
conditions hold: 

(1) Fy =Fe=N. for v<oge, 

(2) S,SGF, for <a), 

(3) Fen Fy =0 for v#, 1, <@ga)- 

Then p(F)=Naz by (1) and F—Nya. Suppose that the set B inter- 
sects every set F of the family ¥. Then BE=Nija) by (3), hence if s<Nir@, 
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there is a B’'SB such that B’=s and there isa %<@ja) such that B’CS,,. 
But this means by (2) that BoF,,=s and thus # does not possess pro- 
perty B(s). 

It results from (4. 1), (4. 2), (4.3) and (4.4) that to complete the discus- 
sion of the case m=p (p=N,) we have to determine the value of symbol-Il 
in the following cases: 

A) m=p, r<p (p2Ni), 

B) m= Ng, D=Ne, f==Na where ecf(ejyop = a. 

To obtain complete results we have to assume (*) in both cases. In the 
case A) there remains an unsolved problem even if we assume (*). 

First we prove the following negative result concerning A): 


(*) (4.5) M(Ne, Ne, D+BY) if r<Na. 
(If r is finite, the assumption (*) can be omitted.) 


Proor. Let #,,%, be families satisfying the following conditions: 


(4.5.1) Fr i= Na, 
(4.5. 2) p(F, UF.) =Na, 
(4. 5. 3) Fn F’=0 for every pair F, F €9,U03, FF’. 


Put (#,)—S,. By Zorn’s lemma there exists a maximal system S of 
subsets of S, satisfying the following conditions: 


(4.5. 4) XN F=1 for every X€8, FES, 
XnY<r for every pair X,YE€S, X#Y. 
From (4.5.1) and (4.5.4) we get 
(4. 5. 5) X—rt for every X€8S 
and using the maximality of S we obtain: 


(4.5.6) If the set B’ intersects every set F of S,, then there exists an 
element X, of S such that B’n Xo =r. 

On the other hand, using Lemmas 1 and 2 we get from (4.5. 1), (4. 5.2) 
and (4.5. 4) that 


(4.5.7) = Na. 
It follows that there exists a one-to-one mapping A(X) which maps 
S onto Fy. Put $= {h(X)UX}xeg and define ¥ as follows: 
F = F,U Fp. 
Since r*=Na by the assumption, by (4.5.2) and (4.5.5) we have 
P(F)—=Na. By (4.5.3) and (4.5.4) F possesses property C(2,r) and by 
(4.5.1) and (4.5.7) F=Ne. 


(ail 
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We have to prove that & does not possess property B(r). But if the 
set B intersects every set F of &, then it has a subset B’ satisfying the 
condition of (4.5.6), hence Bn X,=r for an X,€S$ and therefore Bn F, =r 
for Fy=A(X,)UX), hence for an Fy€F. Thus F does not possess pro- 
perty B(r). 

REMARK. We have proved the following somewhat more general state- 
ment: The family S constructed above is such that each set which intersects 
every element of 3; has to intersect an element of #5 in at least r points. 


Now we need some preliminary definitions. 


Der. (4.6) Let & be an arbitrary family and let S be a set such that 
(SF) S. For an arbitrary subset X of S and for an arbitrary cardinal number 
t we define the subfamily G(X, ft, %) as follows: 


G(X, t, FY {Fi Fe F / Fn X= ft}. 


Der. (4.7) Let & and S have the same meaning as in (4.6). For an 
arbitrary X©@S we define the family |X as follows: 


F|X = {Fn X}ec§. 


fe 


(Note that |X is not necessarily a subfamily of 5.) 

The following assertions are immediate consequences of the above 
definitions. 

(4.8.1) Let q,r be arbitrary. The families G(X,t,F) and F|X possess 
property C(q,r), provided the same holds for 5. 

(4.8.2) |G(X,4, F)|X|2t. 

(4.8.3) If the family & possesses property C(qg,r) and t=r, then 


G(X, 6 F) = 9q°-G(X, 4, FX. 

Now we prove the following positive theorem concerning A): 
(x) (4.9) Suppose r<Na. Then M(Na, Na, 1)— B(r*), provided the following 
condition does not hold: 

(v) There exist ordinal numbers 8, y such that e=—8+1, Tr=N,, cf(*)= 
=cf(y) and y<8. 

(If r is finite, the assumption (*) can be omitted.) 

Proor. Let & be a family (p(F)—Na, $—=Na) which possesses pro- 
verty C(2,r). Put S=(F). Then S=Nz. Let S={X}r<o, and F=(Fyfu<og 


9e well-orderings of type m« of the set S and of the family F, respectively. 
We may suppose that r*<N., for if not, then r*—N, is regular and the 
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theorem follows from (4. 3), since the symbol-II is decreasing in r by (3. 1). 
Now we define a subsequence {X,,}o-0, Of S by induction on ¢ as follows: 


Let x,, be an arbitrary element of F, and put F,—F,,. Suppose that 
the elements x,, are already defined for every o<e, for a o<oa ie 
(4. 9. 1) So = {Xyfo o> Go= G(Se, I, SF). 


It is obvious that S,=O<Na and by (4.8.3) Gy = Gol So- 
» —S(S,), thus using (*) we get 


(4. 9. 2) Ge < N. except if Sh —— ee = N.. 


Put 0—Nz and suppose 6+ 1—e«. Then S, =Nz, |Go|So| =r (by 4.8. 2). 
Using Lemmas 1 and 2 for the family G,|S, we get 


(4. 9.3) Go < Gol SpSNe<Na except if r—Ny, cf(8) =cf(y). 
Thus it results from (4.9.2) and (4.9.3) and from the assumption that 


(v) does not hold that Ops N... Let “, be the least ordinal number w for which 
Sofi 0- 


It is obvious that aes and so the set 


—(Ge) = Fup — U (Fug 9 Fu) 


Fu€Go 


is of power N., since Fi, = —N, and UJ Fig NF.) Sr-0< Na. 


FuEGo 


Thus there exists a » such that x, € F, 9 — (Ge) U Se)). 
Let 7 be the least » of this kind. Thus Xv, Fu, are detined for every 
0<@q and it follows by induction on @ that : 


(4.9.4) Xu, € Figs Xp E(Go) and x», Xv,» Mo My for every O<e<Oa. 
Put B= {Xy,}o<0,- Now we prove 
(4. 9. 5) Bo Fu=-0 for every pg. 


For if not, then there exists a least «° of this kind, and by (4.9.4) 
there is a «,>wu° in contradiction to the definition of Pas 


(4. 9. 6) BnF,<r* for eVETY WK Me. 


° If such a mw does not exist, then we stop with the construction and obviously one 
can prove in the same way that Sp assures property B(r+) as we shall prove it later for B. 
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For if not, then there exists a u’<m., a subset B’CB and an ty, ©B 
such that B’—r, BAG, | = Fs, and o<@ for every x, €B’, dnd thie 
obviously contradicts (4.9.4), since then F,, ¢ Gp,- ‘ 

(4. 9.5) and (4. 9.6) just mean that the family J possesses property B(r*). 

REMARK. As we have already mentioned in Problem 3a) — for a special 
case — we do not know whether M(Nois, Naut, Ny) > B(Ny.:) is true or not 
if @ and y satisfy the assumption (v), i.e. if cf(8)=cf(y) and y<@. 

Now we need the following 
(*) Lemma 3. Let S be a set, S=Nau, and suppose that Na is regular. 


> 


Then there exists a system $ of subsets of S satisfying the following conditions: 
~ P(S)=Na, S$ possesses property C(2,N«) and for an arbitrary S’'CS 
(S’= Nai) there exists an X €§ such that XCS’. 

Lemma 3 is a theorem of A. HAJNAL.’ 

Now turning to the case B) we are going to prove that if Na is singular 
and cf(¢)<@=a, then the trivial result M(Nz, Na, Na) > B(Npi1) (see (4. 1)) 
is best-possible, i.e. 
(*) (4. 10) M(Nzg, Na, Ne) B(Ng) if cf(a)<PSe. 

We are going to prove this only for the case @—a, the proof can be 
carried out similarly in the other cases too. 


Proof of the case 6=a. Let &, be a family satisfying the following 
conditions: 

OMe == Nan, Pe) No and fo F’=0 for every FF’ cf, 
Nay ae 

N.a being regular, we can apply Lemma 3 with 3, instead of S and 
we obtain that there exists a system S of subfamilies @ of 3, satisfying the 
following conditions: 
, (4.10.2) S=Niyai1, D(S)=Nea, & possesses property C(2, Nia) 
and if &’ is a subfamily of 3, such that F’—N-ya1, then there exists an 
%*€S for which ES". 

Let S={Bu}u<ospayr and F, = {Fr}e<o.na,, be well-orderings of type 
Wva1 of S and $,, respectively. Let further {@yfr<op, be a monotone 
increasing sequence of type @-ja) of ordinal numbers less than « cofinal with «. 


Sl 


7 See [6], Theorem 9. 

8 We mention that if cf(a)<cf(P) (especially, if f is of the first kind), then the 
theorem is easy and can be proved without using (*). But for the cases cf(f)=cf(a) we have 
to use the same complicated proof as for the case B=a. It is possible that a simpler 
proof can be constructed in this case too, but we were unsuccessful in doing this. 
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By (4.10.2) %.G#, and %.—Nya: for every "<@cay1. Let 
Xu = {Fr}y<oja) be a well-ordering of type wa) of, Fas 

The set F — being an element of S, — is of power Na, and so it 
can be split into the sum of Na disjoint subsets of power N.,, that means: 
there exists a sequence {Fy(y)}y-o, Of type @a of subsets of F, satisfying 
the following conditions: 

(4. 10. 3) Fi(y) =Na, for every y<@a, Fy(7i)N Fr(72) =O for every 
hy Y2<Oa, WY, and Fy= VU Fr(y) where w<@pay1, V<@a) are 
arbitrary. Lae 4 


Now, corresponding to every “<@,a)1 Wwe define a family Ss, as 

follows. First put F“(y)= U Fy(y), and then put #2, —={F'(y)},<e, - 
¥<Wof(a) 

We have, for every U<@eja)+1, 

(4.10.4) Fan.—=No, F'n) n F'(72)=0 for 71, r<@e, N72, P(F2u)= 
=WN, and (%o,,) = (fu). 

In fact, the second statement follows from (4.10.1) and (4.10.3), the 
first one is a corollary of it, while the third and the fourth ones are conse- 
quences of (4.10.3), since 


F'yy= > F(y= > No, = Na. for every u< wpa, ¥< Wa- 


V<Oof(a) V<Oor(@) 


Now we put 


F = Fu Feu 
We h Mikes 
Cenave 
(4. 10. 5) D(S)=Na, 


since p(F;) = p(F2.) =Ne for U<@pays1 by (4.10.1) and (4. 10. 4). 
Taking into consideration that N. is singular and therefore cf(@)-+1<e, 
we get from (4.10.1) and (4.10.4) 


(4. 10. 6) SF — F, + > Fou = Neyayi + Nena: Ne = Ne. 
Bora) +1 


We are going to prove that 

(4. 10.7) & possesses property C(2, Nz). 

Let F, F’ be two elements of & such that F F’. 

To see that Fn F’<N«, we distinguish four cases: (i) F,F’€S,, 
(ii) FEF, Fo ECFou, (iii) FE Foy, F’C Fon, (iii) FE Fou, FC Fo, for 
some usu’, 

In the cases (i) and (iii) F and F’ are disjoint by (4.10.1) and (4. 10. 4), 
respectively. If (ii) holds, then — by (4. 10.3) — either Fn F’=0 if FE%,, 
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or if Fe%,., then F=Fy for a vy<a,qa) and F’= F* (vy) for a y<@a and 
ahr = F# (vy) = Na, RONG 


Suppose now that (iii) holds. By (4.10.2) we have %&, &, <Niga); 
since uu’. It is obvious that (F)— UL F,, and so Fn F’-— U (Fn (EWF)) 


T= @cf(a)+1 T= of(a)+1 


misciiner iF or FF is indies if F.€ 2% Xu, hence 


Pie UaPe nen F’)). 
PEL ANN pw 


____ Taking into consideration that by (4.10.3) F,nF<N., it results that 
F F’<Na in this case too. 
It remains to prove that 


(4.10.8) & does not possess property B(N..). 


Let B be a set such that BN F<N, for every FEF. Then, especially, 
corresponding to every T<@/a)11 there exists a subscript v(v) < @.ja) such that 
BO F.<Na, ny 


Sp’ 


It results that there exists a subfamily 3’ of &, and an ordinal number 
Yo< Mya) Such that F’—Nyaysi and BNF,<Nze, for every F,€#. But, by 
(4.10. 2), then there exists a t)<@”as1 such that %,, — F". Thus we have 


FA B<Na, for every ¥<@.qa, and so BN (&y,) SNepa) Na, <Na. But by 
(4. 10.4) Fs. consists of N. disjoint subsets of (%,,,), consequently there is 
an Fé S2,,2 such that 
Bil ==0, 

Thus by (4. 10.5)—(4. 10.8) the case @—e@ of (4.10) is proved. 

From (4.3) and (4.10) we obtain the following 
(*) COROLLARY. Suppose p is infinite. Then M(p, p,p)—B(p) holds if and 
only if p is a regular cardinal number. 


This should be compared with BERNSTEIN’s theorem cited as Theorem 2 
in Section 3. 

ReMaRK. After (3. 1) we have stated without proof that M(m, p, r)— B(s) 
is not monotone increasing in p. This can be seen e. g. by the following 
examples: 

M(N,, N., N:) > B(S,) holds by (3.2) but 

M(N,, Ni, N:)—> B(N,) by (4.1); or 
M(N;, No, S:) > B(N,) by (3. 2) but 
(x) M(S:,N.,N,)—+B(S,) by Theorem 3 and (3. 2) and 
(*) M(N:, N:, 8;)—> B(N,) by (4.5). 


7* 
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However, every example which disproves the monotonicity in question is 
such that s>p. Under the condition s=p — and these are the only genuine 
cases — the monotonicity seems to hold. Suppose namely that M(m, p, r)— B(s) 
is true, sp, and for the sake of simplicity suppose further that m, p,r,s=No, 
and suppose (*). 

Distinguish three cases: (i) p<r, (ii) p—r, (iii) p>r. If (i) holds, then 
by (3.1) and (4.1) m* Ss, hence again by (3.1) and (4.1) M(m, p’, r)>B(s) 
is true for every p’>p. 

If (ii) holds, then m=p by Theorem 3 and by (3.2), and so p’>m,r 
for every p’>p, hence M(m, p’,r) — B(s) is true by (4. 2). 

If (iii) holds, then the implication is again trivial if m=p, and if m>p, 
then by Theorem 6 which will be proved in Section 6 M(m,p’,r)—B(p*) 
is true for every p’>p. 

By a slight modification of the proof of Theorem 6 one can obtain the 
following theorem: 


(x) If & is a family, p(F)—p’, F =m and S possesses property C(2, r), 
then there exists a set B such that BQ) F=p for every F€S, provided that 
the above-mentioned inequalities hold for the cardinal numbers in question. 

Put 3’ —={BNF},<g- It is obvious that % possesses property B(s), 
provided the same holds for 3’, but p(s’)—p, 3’ =m and SF’ possesses 
property C(2,r), hence M(m,p,r)—B(s) implies M(m, p’,r)—B(s) in this 
case too. 

It is possible that one can find a simpler proof for the monotonicity 
which does not use the hypothesis (*), but we were unsuccessful in doing this. 


5. Generalization of Miller’s inductive construction. Let (#) be 
a family and S a set, (%)CS. 


Der. (5.1) Let 3 be a subfamily of & and put S’==(5’). & is said 
to be closed in & with respect to the cardinal number ¢ (or briefly #closed 
in S) if Fes and Fn S’=t implies that Fe #’. 

It is obvious that if 3’ is an arbitrary subfamily of §, then (the inter- 
section of any number of closed subfamilies being #closed) for every ¢ there 
exists a minimal ¢-closed subfamily of & containing 3’. However, we need 
concrete constructions for f-closed families containing SF’. 


Der. (5.2) We define the ¢, ¢ closure of ’ in ¥: Clos (#, §, t, «) for 
every &. First we define a sequence {Gr},—0, Of type we of subfamilies of F by 
induction on v as follows: 


Put Gos" and S,-=(G,). Suppose that the families G. as well as the 
sets S, are already defined for every u<y for a v<a@p. 
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Put Sr=U Su, Gv =G(S;,t,F) (where G is the function defined in 
(4.6)), and S, —(G,). 
Thus G, is defined for every »<@,;. Now we put 


Clos (SF, SF, i &) == U Gr. 
Vv Ms 


As an immediate consequence of the definition we get that 
(Clos (yer, 7, 2))—= (JS, and &’SClos (%”, F, t, 8). 


Vv Os 


We have: 

(5.3) Clos (3, &, t, #) is t-closed for every t<Nuje).” 

Proor. Let F be an element of & such that Fn (Clos (%’,F, t,«))=t. 
Then Fn S;,=t for a suitable »<m. and thus F€G,,Clos(S’, §&, t, e). 

In what follows in this section let be a fixed family, (*) —S. Suppose 
that p()— p, =m, F possesses property C(g,r), where the cardinal 
numbers m,p,q,r,s and ¢ satisfy the following inequalities: 


(°) ap DeN, 2sdayp yt ap, PSsaprst<p: 

Every statement proved in this section depends on the assumption (°). 
We are going to use the notations D—=WN., m—Nzg, r—=N,, S=No_ alter- 
natively (provided r and s are infinite). 

Der. (5.4) Let «(¢t) denote the index of the least N greater than ¢. 
(e() =O if ¢ is finite and Naw—?t* if f is infinite.) This means that New 
is always regular. Put briefly Clos (%’, 7) for Clos (S", &, ¢, ¢(0)). 

We need the following 
(*) Lemma 4. Let &’ be a subfamily of F, ¥ =m' =p. Then Clos(s, t) =m, 
provided one of the following conditivns (a) and (ce) holds: 

(a) r=t and the following condition does not hold: 

(vv) There exist ordinal numbers % and y such that m'’==Np, r=Ny 
and cf(@') = cf(7). 

(ag) fl. 

(Note that in case r is finite, the hypothesis (*) can be omitted.) 


Proor. Let G, denote the families defined in (5.2) corresponding to 
the given 3’, t and e«(f). First we are going to prove by induction on v that 


(1) Gym and S,=m’' for every v<aew. 


9 It would be easy to see that (5.3) holds under more general conditions too, 
but we do not need this. E.g., it is true that for every ¢ either Clos (S’, $,t0) or 


Clos (S', &, t, 1) is t-closed. 
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This is true for »=0O, since Meer a 8/4 by the assumption and 
S= Go) =p-m’=m’. Suppose that the theorem is proved for every uw<y7 


where v < Wg(t)- 
Then S3= > m'=m'y. But by (5.4) <Not and __ therefore 


rer Vv 
S* <m'-N,-t—m’, since t<psSm’. 

Now we obtain from (4.8.1), (4.8.2), (4.8.3) and (5.2) that 
ce =q- -G,1Sy, G ,|Sr possesses property C(q,r) and |G,\S;|=t. On the other 
hand, we have sees )*, since g=p* and p=am. 

Hence by Lemmas 1 and 2 each of the conditions («) and (ee) implies 
that G, G,|S> =m’. Consequently, we have G, =p-m'=m’, since g-sp.iigspa 
Thus G,— =m’, since G, contains Go, and similarly as for the case y —O we 
obtain that S,=m’, and (1) is proved. 

Using that t<p, p=, implies be we get from (1) 

m =Clos(®,0s > msm -p=m' 
tt Du 


and Lemma 4 is proved. 

Let now 3 = ({Fo}o<w, be a well-ordering of fe wg of the family &. 

Now we are going to define the sequences {35()}o-9, {Fo()}o<g Of 
type g of subfamilies of & as well as the sequence {S.(t)}.<, of subsets of 
S for a gaz, by induction on o as follows: 

DEF. (5.5) Put S6(t)=={Fo}o<o,, Fo(t) = Clos (F5(0), t), So(t) = (Fo(?)). 
Suppose that the families S4(t), F(t) and the sets S,(t) are already 
defined for every o’<o. Put 


F()—=U Fe), S3Q)=U So(P). 


If there exists an index @<qmg, such that F,¢so(4), then put e,—e for the 
least o of this kind, if not, then put o—g. 
If 0, exists, then put 


Fo(th=Fo(t) U{Fo,}, Fo(t) = Clos (Fe(0), t), So(t) = (Fo()). 
Finally, if 9, is defined for every o<a@g,, then put «yg. 


(5.6) As an immediate consequence of the definition we obtain the 
following results: 


(5. 6.1) F=U F.(0), 
TP 


(5. 6. 2) Fe (QF (HNSFoHEF(H for every o'<o<q, 
(oo) So (t) SSH) SS.(t) for every o'<o0<gq, 
(5.6.4) So(t) is t-closed in F for every o<q by (5.3) and (5.4). 
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DeF. (5.7) Put 3,(t) = F,(t)—#%(t) for every 0<@g, 
By (5.5) and (5.6.1) we have 


m. 1.1) F == (J. 7-(0), 
and by (5.6.2) a 
£5072) Ho(f)N Ho (t) =O for every o’<o<q. 


Now we prove the following lemma: 


(5.8) Suppose that F,€%X.(t) for some o<m pg, o<g. Then 

(6) Fon S3() St, and if t is finite, then 

(88) Fon Ss(é)<t. 

Proor. First of all — &,-(¢) being t-closed by (5.6.4) — we may 
suppose Fy Fon Sot lee for every o’<o, for if not, then by the definition (5.1) 
F, Palen: to 3,-(t) in contradiction to (5.7). 

We distinguish two cases: (i) o=0,+1 for a o,<o9, (ii) o is of the 
second kind. 

(i) By (5.5) and (5.6.3) we have S3(t)—S,,(t), hence (@@) holds for 
every t¢. 

(ii) Let m, be the least ordinal number cofinal with o and let {0,},—-0, 
be a monotone increasing sequence of ordinal numbers less than o of type 
@, cofinal with o. We distinguish again two cases: (j) N-=¢, (jj) N.>t. 

(j) We have by (5.5) and (5.6.3) 


Se) = VJ So) = U Son (t). 
Hence F,n Sc) = 2S So, 1 F,=t-%:=t and thus (9) holds. 
N<O, 
(jj) Using again S7() = U S.,(), we obtain that (8) holds, for if not, 


then F, S3(t) contains a subset of power t which — N, being regular — 
is Eerie already in a set S,, for an %)<t. 

If ¢ is finite, then either (i) or (jj) holds for it, and therefore if ¢ is 
‘nite, then (69) is true. 

Der. (5.9) By (5.7.1) and (5.7. 2) corresponding to every @<wg there 
exists exactly one o<@ such that F, € 3(,(é). Put Fy=F,—Sc(t) for this o 


and put further %.(¢) = Fobre%tqt0" Put finally S,(t)=(Ko(0). 
We need the following results: 
It results from the assumption p(#)=p>t by (5.8) and (5.9) that 
(5.10.1) p(.(t))=p for every o<@, and it is obvious from (5. 9) that 
(5. 10.2) the family H.(t) possesses property C(q,r) for every o<@. 
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(5. 10.3) Suppose Fy € X(t). Then 
(y) F, n U S(t) <t and the equality is excluded if t is finite, and 


vy) Fo Sor (t)=0 for every o’>0. 
Bod (vy) By the definitions (5.7) and (5.9) Ss (tS Se) S Sz () 
for every o’<o, hence by (5.8) we get Fon Adi Sx() =F, 0 Sc) =t (or <i 


if ¢ is finite). 

(yy) It is enough to see that Fn Fy =0 for every Fy €H.(é). But 
F, €S,(t)S S3(t), and so by (5.9) Fo Fp SFY 1 St == (). 

Now we prove the following 

LemMMA 5. Suppose that the families It. (t) possess property B(s) for 
every o<q. Then the family F possesses property B(t* +s), and if t is finite, 
then it possesses property B((t—1)+s) too. 

Proor. By the assumption for every o<q there exists a set B, such 
that B,&S,(t) and 15 B,NFo<s for every Fo € X(t). 

Putlb == bo. Dyno. ie 1) for every 0<wg there exists a o<q@ such 

o<f is n ® 

that F, €3.(f). Then F, € H(t), Fo Fp, by (5.9), and B, intersects F, by 
the assumption, hence we get 
(1) BoF,~0 for every o<ap. 


Now we are going to prove that 


(2) Bn Fo <t*+s for every o<o,. 


Let now 0, be the uniquely determined ordinal number for which F, € 3. o(t)- 
By the definition of B we have 


(x) BonFesU (Be 0 Fe) + Bo, 1 Fo + U on Fe). 


Taking into gant that Be SS, (f), we we obtain from (5.10.3) that 


it results from 6 9) that So, (t)n Fy fa for every F,¢ dH, o(t), hence 


(2) sto that SF possesses property B(¢* im Suppose now that ie is finite. 
The formula (x) holds in this case too. We get from (5.10.3) that the first 
cardinal number on the right-hand side is less than ¢ and the third one is 0, 
while the second is by the assumption less than s in this case too. Now if 
s is infinite, then the sum is less than s, hence less than (t—1)+s. If s is 
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finite, then the first summand being less than f is at most {—lyhence the 
sum is less than (fé—1)+-s in this case too. It results from (1) that if ¢ is 
finite, then S* possesses property B((t—1)-+:5). 


LEMMA 6. The family ¥ possesses property B, provided the same holds 
for the families X(t) for every o< p. 


Proor. Lemma 6 is to be seen quite similarly to Lemma 5. Let B, © S,(t) 
denote the sets satisfying the condition B,n F,+0, F, C= B, for every 
fr, €%.(é). Put B= U B,. The proof of the fact that B intersects evelvad's 


is the same as in fterapa 5. Let 0, denote, as before, the uniquely determined 
o for which F, € eg »(t). It results from the definition (5.9) and from (5. 10. 3) 


that Bn F, = B, o nF, hence F,* Bn Fy, since F, S= B,,, and thus F, S=B, 


Q 
therefore F, S=B for every o<g. 
For the sake of brevity we introduce the following notations : 


Der. (5.11) The cardinal number m is said to possess property T(p, r) 
if there exists an m’ (p=m'<m) such that m’ satisfies the formula (vv) of 
Lemma 4, i. e. if there exist ordinal numbers $” and y such that 


W—=Ne, f==N, and ~<f(f)—ci(y). 

Quite similarly, p is said to possess property Q(r) if p satisfies the 
formula (v) of (4.9), i. e. if there exist ordinal numbers «, and y such that 
PNG Ne) TSN, ofa) =c/(y) “and y<a. 

Now we are going to prove 
(x) LEMMA 7. p(i.()) =p, the families I,(t) possess property C(q,r) and 
Ho(t)<m forevery o<gp, provided one of the conditions (0) and (00) holds: 
(0) r=t and m does not possess property T(p, ’). 
(00) r<t. 
(If ¢ is finite, the hypothesis (*) is not used.) 


PRoor. The first two statements were proved in (5.10.1) and (5. 10. 2). 
We have to prove the third one. It is obvious from the definitions (5.7) and 


(5.9) that X,(t) =%.(f) =S.(). We prove by induction on o that F,0< 
=p-o+l<m os ry i ire 


either r<t or m_ possesses sarierth aeccr ‘ by Lemma 4 &,(f)= 
Clos (55 (0), 2) 
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Suppose that we have #,(t)=p-o'+1 for every o’<o for a 0<o<g@. 

Then by (5.5) iP oe ae oc 
= DF Os Dp-o+1=p-s. 

Now &(H— FH +1sp-oF 1. oie 

We have y=, from the definition (5.5), and therefore p-o+1<m, 
hence we may apply Lemma 4 again to &,(t)— Clos (%¢(#), f) and we obtain 
F,(t)=p-o-+1, thus this statement is proved for every o<g and Lemma 7 
is proved. Pree, 

Note that from the statement J,(t)\=p-o0+1 (o<@) it results that 
¢ =p, but we do not use this fact. 

Finally, to have a view of our results we need the following quite evident 


LEMMA 8. The least cardinal number which possesses property T(Na, Ny) 
(e>y) is e+1 if cf(@)=cf(y), and it is Nawpys f SOS). 

Proor. By the definition (5.11) we have to find the least 6, for which 
there exists a # such that c=6’<, and cf(6’)—cf(y). It is obvious that 
6;=6'+1 for the least ordinal number (§’ satisfying this condition, and 
fb =e if cf(¢)=cf. 

Suppose now cf(a)#cf(y). &>e@ has the form 6’—a«+" and 
cf(@+6")—cf(y) can hold only if 6” is of the second kind. But then 
cf(@+8”")=cf(e”) and the least ordinal number 8” of the second kind 
satisfying cf(@") =cf(y) is wey. 

Let for the sake of brevity r(@, y) denote the index of the least cardi- 
nal number which possesses property T(Na, Ny). 


EXAMPLES, 
t(n,O)=o+1, t(w,0)=o+1, r(o+1,0)=—a-2+4+1; 
or more generally 


t(¢+u,y)=e¢+o,+1 for lsSuso, if ySa@ and ow, is regular. 


6. Proof of the results concerning the conjectures (0) and (00). 


(*) THEOREM 4, Suppose p=N., 2=q=p* and r+<p. Then for every 
cardinal number m. 
M(m, p,q, r)—> B. 


(Note that if r is finite, the hypothesis (*) is not used.) 


Proof. For m=p the theorem follows from Theorem 2 (BERNSTEIN’S 
theorem) if we use that symbol-I is decreasing in m (by (3.1)). We prove 
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it by induction on m for every m>p. Suppose that the theorem is true for 
every m’<m. Let now & be a family (p(¥)—p, & =m) which possesses 
property C(q, 7). 

Put t=r+. Then the conditions (°) are satisfied for the cardinal num- 
bers in question and r<f. Hence we can carry out the construction described 
in Section 5 and we can apply Lemma 7. It results that the families It,(t) 
possess property C(g,r), p(3,(t)) =p and i. (t)<m for every o<q. Using 
the induction hypothesis we obtain that the families 5(,(t) possess property B 
and thus by Lemma 6 the same holds for the family ¥ too. Q.e. d. 


REMARK. Theorem 4 is clearly a generalization of Theorem 1 (MILLER’s 
theorem) for infinite r’s, however, it is not best-possible in r as we have 
already mentioned. It is possible that under the conditions p=N., g=p* 
the theorem holds for every r<p. We have to deal only with the case p=r*. 


Here we can prove the following 
ie LHEOREM 9. suppose r==N,, t= p (i.e. p—=Noa—=Ny), 2295)". 
Then M(m, p,g,r)—B holds for every m less than Nytogyytt 

PRoor. For m=p the theorem is true by Theorem 2. We prove it by 
induction on m for every P<M<Ny+0,q.)41- Suppose that it is true for every 
m’<m for an m satisfying the above condition. Let & be a family for which 
p(F) =p, F—=m and suppose that ¥ possesses property C(q, r). Put t—=r. 
The conditions (°) hold for the cardinal numbers in question, and so we can 
consider the families 3(,(r) (o< ) defined in (5.9). Since by the assumption 
cf(a) =cf(y+1) (cf(@)#cf(y)), it follows from Lemma 8 that m does not 
possess property T(p, 7). It results from Lemma 7 (00) that p(i.(r)) =p, 
5(.(r) possesses property C(g,r) and %.(r)<m for every o<g. Hence by 
the induction hypothesis the families 5i.(r) possess property B. Consequently, 
by Lemma 6, the same is true for S. 

REMARK. We do not know for any y whether the assumption 
M<Nyroeqyti can be omitted. We have formulated the simplest unsolved 
problem in Section 3 (see Problem 2). 

(x) THEOREM 6. Suppose p>r=N:, then M(m, p,t)— B(r't) for every m. 

Proor. If p= 7r*, then the theorem is trivially true by (3.2). Thus we 
may suppose r+<p. In the cases m<p by (4.2) we have M(m, p, r) > B(2). 

If p does not possess property Q(r), then by (4.9) M(p, p, Tr) Br) 
holds. If p possesses property Q(r), then it obviously does not possess 

roperly Q(r*) (since if r—Ny, then r*=Nyu and cf(y) # f(y + 1)). 
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It follows again from (4.9) that M(p,p,r7)— B(r**) holds. As a conse- 
quence of (3. 1) we get that M(p, p,r) > B(r*) holds in every cases. Now we 
prove the theorem for m>p by induction on m as follows: 

Suppose that it is true for every m’<m. Let & be a_ family 
(p(F) =p, ¥ =m) which possesses property C(2,r). Put t—r*. Then the 
conditions (°) hold for the cardinal numbers in question and we can 
consider the families 3,(t) (o<¢). Since r<t, it results from Lemma 7 that 
p(x.(t))=p, the families i(,(t) possess property C(2,r) and aa (t)<m for 
every o<qg. Thus by the induction hypothesis the families 3(,(f) possess 
property B(r*+). Applying Lemma 5 we obtain that & possesses property 
B(r*+-+-r**), i.e. it possesses property B(r**). 

REMARK. It is obvious from (3. 1) that under the conditions of Theorem 6 
M(m, p,r)— B(s) holds for every s=r** too. In the case g2 Theorem 4 
is a corrollary of Theorem 6. Similarly as in the case of Theorem 4, it is 
possible that Theorem 6 holds with r* instead of r**. 


(x) THEOREM 7. Suppose p>r=N). (Put p=Nea f=Ny.) Suppose further 
that p does not possess property Q(r). Then 

M(m, p, r) > B(r*) 
for every M<Ngro,q,+1, Provided cf(«) # cf(y). 

PrRoor. For m<p the theorem is a corollary of (4.2). In the case 
mp we get from (4.9) that M(p, p, r)— B(r*) holds, since the assumption 
of our theorem assures that p and r do not satisfy the formula (v) of (4. 9). 

We are going to prove our theorem for m>p by induction on m as 
follows: Suppose that the theorem is true for every m’<m, for an m_ satis- 
fying the above condition. Let & be a family (p(#)—p, F =m) which 
possesses property C(2,r). Put tr. The conditions (°) are satisfied, and 
so we can consider the families 3,(r). The assumption cf(@)#« cf(y) assures 
by Lemma 8 that m does not possess property T(p,r). Thus from Lemma 7 
we obtain that p((r)) =p, the families %,(r) possess property C(2,r) and 
H(r)<m for every o<@. 

Thus, by the induction hypothesis, the families 3€,(r) possess property 
B(r*) and, consequently, by Lemma 5, the family & possesses B(r+-+r*) 
Since r is supposed to be infinite, this means that S possesses property 
B(r*) too. 

REMARKS. If p possesses property Q(r), we do not know whether the 
theorem is true for m= p. (See the remark after (4.9) and Problem 3a).) 
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If cf(@)—cf(y), then by (4.9) the theorem is true for mp, but we do not 
know whether it is true for m— p+ or not. The simplest unsolved problem 
here is M(Nos1, No, No) > B(Nou). 

Here the difficulty is essentially the same as in Problem 3b). It™is 
obvious from the remark made after (4.9) that a positive solution of Prob- 
lem 3b) would imply the positive solution of the problem just stated as well 
as a positive solution of Problem 3a). 


7. The discussion of symbol-II in the cases r<N, (p=N,). Note 
that in the case r<N, (p =N,) symbol-I is completely discussed by MILLER’s 
theorem. The positive theorems concerning symbol-II will be proved by 
MILLER’s method quite similarly as the theorems of Section 6. 

THEOREM 8. a) M(Nain, Ne, 1) > B((r—1) (n+ 1)+-2) if r is finite and 
« is arbitrary. 

b) M(m, Na, r)—> B(S,) for every m and «, provided r<,." 


PROOF. a) We are going to prove the theorem by induction on n. For 
n=O the theorem is proved in (4.9). Suppose that it is true for an n and 
let F be a family such that p(F)—=Na, F—Neinii and suppose that it pos- 
sesses property C(2,r). It is obvious that the conditions (°) hold for the 
cardinal numbers in question and we can apply the construction of Section 5 
with tr to our family &. 

By Lemma 7, P(Ko(N) =p, the families 3,(r) possess property C(2, r) 
and 3.(r)<Neinsi for every o<q. This means that ,(r)=Ner, for every 
o<qg and — using (3.1) — we get from the induction hypothesis that the 
families 3t.(r) possess property B((r—1)(n+1)+ 2) for every o<@. 

It follows from Lemma 5 that the family & possesses property. B((r—1) + 
+ (r—1)(n+1)+2), i.e. it possesses property B((r—1)(n+2)+ 2). 

b) The proof can be carried out by induction on m using Lemmas 5 
and 7 quite similarly as in the previous cases, and so we omit the proof. 

REMARK. The hypothesis (*) is not used in the proof, since it is not 
used in the proof of Lemma 7 for the case of finite r. 

With a slight modification of our construction it would be easy to 
prove the following 

THEOREM 9. Let & be a family, p(F)=Na, F =Nain, and suppose that 
it possesses property C(2,r) for a finite r where « is arbitrary. 

Let there be given a function I(F) which correlates to every Fes an 
integer I(F). 

10 Note that n denotes always a non-negative integer and r is supposed to be greater 
than 0. 
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Then there exists a set B such that 
Bn F=max(I(F),(r—1)(n+1)+1) for every FES. 
In particular, if ((F)=(r—1)(n+1)+1, then the set B intersects every F in 
exactly (r—1)(n+1)+1 points. 


We omit the proof. 
Now we are going to prove that Theorem 8 is best-possible in s. 


(x) THEOREM 10. a) M(Nesn, Ne, 1) > B((r—1) (2+ 1) + 1) if r is finite and 
« is arbitrary. 

b) M(m, Ne, f) +> B(D if r>1 is finite, «@ is arbitrary, M=Naro and 
l is an integer. 

Proor. a) We have to prove that there exists a family & satisfying 
the following conditions: 

(1) p(F) =Na. 

(2) F = Nan. 

(3) & possesses property C(2, r). 

(4) If for aset B Bn FO for every F€S, then there exists an F, € F 
such that Fjn B=(r—1)(n+1)+1. 

We are going to prove instead of this the following more general 
statement: There exists a family & satisfying the conditions (1), (2), (3) and 
the following condition: 

(5) There exist subfamilies 3, %, of # such that F,uT,—F, 
F,NF,—O0 and if for a set B BO FO for every FE S,, then there exists 
an F,€S, such that Ayn B=(r—1)(n+1)+1. 

It is obvious that (5) implies (4). 

Put (#)—S. Obviously (1) and (2) imply SSNs. Thus we have: 

(6) If there exists a family & satisfying the conditions (1), (2), (3) and 
(5), then for an arbitrary set S’ (S’—=Na,,,) there exists a family 3’ such that 
(%’)S S’ and S&F’ satisfies the conditions (1), (2), (3) and (5) too. 

We prove the existence of such a family & by induction on n. For 
n==Q the theorem is proved in (4.5) (see the remark after (4.5))." Suppose 
that for an n there exists a family & satisfying the formulas (1), (2), (3) 
and (5). Let S be a set, S—=Nesnyi. Then [SS — Nasri by the hypothesis 
(x). Let {Ag}oeyny1 = [S]**" be a well-ordering of type @einsi of the set 
[se 


11 In case of finite r the construction given in (4.5) can be simplified as follows: 
Suppose that Sh, =r instead of Fy = rt and take for § the system of all subsets X of 
(S,) satisfying the condition Xn F=1 for every F € $, instead of the system § defined 
in (4.5. 4). 
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We are going to define a sequence {Foho<mernr, Of type warns of 
families (s*.)<S by induction on @ as follows: 
Suppose that the families $y are defined for a o<@einsi1 in such a 


way that (Fy) =Na, for every e’<e. Then AJU U (Fo)=Nein, hence we 
can define a subset S, of S such that ak 


(7) Sp=S—(A,U U ()) and 5, =Nasn. 
o’<9 


By the induction hypothesis and by (6) there exists a family Fo satis- 
fying the formulas (1), (2), (3) and (5) such that 


(8) (Fo) S So; 


let Spa and Fe denote the families satisfying (5) instead of #, and Sy, 
respectively. ae 
Since So satisfies (2), we have c= Nain and we may suppose that 

the equality holds. Let Lt ne ee be a well-ordering of type e+, 
of the family &,". 

Since A,—Nain, it is obvious that there exists a system S, of subsets 
of A, satisfying the following conditions: 

(9) News X Sr for every X€S and Xn Y=0O for every 
xm, YeES,X+Y. 

Let & = {X?},<0,,, be a well-ordering of type main of the set Sp. 

We define the families S,, F,, Fp by the following formulas: 


o a+n 


ol srl, oy »2,* 
(10) Fi —= Fo, Fe—= {XS FP hy co 


and 


a+n 


6 ol) a2 
Fo =— So U So . 


It is obvious that (F,) = S_+ Ap, hence (Fe) =Nain, and so Fy is de- 
fined for every 0<@ains1 and the formulas (7)—(10) are satisfied for every 
0O< Wat: 


Put 
(11) Fee Sk = UU See Fe Udy: 
0<Mqinit 0—Mqintl 0— Qi ntl 
Now we have to verify that 3 satisfies (1)4 (2); (8)-and (5)eforyn et 


instead of 2. ! | 
p(Fe) =Na, since Fy satisfies (1), and thus it follows immediately from 


the definitions (9), (10) and (11) that 
(12) p(F)=Ne. 
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It results immediately from (7) and (8) that 
(13) (Fo) N (Fe) =O if -0'<O< Maruti. 
Thus, since the families S$, are non-empty, we have 


(14) == Nee 

Now we prove: 

(15) & possesses property C(2, r). 

Let F, F’ be two distinct elements of &. Then FEF, and F’€S, for 
suitable 0 and 0’, laces We Chaat, a cases: (i) ee (ii) 0 ee 

(i) If FES,, F’€F,, then FUF’<r, since by (10) =F," and F 
satisfies (3). 

ree, CH, then FOS,; Fo==XPU F’?" for a suitable v<@ein, 
but by (9) XECA,, hence by Gs and (8) FnF’=FnF’” and FnF’<r 
follows again from the fact that So satisfies Ga 

It FES, F’CS,, then F=X$uFe”"’, F’-=xX$uFe°" for suitable 
v’,v (v1), respectively. Using again that A, and S, are disjoint, we get 


FoF’ = (X35 i Xs MG Olean 
Thus, using that by (9) X7n X}—0, we get by the same argument as above 


that Fn F’<r in this case too. 

(ii) We may suppose oe’ <o. If Fé Fo, then by (7), (8) and (10) F and 
F’ are disjoint. If FES, then F= Xu F%°" for a suitable » and it results 
from (7) and (8) that F’n FOX, hence by (9) F'n F=r—l<r. 

We have 
(16) FF —0. 


e,2,* 0,2,* 


In fact, "nS" —0 for every 0, because #% satisfies (5), thus it results 
from the definition (10) and e. g. from the fact that 5 satisfies (3), that 
FF. =0 and it is obvious from (7) and (8) that Fyn%,—O for 0’ ~a, 
hence & Ns. 0 is true. 

Now we prove: 


(17) Suppose that for a set B Bn FO for every FES. 


Then there exists an Fy) € #, such that yA B=(r—1)(n+2)+1. 

First of all it follows from (13) that B=Nas.ii1. As a corollary of this 
there exists a subscript ¢, such that A,,@ B. Since by the assumption B has — 
to intersect every F€ S', we have that Fn BO for every ns F, ,; But ie 


orl,* 


(10) &, Seki "and it follows from the fact that Fou Fo, ; Se satisfy (5), that 
there oe an index » such that Bn Fe “2 (r#—1)("' 1) ee 
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0 0 022," 5-2 . . ° 
F = X},U Fy”. Then F’ €. Taking into consideration that by (7) and 
(8) X70 Fy” =0 and by (9) XfCA,,CB, X8 —r—1, we obtain 


BOF = X8+ Bn FR” =(r—1)(n+-2)+1. 


Thus the families &, F' and F satisfy by (12), (14), (15), (16) and 
(17) the formulas (1), (2), (3) and (5) for n+-1 instead of n, and so the 
existence of such a family is proved for every n. 

b) By (3.1) it suffices to prove that M(Naio, Ne, 7) BC). 

Let {Si}n<o be a sequence of disjoint sets such that S,—Nuain. By the 
theorem just proved and by the remark (6) there exists a sequence {#,},—. 
of families such that (F,)CS, and S, satisfies for every n the conditions 
(1), (2), (3) and (5). 


Put F— U F,. Then p(F)—Nea and F—Nayo, since the F,’s satisfy 
nO 


(1) and (2) for every n and the &,’s are obviously disjoint. 

Since the sets S, are disjoint, Fn F’ 0, provided F€S,, F’ € Fy for 
n= n’. Thus, taking into consideration that , satisfies (3) for every n, it 
follows that 3 possesses property C(2,r). But & does not possess property 
B(J) for any /, since there exists an m) such that (r—1)(m+1)+1>/ and 
the subfamily F,, of S does not possess property B((n—1)(n,+1)+ 1), 
because it satisfies (5). 

Thus part b) of Theorem 10 is also proved. 


REMARK. As we have already mentioned in (4.5), in the case n—O of 
the part a) of Theorem 10 the hypothesis (*) is not used. We do not even 
know whether one can prove Theorem 10a) for n= 1 without using (+). 


8. Results on the topological products. A topological space X is 
said to be x-compact if every family Sil of closed subsets of it with void 
intersection, () XO, contains a subfamily SI’ CSL (OM <N,) with void 

X EMM 
intersection. 

0-compactness means ordinary compactness. 

1-compact spaces are the Lindeléf spaces. 

For the sake of brevity we introduce the symbol T(m,4)—% to indi- 
cate the following statement: -f 

If F is a family of 4-compact discrete topological spaces, & =i, then 
the topological product of the elements of S is x-compact. 

As usual, T(m,2)—~ denotes the negation of this statement. 

TycHonov’s classical theorem can be stated as follows: T(m, 0)—0 


for every cardinal number m. 


8 Acta Mathematica XII/1—2 
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Let S be a set, S= m, and let u(x) be a measure defined on all subsets 
of S such that the values of u(x) are O and 1, u({x})—0O for every x€S. 

The cardinal number m is said to be of measure O if every o-measure 
satisfying the above condition vanishes identically.” 

A well-known result of ULAM states that every cardinal number m less 
than the first strongly inaccessible aleph is of measure 0.” 

The hypothesis (**) states that a strongly inaccessible >N, aleph is 
not of measure O or more generally: 
(«*) If m is strongly inaccessible, >N,, then there exists an m-additive meas- 
ure satisfying the above conditions such that u(S)—1. 

If we use (x), then Los’s theorem (Theorem 4 of [3]) states that 


T(Niu1,1)->% for every x=], 


provided &, is regular and of measure 0." 
Now we are going to prove the following 


(*) THEOREM 11. T(Nein, @+1)—>+@-+n for every ordinal number « and 
for every 1=n<o. 


Before proving this theorem” we compare it with Los’s theorem and 
state the simplest unsolved problems. Put @=—0O, then our theorem states 
that T(N,, 1)—7” for every n=1, and so it is stronger than Los’s theorem 
for the cases x<m. Moreover it is best-possible, namely T(N,, 1) —>2+1 
is trivially true, since the topological product of N. Lindel6f spaces contains 
a base of power Na for every @. For the case of singular z’s, e.g. for 
z= the following problem remains open: 


PROBLEM 4. T(N., 1) > @? 

(T(N.o,1) > © +1 is trivially true and T(N.,1)—-1~2 for every finite n 
is a consequence of both theorems.) 

For z’s greater than m Los’s theorem is stronger, since our result 
states nothing about x-compactness of the product of Lindeléf spaces for 
4>Q. 

But we do not know whether Los’s theorem is best-possible e. g. for 
*—o-+l, since it states T(No.2,1)+o-+1 and the following problem 
remains open: 

PROBLEM 5. T(Nai2, 1) >@ +2? 

(Our Theorem 11 gives only that T(Now, +1) +o +2.) 

de SeeRl Slama 

13 See [7]. 

4 See [3], Theorem 4, p. 17. 
15 The proof is given on p. 115. 


_ 
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For N,’s not less than the first inaccessible cardinal number Los’s 
theorem does not state anything. The reason for this is that if, at least, we 
assume the hypothesis (**), then T(m,,1)—«, is true where m,—N., de- 
notes the first strongly inaccessible cardinal number >N,. More generally 
we have the following 


(**) THEOREM 12. /f Na is strongly inaccessible, >), then 
T(N., @)—> a." 


We mention here that even using (*) and (**) we can not decide 
whether T(N.,1)—«@ is true if ¢>a@, where Na, is the first inaccessible 
cardinal number >N,). 

Our theorem shows that T(N.a,+-12, @+1)—+a@,+n for every 1Sn<ao, 
but neither Los’s theorem nor our theorem disproves that T(m, @ +1)>a@,+o 
holds for every cardinal number m if Na, is strongly inaccessible >No. 


PROOF OF THEOREM 11. Let r, be an integer such that (r,—1)(n+1)+ 
+12(%—1)n+2 (e. g. r,=2). By Theorem 10 corresponding to every n 
there exists a family F ((F)—S) satisfying the following conditions: 

(1) p(F) = Na. 

Ze — Nein, 

(3) & possesses property C(2, 1). 

(4) If for aset B Bn FO for every FES, then there exists an Fy € F, 
such that 


Let F = {Fo}o-w,4,, be a well-ordering of type a, of &. Let X denote 
the topological product of the discrete spaces F,. The elements of X are the 
sequences (Xp)o~o,,,, Where Xp € Fo. 

Corresponding to every finite sequence 0,<+++<@;<@ain WE define the 
subset Bo,...o,((Xe)o<o4,,) Of Sas the set of g,th components Of (Xp)o<w,,, for 


m—!,...,k, 1. €. we put 


(5) Boi .nroy((Xplo<oan) = {Xi X ESA (X= Xp, V+ VX=Xp,)}. 
Now we define the subset Xp,...9, of X as follows: 


(6) (Xp)o<ogsn ‘S » CT if and only if 


Brasg AOploconu) ) Uo (o—1) 14-2, or every Lea Leek: 


16 For the proof see p. 116. 


RF 
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Put : 
ML X01. MO OR Weg n)” 
It is obvious that Xp,..9, is a closed subset of %* for every sequence 
0,<+*+<0,<@asn and it results from (1) that the discrete spaces F, are 
N..i-compact for every ¢0<@a+,- Hence it is enough to prove the following 
assertions: 
(7) a} Xo, .i9¢ =O 
X,...0,€ 
and 
(8) al Xo...0, 70 if MSM, IW <Nesn.- 
Xp... 0,E IV 


Proof of (7). Let (CAR ‘oq, be an arbitrary fixed element of x. Let B° be the 


set of those x € S for which there exists a 0< Me, such that x — Soe It is obvious 
that B°’n F, £0 for every 0<@ain, hence by (4) we have for a @)<@ain 


Bt) Foc (feral i al) 

Put (ro —1)(n-+ 1) ++ 1=4o. Then there exists a sequence 0; <:-: <o;, such 
that 00 == 0; for an Ly (Sih), {xi 0} tie = ko and {xjo}1<!=ty S Fp, = Fo z 

But this means that By’! ((Xo)o<eas,) M Fes = ko (ro—1)n+2 and 
thus by (6) ope ain €Xeo’...93, Which proves that the product considered in 
(7) is empty. 

Proof of (8). Let /(S1U’) denote the set of ordinal numbers @ appearing as a 
subscript 9; (i= 1,...,4) of an Xpo,..9,€ SU. It is obvious that Xp,...o,4 
# Xoi...of if the sequences 01,...,@ and gj,...,o¢ are different. Hence 


MSM, M’<Nain implies /(MN’)<Nein. Thus it is sufficient to see that 
Xo,...0, =O holds for every @0< Wain. 
9 (=1...,h), 0; on i 
Put Fo,—= {For}or<e, for every Qo<@eain. Then p(¥o,)—=Na by (1). Fo, 
possesses property C(2,ro) by (3) and So,=Nein-1 (2—1=0) for every 
00 < Main. Thus by Theorem 8a) there exists a set B such that . 


ISB Fy <(t%—1)n+2 for every 0’<@p. 


It results that we can point out an element Xp of Bn Fy for every 0’<@ 
and let x, be an arbitrary element of Fy for e’ =o. It is obvious from (6) 


that the sequence (x,),-o,,, $0 defined is an element of the product in 
question. 


apn 


PROOF OF THEOREM 12. Let & be a family, F 
for every FES. Let & 


N. such that F<Nz 
{Fr}r-o, be a well-ordering of type ma of #. Put 
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F, = {F.u}.-,. Let X and X, denote the topological product of the elements 
of F and #,, respectively. If O—(x’),-., is an element of Xx, then O/y 
denotes the element (x)),-, of X,. 

Let there be given a family Si of closed subsets of %. Corresponding 
to every X€ Sl and v<w, we define a subset Y(X,v) of %, as follows: 


V(X, v) = {O/v\ecx. 
The set {Y(X, Mere is Of power less than XN, for every y<wz, since 


a 


N. is strongly inaccessible and %,<N. for every v<m.. As an easy conse- 
quence of this we obtain that _Y¥(X,v)#0 for every v<wa, provided 


xe NN 
f) X#0 for every ISM, MW <Nez. 


xe DN 
Pit 2, = i Y(X, v). The Z,’s form a ramification system. By a result 
x 


EON 
of P. Erpés and A. Tarski" it follows from the hypothesis (**) that there 
exists a O€X such that O/y € Z, for every v<q. 
Let X be an arbitrary element of S|i. Then for an arbitrary v<w, there 
exists a ©, € X such that 0,/y—O/y. Since X is closed, it follows that 


O0¢xX, andso Oe () X, i.e. ¥ is e-compact. 
xe DN 
Now we state some unsolved problems which all would have been 


consequences of T(N2,1)—>2. The answer to all these questions is very 
likely negative, but we can not disprove any of them. In the formulation of 
all these problems we consider (*) to be assumed. 


PROBLEM 6. Let & be a family (F —N»v, p(F)—No) such that every 
F SF (F =) possesses property B. Does then F necessarily possess 
property B too?” 

The family F is said to possess property G if there exists a function 
f(F) defined for every FEF such that f(F) is an element of F and 

S(F:)#f(F:) for F,# Fi. 

PROBLEM 7. Let & be a family (F =N,, p(F)—N,) such that every 
F CF (F' =N,) possesses property G. Does then F necessarily possess pro- 
perty G too?” 


17 See the footnote 4 on p. 328 of [8]. A 

/ 18 The following theorem is an easy consequence of TycHonov’s theorem: lf F isa 

family of finite sets such that every finite subfamily of F possesses property B, then F 
possesses property B. ' 

19 This problem is due to W. Gustin (oral communication). It is well known and an 

easy consequence of Tycuonov’s theorem that if for a family & of finite sets every finite 

subfamily of it possesses property G, then the whole family possesses property G too. 


See e. g. [9]. 
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PROBLEM 8. Let there be given a graph G of power N.. Suppose that 
every subgraph G,=N, of G has chromatic number not greater than N,. Is it 
then true that the chromatic number of G is not greater than N,?” 

Now we would like to formulate a problem which does not seem to 
follow directly from T(N:, 1)—>2, but which belongs to this class of prob- 
lems too. 


PROBLEM 9. Let there be given a graph G of power Ns. Suppose that 
the edges of every subgraph G, of G can be directed so that the number of 
edges emanating from an arbitrary vertex is finite, provided G,=N,. 

Is it true that the same holds for the graph G?*! 

A positive solution of Problem 9 would follow from the following 
generalization of TYCHONOV’s theorem. (This generalization is probably false, 
but as far as we know has not yet been disproved.) 


PROBLEM 10. Let & be a family of finite sets, F—WN,, and let 
F —={F,},<«, be a well-ordering of type w, of &. Let X denote the Descartes 
product of the elements of &, i.e. X is the set of all sequences (X,),<.,, 
x, €F,. A subset X of X is said to be N,-modified if there exists a set / 
of ordinal numbers less than w,, /=No such that x,—x, for every vé/ 
implies that (x,),—o, belongs to X if and only if (x5). belongs to X. 

Let Sit be a family of No-modified subsets of X and suppose that the 
intersection of the elements of every subfamily It’ of Sl is non-empty, 
provided St’=N,. Is it true that for an arbitrary family ON satisfying these 
conditions (]} xX=+-0? 

xe Jl 


9 


9. Further problems. Suppose p<N).* The theorem formulated in 
the footnote’ on p. 117 or similar considerations show that to clear up all 
the problems it would be sufficient to determine the values of the symbols 
M(m, p, 9, f)—> B, M(m, p, r) > B(s) for finite m’s, and so we now suppose that 
m, p,q,1, 8 are finite. Obviously, if r= 1, then the problems become trivial. 
So the simplest cases when one can find unsolved problems are g = 2, r—2. 


0 It is well known that if every finite subgraph of G has chromatic number rot 
exceeding n, then G has chromatic number not exceeding n. See [10]. 

"1 As an easy application of TycHonov’s theorem P. Erpvés and R. Rapo proved 
the following theorem: 

If the edges of every finite subgraph of a given graph G can be directed so that 
the number of edges emanating from an arbitrary vertex is less than a fixed integer n, 
then the same is true for the graph G. 

*. T. Gattar pointed out that interesting and perhaps decp questions can be asked 

concerning the symbols for p less than N,. 
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One can ask whether M(m, p, 2,2)—B is true for a p>2 and for every 
m. The only non-trivial remark concerning this problem is that 


(9. 1) M(7, 3, 2, 2)->B. 


This is shown by the Steiner triplets for m—7. 
The simplest unsolved problem here is 


PROBLEM 11. Is it true that 
M(m, 4, 2,2)—+B_ holds for every m? 

We can not even decide whether there exists an integer p, such that 
M(m, p.,2,2)—B_ holds for every m. 


REMARK. The example (9.1) is best-possible in m, i. e. M(6, 3, 2,2)—>B 
is true and it is interesting that for m—6, M(6, 3, 2, 2) B(2) is true too. 
There remain interesting unsolved problems even if we omit the assumption 
that S& possesses property C(q,r) for some q and r. 

It is obvious that if m is sufficiently large, then a family S& with 
p(F)=p, F=—m has not to possess property B. Let m(p) denote the least 
integer m for which such a family exists. 

We have 

2p—1 
(9. 2) m(p)= ( |, 
Pp 
as it is shown by the subsets taken p at a time of a set having 2p—1 elements. 

More generally, one can ask for the least integers m for which there 
exists a family & (=m, p(#)—=p) which does not possess property B(s) 
where 2=s=p. Let m(p,s) denote this integer. (Obviously m(p, p) = m(p).) 
Similarly as in (9.2) we have 


9. 3) m(p, pica anid») 


(9. 1) shows that the estimations (9.2) and (9.3) are far to be best- 
possible already for p= 3. The following problem remains open: 

PROBLEM 12. What is the order of magnitude of the functions m(p), 
m(p, s)? 

Let us now return to the infinite sets. We would like to raise several 
new problems, most of which are unsolved, which are all connected to a 
lesser or greater extent to the ones which we considered so far. To save 
space: we will only outline the partial solutions which we have succeeded in 
obtaining up to the present. 
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The first of these problems is the following: 

(9.4) Let there be given a family ¥ (Fm, p(F#)—=p) such that every 
subfamily &’ of & possesses property B(r), provided that S’<m. Under what 
conditions for the cardinal numbers m,p,r and s does then & necessarily 
possess property B(s) or property B? 

For the sake of brevity we introduce the symbols S(m, p, r)— B(s), 
S(m, p, r) > B (S(m, p, r)—\> B(s), S(m, p, r)+> B) to indicate the positive 
(negative) solutions of the problems, respectively. It is obvious that the prob- 
lem stated in (9.4) is closely connected with the possible generalizations of 
TYCHONOV’s theorem treated in Section 8. We point out only the simplest 
and typical problems. A general discussion of this symbol seems to be 
hopeless at present. 

The example given by MILLER cited in Theorem 3 shows, if we assume 
(«), that 
(*)(9. 5) S(N,, No, 2)—> B. 


This follows from the fact that the system of almost disjoint sets of 
power N, constructed by MILLER has the following property: if x is an element 
of the basic set and S(x) is the union of the sets belonging to the system 
containing x and F is a set of the system not containing x, then 
S(X)NF<No. 

Comparing Theorems 8 and 10 we obtain as a corrollary that 


(*)(9. 6) S(N:, No, 4) > BAA). 
The following problems remain open: 
PROBLEM 13. a) S(N:,N,, 2) B(2) or S(N.,N, 2) B? 
b) S(N:, BNO> 4) + B(5) or S(N:, N, 2) -+ B? 


The following problem concerning the symbol introduced in (9.4) is 
the simplest one for which our theorems proved so far do not give any 
information. 


PROBLEM 14. Let r be an integer r= 2. Is it true that S(N., No, > B(r) 
holds? 


REMARK. It is easy to see that a negative solution of Problem 14 for 
any r would imply a negative solution of Problem 4. 

The second question which arises concerning property B is the follow- 
ing: Theorem 3 (MILLER’s example) assures that there exists a family & 
(F— 2", p(F¥)—N,) such that F possesses property C(2,N,), but it does 
not possess property B. However, his example is such that (*)—N, and 
one can ask whether this is an essential restriction. 
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Concerning this question, using (*), we can prove the following 
theorem: 


(*) (9.7) There exists a family ¥ (F —=N,, p(F¥)—= N.) which possesses pro- 
perty C(2,%,) such that it does not possess property B and satisfies the 
following condition: 


(A) (F)=8. for every # CF, F =. 

We only outline the construction. 

Let S bea set, S=N,. Applying Lemma 3 stated in Section 4 we 
obtain that there exists a system 5 of subsets of S satisfying the following 
conditions: 

(1) p(s)=%,, 5=N,.. 

(2) S possesses property C(2,N,). 

(3) For an arbitrary S’SS (S’=N,) there exists an A€S such that 
ACS’. 

Let S={A,}r<o, and S= {Xu},<0, be well-orderings of type o, of the 
sets S and S, respectively. 

Let &, be a system of subsets of A, for which p(S,)—=N,, S,=N,, 
further let S, possess property C(2,N,). Let S,—={Bi},—0, be a well-ordering 
of type ™, of the set $, for every v<q@,. It is obvious that one can define 
a monotone increasing sequence {u,},-., of type m, of ordinal numbers less 
than m, such that u,>w’ for every x, € A, (hence for every x, € By; for every 
w<,). 

Put Co= BLU {xp,4,} and ¥={Ci},<o,,n<o,- It_is obvious from (1) 
and (2) that F—N,, p(F)—N, and F possesses property C(2,N,). The fact 
that & does not possess property B follows from the property of S stated 
in (3) (taking into consideration that a set which intersects every element of 
¥ has to be of power N,). Finally, it is easy to verify that if  —N,, then 
(F’) =, for every ¥’ SF, since if F’ —=N,, then ¥’ either contains N, Cz’s 
with the same y or N, C,’s with pairwise different 7’s. 

The following refinement of the problem solved in (9.7) seems to be 
interesting. Let us say that the set X is almost contained in Y if Y—X is 
finite. 

PROBLEM 15. Let & be a family (p(#)—=No, & —N,) such that F pos- 
sesses property C(2,,) and suppose that (instead of (A)) it possesses the 
following property: 

At most N, sets belonging to are almost contained in a denumerable set. 

Does such a family & necessarily possess property B? 
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The answer is probably negative to this question too, but we can not 
disprove it even if we omit the assumption that # consists of almost dis- 
joint sets. 

The following question is connected with Problem 3 (namely a_posi- 
tive solution of it would imply a positive solution of Problem 3b)): 


PROBLEM 16. Put S= {V}r<o,,4 (S = Nou). 


Let S, denote the set {u},-, for every y<@oy1. Then S;=N., and so 
one can define a splitting of S, onto the sum of N, disjoint sets such that 


Sy= U Sx and Si<N. for every ¥<Q@o1. 

Is it possible to define the sets S; in such a way that for every 
VY<@osi Of the second kind which is not cofinal with m, there exists a 
monotone increasing sequence {v,}:-, of type g of ordinal numbers less than 
y cofinal with » and such that S,*C@ Si" for every n and for every tT< 1’ <q@? 

A similar but simpler problem is the following one: 


PROBLEM 17. Let S be the set of ordinal numbers less than @,. Is it 
possible to define a function f(v) on S such that f(v)€S, f(v)<¥y for every 
vy <q, which has the following property: If »<@, and y is of the second 
kind, then there exists a sequence {v,,},-. Of type @ of ordinal numbers less 
than » such that v,— vy and f(¥41) =”, for n=O0,1,2,.... This problem 
is interesting in itself and seems to be very difficult. 

The positive solution of the following problem would imply a negative 
solution of an immediate generalization of Problem 9, namely it would assure 
the existence of a graph G of power N.4: the edges of every subgraph of 
power §, of which can be directed so that the number of edges emanating 


from a vertex should be finite, but the whole graph can not be directed in 
such a way. 


PROBLEM 18. Let S be a set of power Nw. Does there exist a family 
such that (F)CS, F—Noys,p(F)—=Ny, and which has the following 
property: 

(1) If S’SS, S’=N,, then there exist at most N, sets F belonging to 
the family such that Fn S’ =. 


REMARK. On the one hand, we can not disprove Problem 18 even if 
we require that S should possess property C(2,N,), on the other hand we 
can not prove it if we require only that & should possess the following 
weaker property instead of (1): 

Every S’CS (S’=§,) contains at most N, elements of the family. 
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We construct the graph G mentioned above as follows: Suppose that 
the family S and the set S satisfy the requirement of Problem 18. Let. the 
set of vertices of G be uS. The edges are the pairs (F,x) where FCF 
and x€F. It is easy to see that G has the property required. 


(Received 15 January 1960) 


Added in proof (MarcH 3, 1961). The manuscript of this paper had 
been written before the authors knew that A. TARSKI has disproved the hypo- 
thesis (**). (See A. TARSKI, Some problems and results relevant to the founda- 
tions of set theory, Proceedings of the International Congress for Logic, 
Methodology and Philosophy of Science (Stanford, 1960).) 

Thus we have no arguments to prove our Theorem 12 proved with the 
help of this hypothesis. It seems that the theorem is false at least for the 
inaccessible cardinals m which are strongly incompact. 

It is obvious that the discussion of the unsolved problems concerning 
the symbol T(m,4)—~x has to be changed in some places knowing the new 
result of A. TARSKI. 
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SOME REMARKS AND PROBLEMS ON THE COLOURING 
OF INFINITE GRAPHS AND THE THEOREM OF KURATOWSKI 


By 
JAN MYCIELSKI (Wroctaw) 
(Presented by G. Hajés) 


1. We consider the following propositions: 

T. The topological product of any number of bicompact Hausdorff spa- 
ces is bicompact.’ 

T°. The topological product of any number of non-empty bicompact 
Hausdorff spaces is non-empty and bicompact. 

I. In every Boolean algebra A there is a maximal ideal different from A. 

R. Every Boolean algebra is isomorphic to a field of sets. 

M. Every consistent elementary theory has a model.® 


T,. The topological product af any number of Hausdorff spaces, each 
having exactly n points, is non-empty and bicompact.’ 

S,. Let M be any set of disjoint sets each having exactly n elements 
and R(x, y) is a symmetric relation defined between the elements belonging 
to different elements of M. Suppose that for any finite set FCM there exists 
an Jae such that R(f/(X), f(X2)) holds for any X,, X,€F. Then there 


exists an f€ P X such that R(f(X,), f(X)) holds for any X,, X.€ M2 
xem 


P,,. Every graph, each finite subgraph of which can be coloured with 
n colours, can be coloured with n colours.’ 

C,,. The Cartesian product of any number of sets, each having exactly 
n elements, is non-empty. 

It is known that the axiom of choice implies each of the above propo- 


1 This is a lecture delivered on the Colloquium on the Theory of Graphs in Dobogo- 
k6, 22 October 1959. 

2 Here and farther any number means any positive finite or infinite cardinal number. 

3 We do not suppose that the number of symbols and statements of the theories 
is denumerable. 

4 Here and farther n is running over positive integers. 

5 P denotes the Cartesian product operator. 

6 A colouring of a graph with n colours is a partition of the set of vertices into n 
‘lasses such that no two vertices in one class are joint by an edge. 
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sitions, but the following logical relations can be proved without the use o 
this axiom: 


(1) T+ T+ 1 RoM<T, <8, for m=2,3,...,)0 =e 
(2) Sy S3—> Se; 

(3) S,—P,— C, for nm==2,3, 15 

(4) Pi2i1—> Pa fOr i= 2, ee 

(5) P,++C,. 


It would be interesting to know any further implication between these 
propositions. Some implications and independences between the propositions 
C, are known, e.g. Co<+Cy, Cyr, —C, and others (see [8], [10], [11]). The 
equivalences (1) and implications (2) are proved in the papers [4], [5], [6], [7]. 
Other interesting propositions which may be added to the equivalences (1) 
are given in [9]. 

Let us prove (3), (4) and (5): 

S,—P,, is obvious (compare the proof of P,, given in [2]). 

P,,—C,. Let K be a set of disjoint n-element sets. We treat Lon as a 


set of vertices of a graph, two vertices being joint if and only if they belong 
to the same X. By P, it is easy to see that this graph can be coloured with 
n colours. Take all the vertices of one colour, this clearly defines a selection 
from K as required in C,. 

Prii—P,. Let G be a graph each finite subgraph of which can be 
coloured with n colours. We add a new vertex and join it to all vertices of G. 
Using P,..1 we easily see that the new graph can be coloured with n+1 
colours. Removing the additional vertex we obtain n-colourings of G as 
neeced sine rar 

P,<«>C,. Owing to (3) it remains to prove C,—P,. If G is a connect- 
ed graph, each finite subgraph of which can be coloured with 2 colours, 
then it is easy to see that, putting two vertices in the same class if and only 
if there exists a path from one to the other with an odd number of edges, 
we obtain a two-colouring of G. Now if G is not connected, using C, we 
select one of these classes for each component of G. We consider the parti- 
tion of the vertices of G into 2 classes: the union of the selected classes and 
the remaining vertices. It is easy to see that it is a two-colouring of G. 


REMARK (due to C. RYLL-NARDZEWSKI). The proposition P,, restricted to 
denumerable graphs can be proved without using the axiom of choice. 


2. We consider the following properties of a graph G (by a graph we 
mean here a one-dimensional simplicial complex with the natural topology, 
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we do not suppose that it is locally finite and the cardinality of the set of 
vertices of G is arbitrary): 
(i) G does not contain topologically any one of KURATOWSKI’s two 


graphs (Fig. 1). 
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Fig. 1 


(ii) Every finite subgraph of G is homeomorphically imbeddable in the 
plane R’. 

(iii) There exists a system of homeomorphisms {h»(x)! where F runs 
over all finite subgraphs of G such that 4» maps homeomorphically F into 
R° and for any F, and F, 


(*) hy,|F,N Fy is homotopical to Ay,|F,n Fy.’ 


(iv) One can define for every circuit C of G a partition of the set 
|G|\|C|*® into two classes Int (C), Ext (C) such that two vertices belonging 
to different classes are not joint by an edge and 


if |C,|<|C,| u Int (C,), then Int (C,)<|C,| u Int (C,); 
if |C,|c|C,| U Ext (C,), then Ext (C,) <|C,| U Ext (C,). 


THEOREM. The properties (i), (ii), (iii), (iv) are equivalent. 

Proor. (i) (ii) by the well-known theorem of KURATOWSKI [3]. 

(ii) — (iii). We denote by S» the set of homotopy types of homeomor- 
phical applications of F into R° (F runs over the finite subgraphs of G). 
S» is finite; we treat it as a discrete topological space. By the statement T 
(Section 1 of this paper) the topological product PSr is bicompact. 


For any 4,€ Sp, and t,€ Sy, we put t,~#, if and only if (*) holds for 
some fy, of type f, and hp, of type f,. Let F,..., PF be any finite set of 


7 f|X denotes the mapping f with domain restricted to X. 
8 |H| denotes the set of vertices of the graph H. \ denotes the set-theoretical dif- 


ference. 
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finite subgraphs of G. We put Kr, Fg AFF E DSe, (Fi) ~f(Fi) for 


L Ji, ithe Ol COUISE, = te. Sets ee closed subsets of P Sr. 


? 


They are also non-empty, since if F is a finite subgraph of G such that 
F,,...,F, are subgraphs of F and fy is a homeomorphism hy: F— R° 
(it exists by (ii)), then one can take for f€ Kr,,...,x, any function f¢€ PSr 


m 


such that f(F;) is the homotopy type of Av|F;. The finite intersections of the 
sets Ky,,...,~, are also non-empty, since 


Kp, 


It follows that there exists an f, such that 


(2) (1) (1) (2) (2) 
Poe win i Gk oe FY > Ky Dies Bauer yee 


ee i (istkr a s. 
M=1 Fy 501.5 Fin 

and clearly any system {Ay}, such that the hcmotopy type of Apr is f(F) 

satisfies (ili); q. e. d. 

(iii) + (iv). A system {hy} being given, for every circuit C and every 
vertex v€|G|\|C| we put vé€Int(C) if the homeomorphism Ac) maps v 
inside the domain bounded by the image of C and v€ Ext(C) in the other 
case. It is easy to verify that our definition satisfies (iv). 

(iv) + (i). Clearly a subgraph of a graph satisfying (iv) satisfies (iv) 
One can prove by a direct verification that no one of the Kuratowski graphs 
satisfies (iv); and our implication follows. 


COROLLARY. (DiRAC and SCHUSTER [1].) A denumerable graph satisfying 
(i) has a continuous 1—1 mapping into R>. 


PROOF. By the theorem the graph satisfies (iii) and one can construct 
the mapping by an easy induction. 


REMARK. The equivalence (ii) <-> (iii) remains valid if one replaces in 
these statements R*® by any bicompact 2-manifold. 


PROBLEM. Does there exist a finite set of finite graphs such that any 
finite graph G can not be homeomorphically imbedded in a given bicompact 
2-manifold (e. g. the projective plane) if and only if G contains a subgraph 
homeomorphic to one of them? 
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MAXIMUM-MINIMUM SATZE UND VERALLGEMEINERTE 
FAKTOREN VON GRAPHEN 


Von 
T. GALLAI (Budapest) 
(Vorgelegt von G. Hajés) 


Einleitung 
Von D. K6niG stammt der folgende Satz ((5], S. 233, Satz 14):? 


SATZ (1) (KONIG). /n einem paaren Graphen® ist die maximale Anzahl 
der unabhdngigen Kanten gleich der minimalen Anzahl der trennenden Punkte. 


Die Kanten x, ..., X,» heif®en unabhangig, wenn entweder m—1 ist, 
oder wenn je zwei von ihnen keinen gemeinsamen Punkt enthalten. Die 
Punkte Xi,..., X, heifen trennend, wenn jede Kante des Graphen einen 
dieser Punkte enthalt. Die Behauptung des Satzes (1) ist fiir nichtpaare 
Graphen im allgemeinen nicht richtig. Es entsteht daher das Problem: durch 
geeignete Modifizierung der vorkommenden Grdéfen eine auf beliebige Gra- 
phen geltende Verallgemeinerung zu finden. Wir wollen nun in dieser Arbeit 
zeigen, daB man die minimale Anzahl der trennenden Punkte (kurz: Pmin) 
durch eine solche Gréfe ersetzen kann, die im Falle paarer Graphen mit 
Pmin Zusammenfallt, und mit welcher die Behauptung des Satzes (1) fiir 
beliebige Graphen richtig ist. Diese Gréfe wird sich als das Minimum der 
geeignet bestimmten Werte von gewissen Gewichtssystemen ergeben. Weiter- 
gehend werden wir den Satz (1) auch in anderen Richtungen verallgemeinern. 
Im Satze (1) spielen nur Systeme von Kanten eine Rolle. Statt dieser werden 
wir aus Bogen, d.h. aus Wegen und Schlingen® zusammengesetzte Systeme 
in Betracht ziehen. Um den Begriff ,,.unabhangig’’ auszudehnen, ordnen wir 
jedem Punkte X des Graphen zwei nichtnegative ganze Zahlen: eine Einlaufs- 
kapazitat x(X) und eine Durchgangskapazitat x’(X) zu. Ein aus Bogen 
bestehendes System H soll beziiglich x und % aufnehmbar heifen, wenn je 
zwei Bogen von H keine gemeinsame Kante enthalten, in jedem Punkte X 


1 Wir sagen statt Knotenpunkte kurz nur Punkte. 
2 Ein Graph heiBt paarer, wenn die Menge der Punkte des Graphen so in zwei 
Teilmengen zerlegt werden kann, daB jede Kante des Graphen zwei Punkte von ver- 


schiedenen Teilmengen verbindet. 
3 Eine Schlinge ist ein Kreis mit einem ausgezeichneten Punkte X des Kreises. Wir 


betrachten X als einen zweifachen Randpunkt der Schlinge. 


Q* 
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héchstens x(X) Randpunkte der Bogen von H fallen, und durch X hochstens 
x'(X) Bogen von H gehen. Ersetzt man dann im Satze (1) die maximale 
Anzahl der unabhangigen Kanten durch die maximale Anzahl der aufnehm- 
baren Bogen, die Gréfe pmin wieder durch das Minimum der ,,Werte” von 
gewissen Gewichtssystemen, so entsteht ein allgemeiner Maximum-Minimum 
Satz, der Hauptsatz unserer Arbeit (Satz (3.3)). Aus diesem Satze ziehen 
wir mehrere Folgerungen. Unter anderem geben wir zwei, dem Mengerschen 
n-Kettensatz ([6], S. 222) ahnliche Trennungssatze (Satze (13.2) und (13.4)). 
Wir leiten gleichfalls aus unserem Hauptsatze eine Reihe von Faktorisations- 
saitzen ab. Ist jedem Punkte X des Graphen nur eine nichtnegative ganze 
Zahl x(X) zugeordnet, so versteht man unter einem xz-Faktor eine Menge 
von Kanten mit der Eigenschaft, daf zu jedem Punkte X genau x(X) Kanten 
der Menge inzident sind (s. [10], S. 316). Sind zu jedem Punkte X zwei 
nichtnegative ganze Zahlen x(X) und %’(X) zugeordnet, so wollen wir unter 
einem verallgemeinerten Faktor ein solches, beziiglich x und x’ aufnehmbares 
Bogensystem H verstehen, bei welchem in jeden Punkt X des Graphen genau 
zx(X) Randpunkte von H fallen. Es werden nun allgemeine notwendige und 
hinreichende — sowie im Falle spezieller Graphen und Kapazitaten einfache 
hinreichende — Bedingungen der Existenz von verallgemeinerten Faktoren 
angegeben (§ 14—16). Diese enthalten als Spezialfalle mehrere Satze iiber 
z-Faktoren von PETERSEN, BAEBLER, TUTTE, BELCK und ORE. 

Wir leiten unsere Satze nur fiir solche Graphen ab, die keine Kanten- 
schlingen, d.h. Kanten mit zusammenfallenden Endpunkten enthalten. Es 
bietet aber keine Schwierigkeit, unsere Ergebnisse auch auf Graphen mit 
Kantenschlingen auszubreiten. 

Den Hauptsatz beweisen wir mit einer geeigneten Verallgemeinerung der 
Methode der alternierenden Ziige (s. [3], [4], [10], [11]). Den Spezialfall, wo 
sdmtliche x’-Werte verschwinden, kann man wesentlich kiirzer behandeln. 
Es scheint wahrscheinlich zu sein, dai der allgemeine Fall auf diesen Spezial- 
fall zuriickfiihrbar ist. Auf diese Weise kénnte man zu einem einfacheren 
Beweis des Hauptsatzes gelangen. 

Die vorliegende Arbeit ist in vier Abschnitte geteilt. Im ersten Abschnitt 
(§ 1—3) geben wir die Erklarung der nétigen Grundbegriffe und formulieren 
den Hauptsatz. Der zweite (§ 4—10) enthalt den Beweis des Hauptsatzes. 
Im dritten (§ 11—13) untersuchen wir einige Spezialfalle des Hauptsatzes 
und leiten die erwahnten Trennungssatze ab. Der vierte Abschnitt (§ 14—16) 
enthalt die Faktorisationssatze. 

Um die weniger wichtigen Behauptungen von den eigentlichen Satzen 
zu unterscheiden, lassen wir die Benennung ,,Satz” bei den ersteren weg. 
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I. FORMULIERUNG DES HAUPTSATZES 


§ 1. Grundbegriffe 


(1.1) Der ungerichtete, endliche Graph 1” ist durch zwei elementen- 
fremde endliche Mengen, durch die Menge @r der ,,Punkte” und die Menge 
Wr der ,,Kanten” sowie durch eine Inzidenzvorschrift J; gegeben. Jp gibt 
an, ob ein beliebiger Punkt von ®p und eine beliebige Kante von Wp inzi- 
dent sind oder nicht, und diese Vorschrift geniigt nur der einen Bedingung, 
dafi zu jeder Kante genau zwei (verschiedene) Punkte inzident sind (s. [5]). 
Wir bezeichnen einen Punkt bzw. eine Kante immer mit X bzw. mit x, 
eventuell auch mit Indizes oder anderen Zeichen versehen. Ist nach /p die 
Kante x zu den verschiedenen Punkten X, und X, inzident, so sagen wir: x 
verbindet die Punkte X, und X,, X, und X, sind die Punkte oder Randpunkte 
von x, x ist eine X,X.-Kante. Von den Punkten und Kanten von J” werden 
wir auch sagen, dafi sie in oder auf I liegen. 

Sind ®r und > beide leer, so heift der Graph I leer. ICT’ soll 
bedeuten: der Graph /” ist ein Teilgraph von I’, d.h. es gilt Or CO@p, 
Pr SWPp und ein Punkt und eine Kante von 7” sind in 7” dann und nur 
dann inzident, wenn sie in J’ inzident sind. Ist 7’ /7’ und 1” J’, so heifbt 
I” ein echter Teilgraph von 7’, und wir schreiben 7” CJ’. Ein Teilgraph 7” 
von /’ ist durch Angabe der Mengen ®, und “7 eindeutig bestimmt. 

Ist J’ cI und liegt nur der eine Randpunkt der Kante x von J’ in I”, 
so sagen wir, dai x den Graphen J” beriihrt, und der nicht zu J” gehérige 
Randpunkt von x heift der dufere Punkt von x (beziiglich 7”). 

Ist M eine beliebige endliche Menge, so bezeichnen wir mit (M) die 
Anzahl der Elemente von M. Die leere Menge bezeichnen wir mit ©. 

Ist E eine beliebige Teilmenge von @®r, so nennen wir die Punkte 
von E kurz E-Punkte. Ist p(X) eine beliebige in @®r definierte Funktion, so 
soll p(E) im Falle E 2 den Wert > ¢(X), im Falle E—© den Wert Null 
bedeuten. tha 7 
Es sei EC @p und FO @Mp. Wir nennen jene Kanten, bei denen ein 
Randpunkt ein E-Punkt und der andere ein F-Punkt ist, eine EF-Kante. Die 
Anzahl der EF-Kanten von I bezeichnen wir mit vr(E, F). Es gilt also z. B. 
yr(Pr, Pr) =v (Hr). Ist eine der Mengen EF und F leer, so sei yr(E, F) =0. 
Ist E={X}, so schreiben wir statt EF-Kanten bzw. statt rr(E, F) auch 
XF-Kanten und vr(X,F). Die Zahl vr(X’, X) gibt die Anzahl der XX’- 
Kanten von JZ’ an. 

Das Zeichen or(X) soll den Grad von X in I’, d.h. die Anzahl der 
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zu X inzidenten Kanten von J” bedeuten. Ist or(X)=0, so heift X ein 
isolierter Punkt von J. 

Ist EC @rp, so soll [E]r denjenigen Teilgraphen von J” bezeichnen, der 
simtliche E-Punkte und EFE-Kanten von J’ und nur diese enthalt. (Ist also 
E= 2, so ist [E]r der leere Graph.) 

Wir machen folgende Vereinbarungen: J’ soll immer einen endlichen 
ungerichteten Graphen bezeichnen, ferner wollen wir von den Zeichen bzw. 
Begriffen, die sich auf 7’ beziehen, den Index J” bzw. die Ausdriicke ,,von 
r”, ,in I’ usw. im allgemeinen weglassen. Diese beziehen sich also — 
wenn anders nicht gesagt wird — immer auf den mit 7” bezeichneten Gra- 
phen. So bedeutet z.B. ® die Menge @r, und der Ausdruck ,,fiir jeden X” 
den Ausdruck ,,fiir jeden X von /””. 

Ist EC@, so setzen wir E= O—E. 


(1.2) Sind Xo, ..., X, (2 = 1)* (nicht unbedingt verschiedene) Punkte 
und x;,..., X, verschiedene Kanten von J’, sind ferner X;-; und xX; die beiden 
Randpunkte von x; (i=1,..., ), so heiBbt die Folge 


Dp a (Xox1 Xi cee Ag Xara) 


ein Zug (von J’). Kommt der Punkt X in der Folge Xo, ..., Xn genau m-mal 
vor (m=1), so heift X ein m-facher Punkt von p. Im Falle m1 bzw. 
m>1 sprechen wir auch von einfachen bzw. mehrfachen Punkten von p (wir 
sagen auch, daB X in p einfach bzw. m-fach ist). Xo ist der Anfangspunkt, 
X, der Endpunkt von p, beide heif®en die Randpunkte von p. Ahnlicherweise 
bezeichnen wir die Kanten x; und x,. Die Anzahl der Kanten von p_ heifit 
die Ldnge von p. 

Wir heben hervor, dafi mit einem Zuge p eine bestimmte ,,Durchlaufs- 
richtung” verbunden ist, die jeder Kante von p eine eindeutig bestimmte 
Reihennummer zuteilt. (Das gleiche gilt fiir die Punkte im allgemeinen nicht!) 


(1.3) Ist p= (X0x1X1 ... Xn-1X%.Xn) ein Zug von I’, so bezeichne 
[ p] = [Xox1 Xi tae Avert kant 


denjenigen Teilgraphen von /’, der sdmtliche Punkte und Kanten von p, und 
nur diese, enthalt. Sind Xo,..., X, verschieden, so heift [p] ein Weg. Xo 
und X, sind die Randpunkte des Weges. Sind Xo,..., Xn+ (a= 2) ver- 
schieden und X,— Xi, so heift [p] ein Kreis. Ein Kreis mit einem aus- 
gezeichneten Punkt X’ des Kreises heift eine Schlinge. Wir nennen X’ den 
Randpunkt der Schlinge, bzw. wir sagen, dali in X’ zwei Randpunkte der 


4 Sind mound n ganze Zahlen und ist m<n, so bedeutet (a,,,..., a,) diejenige 
Folge, die dadurch zustande kommt, da® der Index i in a; jede ganze Zahl von m bis n 
durchlduft. Im Falle m—n bedeutet (a,,,..., a,) das einzige Element a,,. 
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Schlinge fallen. Wege und Schlingen heiBen gemeinsam Bogen. Die von den 
Randpunkten verschiedenen Punkte eines Bogens heifen innere Punkte des 
Bogens. Ist h ein Bogen, so bedeutet die Gleichung 

i— [Xox1 Xy+++ AneitaAal 
daB p= (Xox1 Xi +++ Xn1X,X,) ein Zug ist und A und p dieselben Punkte, 
Kanten und Randpunkte besitzen. 

Den Weg [Xox1X%i] kann man mit der Kante x, selbst identifizieren. 
Wollen wir eine Kante gleich mit ihren Randpunkten angeben, so schreiben 
wir sie in der Form [Xox: Xj]. 

(1.4) Das Zeichen [f, X] bzw. |A, X| soll angeben, wie viele Rand- 
punkte bzw. inneren Punkte des Bogens hf in X fallen. [h, X] bzw. |h, X| 
kénnen nur die Werte 0,1 oder 2 bzw. O oder 1 annehmen. 

(1.5) ©” heift zusammenhdngend, wenn er hochstens einen Punkt ent- 
halt oder wenn zu je zwei Punkten von J’ ein Weg von I  existiert, der 
beide Punkte enthalt. Die maximalen zusammenhangenden Teilgraphen von 7” 
sind die Komponenten von I. Ist I’ nicht zusammenhangend, so besteht er 
aus mehreren nichtleeren Komponenten. 

Ist E&@, so nennen wir die Komponenten des Graphen [EF] die 
E-Komponenten von I” und bezeichnen diese mit [F,], ..., [E;.] (m = 1). Ferner 
soll hier E; (1=i=~m) die Menge der Punkte von [Ej] bedeuten. Ist E— 2, 
Bonist 721, £,=—-6 und [E,] der leere Graph. 


§ 2. Bogen- und Gewichtssysteme 


Von hier an bezeichne 7’ durch die ganze Arbeit immer einen nicht- 
leeren Graphen. 

(2.1) Sind fy, ..., 4, Bogen von I, so heift die Folge H=(h, ..., An) 
ein Bogensystem von I’. Wir betrachten zwei Systeme, die sich nur in der 
Reihenfolge ihrer Glieder unterscheiden, als identisch. Die leere Folge be- 
trachten wir auch als ein Bogensystem. H =O soll ausdriicken, dai H leer ist. 

v(H) bezeichne die Anzahl der Glieder von H. Nach (1.4) gibt im 
Falle H0 


[H, X]= 2 [hi X] bzw. |, X|= 2, [hi X| 


an, wie viele Randpunkte bzw. inneren Punkte der Bogen von H insgesamt 
in X fallen. Ist H—0, so sei [H, X]=|H, X|=0. Es gilt offensichtlich fiir 
jedes System H von I’ 
(1) >, [H, X]=27(F). 

xE@ 
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(2.2) Ein zu I” gehériges Gewichtssystem q kommt dadurch zustande, 
daf wir zu jedem Punkt und zu jeder Kante von J’ eines der Gewichte 0, 1 
oder 1/2 zuordnen. g(X) bzw. g(x) soll das Gewicht bezeichnen, welches 
in g zu X bzw. x gehort. 

Wir sagen, dafi der Bogen h = [Xox1 Xi... Xn-1X» XJ] durch das Gewichts- 
system q gefiilit ist, wenn einer der folgenden Falle besteht: (1) Es gibt ein 
i (0<i<n) mit g(X:)=1. (2) Es gibt ein ¢ (1 Si=a) mit q(x%)=1. (3) Es 
gilt g(Xo) =q(Xn) = 1/2. (4) Es ist q(X0)=G(%Xn)=1/2 oder g(x)= 
= q(Xn) = 1/2. (5) Es gilt q(x) = (Xn) = 1/2 (A= 2). 

Wir wollen nur solche Systeme g betrachten, die jeden Bogen von I’ 
fiillen. Man kann leicht einsehen: fiillt g jede Kante, so fiillt es auch jeden 
Bogen. Bezeichnet man mit A, B bzw. C die Menge der Punkte, die in q 
das Gewicht 0,1 bzw. 1/2 bekommen, so mufi in gq, falls qg jede Kante fiillt, 
jede AA-Kante das Gewicht 1, jede AC-Kante das Gewicht 1/2 erhalten. 
Ferner ist es klar, daf diese Kantengewichte zusammen mit den Punkt- 
gewichten schon zu der Fiillung samtlicher Kanten gentigen. Deshalb werden 
wir im folgenden nur solche Systeme betrachten, die aufier den obenerwahnten 
keine von Null verschiedenen Gewichte enthalten. Diese Systeme sind durch 
die Mengen A, B und C eindeutig bestimmt. Zusammenfassend: Jedes von 
uns betrachtete sog. fiillende Gewichtssystem q geben wir durch eine geord- 
nete Zerlegung der Menge @ in drei Teilmengen an, d.h. wir geben drei 
beliebige, paarweise fremde Teilmengen A, Bund C von ® mit AUBUC=@® 
sowie eine bestimmte Reihenfolge A, B, C dieser Mengen an. Jeder A-, B- 
bzw. C-Punkt soll in g das Gewicht 0,1 bzw. 1/2, jede AA- bzw. AC-Kante 
das Gewicht 1 bzw. 1/2, jede iibrige Kante das Gewicht 0 erhalten. Diese 
Bestimmung von qg werden wir kurz durch 


q =q(A, B, C) 
ausdriicken. 
Wir bezeichnen die Menge der so definierten Gewichtssysteme mit Q. 
Q ist nichtleer. 


§ 3. Aufnehmbare Bogensysteme. Der Wert eines 
Gewichtssystems 


(3.1) Es seien x(X) und x’(X) zwei auf der Menge ® der Punkte von 
I’ definierte Funktionen, die nur nichtnegative ganze Werte annehmen. Wir 
wollen diese ,,Kapazitatsfunktionen” festhalten und die Werte von x(X) als 
Einlaufskapazitaten, diejenige von x’(X) als Durchgangskapazitaten betrachten. 
Ein Bogensystem H von J’ nennen wir in bezug auf x und x’ aufnehmbar, 
wenn H folgenden Bedingungen geniigt: 
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(a) Enthalt H mehr als einen Bogen, so haben diese Bogen paarweise 
keine gemeinsame Kante. 

(b) Fiir jedes X gilt [H, X] =~(X) und |H, X| = x'(X). 

Wir werden im folgenden den Ausdruck_,,in bezug auf x und x’” im 
allgemeinen weglassen (auch bei anderen, von x und x’ abhangigen Begriffen). 
Die Menge der aufnehmbaren Bogensysteme von J” bezeichnen wir mit M. 
Da H=—0 zu M gehort, ist M nie leer. Aus (a) folgt, da& jedes aufnehmbare 
System, falls es mehrere Bogen enthalt, aus lauter verschiedenen Bogen be- 
steht. 

Man kann behaupten: Es existiert der Wert 


Vmax = max v(/7) 
HEM 


(Vmax hangt von I, x und x’ ab), 


der ,,die maximale Anzahl der aufnehmbaren Bogen” angibt. 


(3.2) Wir wollen jedem Gewichtssystem g—q(A, B, C) als seinen Wert 
beziiglich x und x’ eine ganze Zahl S(q) zuordnen. Kann ein Gewicht maxi- 
malerweise zu der Fiillung von « Bogen eines aufnehmbaren Bogensystems bei- 
tragen, so werden wir dies mit der Multiplizitat u in Betracht nehmen. Ist 
jedoch HEM, so kann ein Punkt X auf héchstens x(X)+~’(X) Bogen von 
Hf liegen und es kénnen in X héchstens x(X) Bogen von H enden, ferner 
kann eine Kante in héchstens einem Bogen von H liegen. Die angegebenen 
Grenzen kénnen im allgemeinen nicht durch kleinere ersetzt werden. Deshalb 
bekommt das zu einem Punkt X gehérige Gewicht 1 bzw. 1/2 die Multipli- 
zitat x(X)+%'(X) bzw. x(X). (Nach (2.2) kann das zu X gehdrige halbe 
Gewicht nur zur Fiillung der in X endenden Bogen beitragen!) Ferner ent- 
halten alle zu den Kanten gehérenden Gewichte die Multiplizitat 1. 

Die mit Multiplizitaten betrachteten Gewichte sollen jedoch nicht ein- 
fach addiert werden. Statt dessen teile man zuerst die halben Gewichte so 
in Klassen ein, daf je zwei ,,benachbarte”’ immer zur selben Klasse gehdéren; 
dann berechne man einzeln die ganzen Teile der Summe der zur selben 
Klasse gehdérigen Gewichte, und endlich addiere man diese zu der Summe 
der ganzen Gewichte. Genauer gesagt, betrachten wir die Komponenten [C\] 
(i=1,..., m) von (C], und reihen fiir ein jedes ¢ die zu den Cj;-Punkten 
und zu den AC,-Kanten gehérigen halben Gewichte in eine Klasse ein. Wir 


definieren also S(q) folgendermafien: ” 


™ | ¥(C, (ALC, 
(1) S(q) =(B) +x (B) + (A, A) + S| LOFEE SD |, 


5 [a] bedeutet den ganzen Teil der Zahl a. 
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Wir wollen diesen Ausdruck noch auf eine andere Form bringen. Wir 
nennen eine C-Komponente [Ci] gerade oder ungerade, je nachdem ob die 
Zahl x(C;)+ (A, C;) gerade oder ungerade ist, und bezeichnen die Anzahl 
der ungeraden C-Komponenten mit 7,. Es gilt dann 


(2) Sq) =x(B) + (B) + (4, A) +4 (C+ (A, C)— 1). 


Wir konnen behaupten: Es existiert der Wert 
qEQ 


(Smin hangt von J’, x und x’ ab). 


Nun sind wir endlich in der Lage, unseren Hauptsatz formulieren zu 
konnen: 


HAuPTSATZ (3.3) Es seien in den Punkten des nichtleeren Graphen [ 
die Kapazitdtsfunktionen x und x’ definiert. Es gilt dann 


Vnax = Smin; 


oder anders ausgedriickt: die maximale Anzahl der aufnehmbaren Bogen ist 
gleich dem Minimum der Werte der fiillenden Gewichtssysteme. 


Den Beweis des Hauptsatzes werden wir im II. Abschnitt durchfiihren. 


BEMERKUNGEN. (1) Man kann unseren Hauptsatz in solcher Weise 
verallgemeinern, daB man auch den Kanten nichtnegative ganze Durchgangs- 
kapazitéten zuordnet. Bezeichnet x(x) die zur Kante x gehérige Kapazitat, 
so mufi man bei der Definition der aufnehmbaren Bogensysteme die Forderung 
(3.1) (a) durch jene ersetzen, dafi jede Kante x zu héchstens x(x) Bogen 
des Systems gehédren darf, und bei der Berechnung von S(q) das zu x 
gehérige Gewicht mit der Multiplizitat x(x) in Betracht nehmen. Man kann 
einen Beweis des so entstehenden Satzes dadurch erhalten, daf man die 
Kanten mit x(x) =O weglaft, zu jeder Kante x mit x(x) >1 genau x’ (x)—1 
neue Kanten mit denselben Randpunkten hinzunimmt und auf den so ent- 
stehenden Graphen den Satz (3.3) anwendet. 

(2) Es entsteht ein interessantes Problem dadurch, daf man statt Bogen- 
systeme nur Wegsysteme zulaSt. Wir vermuten, da{ auch in diesem Falle ein 
ahnlicher Satz wie (3.3) besteht. 
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Il. BEWEIS DES HAUPTSATZES 


§ 4. Eine Umformung des Problems 


Wir nehmen im ganzen II. Abschnitt an, daf J’ ein (nichtleerer) Graph 
ist, in dessen Punkten die Kapazitatsfunktionen x und x’ definiert sind. 

Es gilt folgende Behauptung: 

(4.1) Ist HEM und qg€Q, so ist v(H) S S(q). 

BEwEIs. Es sei H € M und g=q(A, B,C), und es seien [C;] ((=1, ..., m) 
die C-Komponenten. Wir zerlegen H in drei Bogensysteme H,, H, und H.. 
H, bestehe aus sdmtlichen solchen Bogen von H, die mindestens einen 
B-Punkt enthalten; H, aus denen, die keinen B-Punkt, aber mindestens eine 
A A-Kante enthalten; endlich H, aus denen, die weder B-Punkte, noch AA- 
Kanten enthalten. H,,H, und H. kénnen auch leer sein. Es gelten dann 


v(H.) + (A) + 1(A.) = (A), 
v(H.) = v(A, A) und »(M,) = x(B)+~'(B). 


Es sei H; (i=1,...,m) das System sdmtlicher Bogen von H., die 
C,-Punkte enthalten. Im Falle C= 2 sei H,—0. Es gilt 


™ 


(2) 2 (Hi) = (Hd). 

Ferner bezeichne 2;,u; bzw. v; die Anzahl derjenigen Bogen von H;, die 
genau 2, 1 bzw. O Randpunkte in C; haben. Dann gelten 

(3) Ait+utvu=v(A), 
(4) 24i+ Hs = %(Ci) 
Fallt nur ein bzw. kein Randpunkt des Bogens A von H; in C;, so enthalt 
h mindestens eine bzw. zwei AC;-Kanten. Es gilt daher u;+-27; 5 v(A, Ci), 
woraus nach (4) 


6) Fone etree [xr c | OO 


folgt. Aus (1), (2), (3) und (5) ergibt sich v(H/) = S(q). 
(4.2) Es sei HEM. Wir setzen 
Ox(H) = ~(X)—[H, X], d(H) = > ox(H), nin = min O(H). 
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Der Wert Omin existiert und es gilt Ox(H)=0, 0(H) =0, Omin= 0. Nach 
(2.1) (1) gelten 


(1) O(H)=xz(®)—2v(H), Omin= %(P)— 2 Vmax: 
Es ist ferner 
(2) Vmax = + x(@). 
Ist g € Q, so folgt nach (4.1) aus (1) 
1 
(3) S(q) = > %(P)— Onin). 


Wir werden nun unseren Hauptsatz (3.3) dadurch beweisen, dal wir 
ein solches g von Q konstruieren, welches die Gleichung 


(4) S(Q) = 4 ((P) — Onin) 


befriedigt. Es folgt namlich dann aus (3), das Smin—=1/2(%(®)—Omin), was 
nach (1) mit max Smin gleichbedeutend ist. 


§ 5. Eine weitere Umformung. Ketten 


Um ein g zu bestimmen, welches (4.2) (4) befriedigt, wollen wir eine 
weitere Umformung durchfiihren, die kurzgesagt darin besteht, dafi man die 
Bogensysteme durch gewisse, zu diesen Systemen gehdrige Teilgraphen von 
I’ ersetzt. 


(5.1) Wir wollen in dieser Arbeit unter einer Kette von J’ einen solchen 
Teilgraphen von J’ verstehen, der jeden Punkt von 7” enthalt. Eine Kette 
von L’ ist durch die Angabe seiner Kanten eindeutig bestimmt. Deshalb sagen 
wir auch, dafi eine Kette aus seinen Kanten ,,besteht”. Diejenige Kette, die 
keine Kante enthalt, heift die Nullkette von I. Im folgenden sollen die vor- 
kommenden Ketten, wenn anders nicht gesagt wird, immer zu J” gehérige 
Ketten bedeuten. 

Mit f (auch mit Indizes oder anderen zeichen versehen) bezeichnen wir 
immer Ketten. Ist f/f, so soll f—f/’ diejenige Kette bezeichnen, die aus 
sdmtlichen solchen Kanten von f besteht, welche in f’ nicht vorkommen. 

Das Zeichen (7, X) soll die Anzahl derjenigen Kanten von f bedeuten, 
die zu X inzident sind (d.h. es ist (f, X) = ;(X)). 

Ist A ein Bogen, H ein Bogensystem von I’, so soll A bzw. H diejenige 
Kette bedeuten, die aus den Kanten von fA bzw. aus den Kanten sdmtlicher 
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Bogen von H besteht. (Ist H=0, so ist H die Nullkette.) Nach (2.1) und 
(3. 1) (a) gilt dann fiir jedes H von M und fiir jedes X 
(1) (H, X)=[H, X]+2|H, X\. 

(5.2) Ist H€ M und gibt es ein H, in M mit H,c H und 0(H,)—0(A), 
so heift H reduzibel. Ist H € M und ist es nicht reduzibel, so heift es irredu- 
zibel. Es bezeichne M; die Menge der irreduziblen Systeme von M. Das System 
H{—0 ist ein Element von M; und wir kénnen behaupten, daB zu jedem H 
von M ein H, in M; mit H,CAH und 0(H,) = 0(F1) existiert. Daraus folgt 
(1) iin OCH) = dnin: 

HEM, 

Es gilt ferner 

(5.3) /st H € M, und besteht fiir den Punkt X die Ungleichung |H, X|>0, 
mest. [#,_X] == x(X). 

BeEwels. Gilt namlich fiir X |H, X|>0, so gibt es einen Bogen fA von 
Hf, der X als inneren Punkt enthalt. A enthalt einen solchen Teilbogen 7’, 
dafi der eine Randpunkt von f/’ der Punkt X ist, der andere jedoch mit einem 
Randpunkt von A zusammenfallt. Ersetzt man dann in H den Bogen fA durch 
h’, so entsteht ein solches System H,, das im Falle [H, X]< x(X) den Bedin- 
gungen H,¢€ M, H,CA und »(H,;)—+(H) geniigt. Dies widerspricht jedoch 
nach (4.2) (1) der Irreduzibilitat von H. 

Aus (5.1) (1) und (5.3) folgt 

(5.4) Es sei HE M;. Dann gelten 

(1) im Falle (H,X)=x(X) die Gleichungen [H,X]=x(X) und 
(A, X)—«(X)=2|H, X|; 

(2) im Falle (H, X) = x(X) die Gleichung |H, X|=0. 

Aus (5.1) (1) und (5.4) folgt weiter 

(5.5) Ist HE Mi, so besitzt H die folgenden Eigenschaften: Fiir jedes X 
ist (H, X) S «(X)+2x'(X). Ist (H, X) >«(X), so ist die Zahl (H, X)—x(X) 
gerade. 

(5.6) Wir wollen unter Beachtung von (5.5) eine beliebige Kette f (von 
I in bezug auf x und x’) aufnehmbar nennen, wenn f den folgenden Bedin- 
gungen geniigt: 

(a) Ftir jedes X gilt (f, X) S #(X) +2x'(X). 

(b) Ist (f, X) > %(X), so ist die Zahl (f, X)—x(X) gerade. ' 
Die Menge der aufnehmbaren Ketten (von /”) bezeichnen wir mit M. Die 
Nullkette ist ein Element von M. 

Es sei f¢ M. Gilt dann fiir den Punkt X (f, X) = «(X) bzw. (f, X)>x(X), 
so sagen wir, daB X durch f gefiillt bzw. libergefiillt ist. 
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Wir setzen 
dx(f)—=max(0, A(X), X)), A= ZAx(A), Sain = min df) 


und nennen eine Kette von M mit 3(f) =dnin eine extreme Kette von M. 
Offensichtlich existieren extreme Ketten in M. 
Man kann behaupten: 


(5.7) Ist f' Sf, so gilt 0(f)=9(f), und das Gleichheitszeichen gilt 
dann und nur dann, wenn fiir jedes X mit (f’,X)<(f, X) die Ungleichung 
(f', X) = x(X) besteht. 

Aus (5.4), (5.5) und (5.6) folgt 

(5.8) Ist HE M,, so ist HEM und es gilt fiir jedes X 0x(H) =0x(H), 
sowie 0(H) = 0(F). 

(5.9) Ist f€M und gibt es ein f’ in M mit f/cf und d(f')—d(f), 
so heift f reduzibel. Ist f¢€M und nicht reduzibel, so heibt es irreduzibel. 
Die Menge der irreduziblen Ketten von M bezeichnen wir mit M;. Die Null- 
kette ist ein Element von M;, und zu jedem f von M gibt es ein f’ in M; 
mit f/Cf und d(f’)=d(f). Daraus folgt 
(1) min 0(f) = Omin- 

rem, 

Ist fem und ist k ein solcher Kreis von f, dessen sémtliche Punkte 
durch f iibergefiillt sind, so heiBt k ein weglaBbarer Kreis von f. Nach (5. 7) 
k6nnen wir behaupten: 

(5.10) Ist f€ M und gibt es einen weglaBbaren Kreis von f, so ist f- 
reduzibel. 

Es gilt auch die Umkehrung dieser Behauptung: 

(5.11) Ist f eine reduzible Kette von M, so enthélt f einen weglasbaren 
Kreis von f. 

Bewels. Existiert namlicht ein f’ in M mit f/Cf und 0(f’)=0(f), so — 
sind nicht alle Punkte in f’—f—/’ isoliert, und siamtliche nichtisolierten 
Punkte von f” sind nach (5.7) durch f’ gefiillt und durch f iibergefiillt. 
Ferner sind alle diese Punkte nach (5.6) (b) geraden Grades in f’. Daraus 
folgt, daB f” einen Kreis enthalt. Dieser ist aber von f weglafibar. 

Ahnlicherweise kann man die Richtigkeit folgender Behauptung einsehen : 

(5.12) Ist f€ M und ist f nicht die Nullkette, sind ferner sdimtliche nicht - 


isolierten Punkte von f durch f iibergefiillt, so enthdlt f einen weglapbaren 
Kreis. 
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Wir beweisen nun folgende Behauptung : 

(5.13) Zu jedem f von M; gibt es ein H in M; mit H=f, 

BEwEIs. (I) Es sei f€ M;. Ist f die Nullkette, so konnen wir HO 
setzen. Daher kann angenommen werden, daf f auch nichtisolierte Punkte 
enthalt. Wir wollen in diesem Beweis einen solchen Bogen von f, dessen 
innere Punkte durch f tibergefiillt sind, dessen Randpunkte jedoch nicht, einen 
f-Bogen nennen. Wir zeigen, daB f-Bogen existieren. Nach (5.12) und (5. 10) 
gibt es ein X, mit O<(f, X)) =x(X,). f enthdlt eine Kante [X,x,X,]. Ist 
(f, %1) = x(X), so ist [X.x,Xi] ein f-Bogen. Nehmen wir an, daB (f, X;) > 
> x(X,) ist. Es bezeichne L die Menge derjenigen Wege w von f, die folgende 
Eigenschaften besitzen: X, ist der eine Randpunkt von w, und sdmtliche von 
X, verschiedenen Punkte von w sind durch f tibergefiillt. L ist nichtleer. Es 
sei w’ = [X)x,X1... Xn-1X, Xn] ein Weg von L mit maximaler Anzahl von 
Kanten. Es gibt eine von x, verschiedene Kante [X,,x’X’] von f. Es ist dann 
h=[XomX ... Xn-1XnX,X’ X’] ein f-Bogen. Ist namlich fA ein Weg, so muf 
(f, X’) = «(X’) sein. Im Falle X’— xX, ist unsere Behauptung trivial. Der 
Fall X’= X; (0<isn—1) kann nicht eintreten, da dann [X:xiiXin..- 
... X,X X’] ein weglaBbarer Kreis von f ware. 

(If) Es bezeichne m eine positive ganze Zahl. Wir nehmen an, dah 
unser Satz fiir samtliche solche Ketten von M, richtig ist, die weniger als m 
Kanten enthalten, und daB f (f¢€M,) genau m Kanten besitzt. Es sei A, ein 
beliebiger f-Bogen. Fiir f,—f—A/, gilt f,¢ M und 0(f) =0(f)+2. f, kann 
keinen weglafbaren Kreis enthalten, denn ein solcher Kreis ware auch von f 
weglaBbar. Nach (5.11) ist dann f, € M,. f, enthalt weniger Kanten als f, und 
so gibt es laut unserer Annahme ein H, in M; mit H,=f,. Nach (5.8) ist 
dann fiir jedes X 0x(H,;)=Ox(f,) und 0(H,)=0(f,). Figen wir fh, zu H,, 
so entsteht ein System H mit H—f. 

Wir zeigen, daB H€M ist. H geniigt der Bedingung (3.1) (a). Um zu 
beweisen, daf H auch (3.1) (b) erfiillt, geniigt es nur die Punkte von f, zu 
untersuchen. Ist X ein innerer Punkt von f,, so ist (f, X) = x(X), daher gilt 
nach (5.4) (f,, X)=(X) + 2|Mi, X|, was zusammen mit (f,, X)=(f, X)—2< 
<x(X)+2x'(X) die Ungleichung |H,, X|<~'(X) ergibt. Ist X ein Rand- 
punkt von f,, so ist (f,X)=(X), und daher gilt [H, X] = (H, X) =~(X). 
Daraus folgt, daB H die Bedingung (3. 1) (b) erfiillt. Es gilt also He M. 

Es gilt ferner 0(H) = 0(H1)—2= 0(/). 

Endlich beweisen wir, daf H irreduzibel ist. Nehmen wir namlich das 
Gegenteil an, dann gibt es ein H’ in M; mit H’CH_ und 0(H’) = 0(F). 
Nach (5. 8) ist H’ €M und 0(H’)=0(H’), woraus 0(H’)=d(f) folgt. Das 
widerspricht jedoch der Irreduzibilitat von f. Es ist damit der Beweis von 
(5. 13) beendet. 
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(5.14) Ist HE M:, so ist HE M,. 

BEwEls. Laut (5.8) geniigt es zu zeigen, dal H irreduzibel ist. Nehmen 
wir an, daf es ein f’ mit fe M, f’ CA und 0(f’)=0(A) gibt. Zu f’ existiert 
ein f” in M; mit f’Sf’ und 0(f’)=O0(f). Nach (5.13) gibt es dann ein 
H’ in M; mit A’=f’. Laut (5.8) ist 0(H’)=0(f”) und 0(H)=0(H). Es 
gilt also H’CH und 0(H’)=0(H). Das widerspricht aber der Irreduzibilitat 
von H. 

(5.15) Aus (5.8), (5.13) und (5. 14) folgt 


min 0(f) = a matt), 
fem, 


und das ergibt, zusammen mit (5.2) (1) und (5.9) (1) die Gleichung 
Dmin = Omin- 


Um unseren Hauptsatz zu beweisen, geniigt es daher nach (4. 2) ein solches 
Gewichtssystem g von Q zu konstruieren, welches die Gleichung 


(1) S() =F (() — nin) 


befriedigt. Zu dieser Konstruktion werden wir von einer extremen Kette f 
von M ausgehen, und auf diese das Verfahren der alternierenden Ziige an- 
wenden. 


§ 6. Alternierende Ziige 


(6.1) Um unsere Ausdrucksweise zu verkiirzen, ist es vorteilhaft, einer 
jeden Kette f von J’ eine charakteristische Funktion f(x) zuzuordnen. f(x) sei 
auf sdmtlichen Kanten von J/’ definiert, und es bestehe f(x) 1 oder f(x) =O, 
je nachdem ob x eine Kante von f ist oder nicht. 

Es sei f vorlaufig ein beliebiges Element von M. Wir nennen den Zug 
P=(XoxX... Xpr1X, Xn) einen zu f gehdrigen alternierenden Zug (kurz: 
a-Zug), wenn entweder n=1 ist, oder wenn n>1 ist und p fiir jedes — 
i (1 =i=n—1) folgenden Bedingungen geniigt: 

(a) Ist f(x) —=f(xin1), so ist X; ein einfacher Punkt von p. 

(b) Ist f(x:) = f(xiui1) = 1, so ist (f, X)>x(X). 

(c) Ist f(xi)=f(Xiui1) =0, so ist (f, X) S x(X)+2x/(X)—2. 

Wir nennen den Punkt X des a-Zuges p einen Wechselpunkt von p, 
wenn bei dem Durchlaufen von p der Wert von f(x) sich bei jedem Durch- 
gang iiber X andert, oder wenn X ein Randpunkt von p ist. Nach (a) ist 
jeder mehrfache Punkt von p ein Wechselpunkt von p. 
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_ Ist p= (XoxrX1... Xn-1%Xn) ein zu f gehdriger a-Zug, so ist auch 
D=(XixXnXn-1.. ~ XX Xo), sowie 


Dig = (Xia XX; +++ Xj-1x; Xj) OS a) 
ein solcher Zug. Die Ziige py; bzw. p;, (1=i= =n) heifen die Anfangs- bzw. 
Endteile von p. 
Man kann in gewissen Fallen zwei zu f gehérige a-Ziige zu einem 


dritten vereinigen. Wir wollen einige leicht ersichtliche hinreichende Bedin- 
gungen solcher Vereinigungen in dem folgenden Lemma zusammentfassen: 


LEMMA (6.2) Es seien p=(X0xX1 Xi... Xn-1XmXm) und p’ =(XIxi Xi... 
». Xn-1Xn Xn) Zwei zu f gehirige a-Ziige, die den folgenden vier Bedingungen 
gentigen: (1) Xn—=X%6; (2) p und p’ haben keine gemeinsamen Kanten; (3) 
ist X ein gemeinsamer Punkt von p und p’, so ist X sowohl in p wie auch 
in p’ ein Wechselpunkt; (4) Es besteht einer der folgenden drei Fille: 


(a) (Xm) FF(x1); 
(b) f(Xm) =f(xt)=1, Xn ist sowohl in p als auch in p’ einfach und 
(f, Xm) > #(Xm); 
(c) f(Xm)=f(xi)=0, Xm ist in p und auch in p’ einfach und (f, Xn) S 
= 24(Xm) + 2x (Xn) —2. 
Dann ist auch 
6d bie — (Xox1X1 diene Xe Xen AmXiaAt ners NpeeX pain) 


ein zu f gehoériger a-Zug. 
Der folgende Satz enthalt die Grundidee der Anwendung der a-Ziige. 


Satz (6.3) Ist f eine extreme Kette von M, so gibt es keinen zu f ge- 
hérigen a-Zug p=(Xox1X1... Xn-1XnXn) mit den Eigenschaften: f(x:)= 
= f(xXn)=0, (f, Xo) < *(Xo), (f, Xn) < #(X,) und im Falle Xo= Xn (f, Xo) = 
== % (Xo) 2. 
Bewels. Es sei f€ M und 0(f) —Omin. Nehmen wir an, dab solche zu 
f gehdérigen a-Ziige existieren, welche die in (6.3) angefiihrten Eigenschaften 
besitzen, und es sei p—=(Xox1X1...Xn-1X,X») ein solcher Zug mit mini- 
maler Anzahl von Kanten. Wir definieren eine Kette /’ wie folgt: Ist f(xi)—1 
(i S=i=n), so sei f’(x)=0. Ist f(x)=O (1 Sisn), so sei f' (xi) = 1. 
Ist x xX1,...,X,, So sei f’(x)=f(x). Wir werden zeigen, dai f’ €M und 
D(f)<d(/) us woraus die Richtigkeit unseres Satzes folgt. 
(1) Zuerst sei X entweder ein Wechselpunkt von p, oder sei X kein 
Punkt von p. Fallt X mit einem der Punkte X, und X, zusammen, so gilt 
(f, X)< (f’, X) =x(X), und daraus folgt dx(f’) < dx(f). Ist XX, An, 80 
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ist (f’, X)=(f, X). Es ist dann 0x(f’)=90x(f), und wir sehen, dai f’ bei 
X beide Bedingungen von (5.6) erfiillt. 

(Il) Es sei X= X; (O<i<_n), und es gelte f(xi1)=f(xi)) =1. Dann 
folgt nach (6. 1)(a), (b): XX), Xn, (f’, X)=(f, X)—2 und (f, X) > «(X). 
Daraus ergibt sich 0x(f’)=0x(f)=0 und man sieht, dah} f’ bei X beide 
Bedingungen unter (5.6) befriedigt. 

(III) Es sei X= X; (0<i<_n) und f(x-1)=—f(xi) =O. Dann folgt nach 
(6. 1)(a), (c): XX, Xn, (f’, X) =CF, X) +2 und (Ff, X) S x(X) +2 (X)—2. 
Daraus kann man sehen, daB 0x(f’)=0x(f) gilt, sowie daB f’ bei X der 
Bedingung (a) unter (5.6) geniigt. Gilt fiir X noch (f, X)=x(X), so folgt 
aus den obigen, dai f’ bei X auch (5.6)(b) erfiillt. Der andere Fall kann 
nicht eintreten. Ware namlich (f, X) < x(X), so ware — da X; ein einfacher 
Punkt von p ist — (Xox1.X1... Xi-1Xi-1X;) ein zu f gehdriger a-Zug, mit den 
in (6.3) angefiihrten Eigenschaften, der weniger Kanten als p enthalten 
wiirde. 

Aus (I), (II) und (III) folgt f/€ M und 0(f’) < 0(f). 


§ 7. Der Hilfspunkt X°. Beweis eines Lemmas 


(7.1) Es sei nun f eine beliebige extreme Kette von M. Im weiteren 
Teil des II]. Abschnittes wollen wir diese Kette f festhalten. Um unsere Be- 
weisfiihrung zu vereinfachen, konstruieren wir nach BERGE ({3], S. 176) aus 
I’, x und f einen neuen Graphen 7“ wie folgt: Wir nehmen zu J” einen 
neuen Punkt X* hinzu und verbinden X* mit jedem durch f nicht gefiillten 
Punkt X von /’ durch 0x(f) neue Kanten. Ferner erweitern wir die Funk- 
tionen x und x’ auf /™ folgendermafien: Es sei 

(a) x(X*)=Omin;  (b) x’ (X*)=0. 
Die zu /™ gehérige Kette f* soll aus samtlichen Kanten von f und aus 
sdmtlichen neuen Kanten bestehen. (f*, X) soll die Anzahl der zu X _ inzi- 
denten Kanten von /™ bezeichnen. Wir stellen einige leicht ersichtliche Ei- 
genschaften von f* zusammen: 

(1) Fiir jede zu X* inzidente Kante x gilt f*(x)—1. 

(2) (f°, X*) =x(X"). 

(3) f* ist eine (beziiglich x und x’) aufnehmbare Kette von J”. 

(4) Jeder Punkt X von J™ ist durch f* gefiillt. 

(5) Ist X durch f" tibergefiillt, so gibt es keine XX*-Kante. 

Aus (6.3) leiten wir eine weitere Eigenschaft von f* ab: 


(7.2) Es existiert in I kein zu f* gehoriger a-Zug p* von der Struktur 
p = (X*x0Xo ace AnXapie-) (n = 0). 
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Bewels. Nehmen wir an, daf in J* ein a-Zug p* von der angegebenen 
Struktur existiert. Ist 20, so ist p*—=(X*x,X)x,X*). Nach (7. 1)(1) und 
(6. 1)(b) gilt (f*, X:) > *(X), was zu (7. 1)(5) in Widerspruch steht. 

Es sei n>0O. Dann ist nach (7.1)(1),(2) und (6.1)(b) der Teil 
p=(Xoxi Xt... Xn1XnXn) von p* ein zu f gehdriger a-Zug von I’. Aus der 
Existenz von xo und X41 folgt, dai X) und X, durch f nicht gefiillt sind, 
und im Falle X»= xX, sogar (f, X,))=(X,)—2_ besteht. Ferner gilt nach 
(7.1) (4), (5) (f*, X) =%(X%), (f*, Xn) =x(X,), und so erhalten wir unter 
-Beachtung von (7.1)(1) und (6.1)(b) die Gleichung f(x,)—/(x,)—0. Dies 
widerspricht jedoch dem Satz (6. 3). 


(7.3) Von hier an bis zum Ende des II. Abschnittes sollen sich unsere 
Begriffe und Bezeichnungen — wenn anderes nicht gesagt wird — nicht 
auf J’, sondern auf /™ beziehen. Unter Punkten, Kanten und Ziigen verstehen 
wir also immer beliebige Punkte, Kanten und Ziige von /”*. Ferner haben 
v(E, F) und [EF] die Bedeutung yrrs(E,F) bzw. [E]rx, und eine E-Kompo- 
nente bedeutet eine E-Komponente von /™. 

Um unsere Ausdrucksweise weiter zu vereinfachen, wollen wir die Kan- 
ten von f* «-Kanten, diejenigen Kanten, die nicht zu f* gehdren, ¢-Kanten 
nennen. (Fiir jede ¢-Kante ist also f*(x) = 1, und fiir jede 6-Kante f*(x) = 0.) 
Die Zeichen wu, v,w,u,v,w sollen einen beliebigen der Buchstaben @ und ¢ 
bedeuten, und zwar soll im selben Satz bzw. Beweis immer uu, vv, 
ww gelten. 

Samtliche im weiteren Teil des Il. Abschnittes vorkommenden a-Ziige 
sind zu f* gehérige a-Ziige von 7”. Deshalb werden wir diese kurz nur als 
a-Ziige bezeichnen. Vielmals wird es geniigen, statt der Randkanten der 
a-Ziige nur die Art dieser Kanten zu bezeichnen. Wir fiihren daher folgende 
kurze Schreibweise ein: 

= ew Xa) 

soll bedeuten, da& X, der Anfangspunkt, X, der Endpunkt des a-Zuges p 
ist und die Anfangs- bzw. Endkante von p eine u- bzw. v-Kante ist. Kann 
kein Mifverstandnis entstehen, so werden wir im allgemeinen in den a-Ziigen 
neben den Randpunkten nur die in unseren Behauptungen explizit vorkom- 
menden Elemente bzw. Kantenarten bezeichnen. Wir wiederholen nochmals 
die folgende Vereinbarung von (6.1): p und p bezeichnen solche a-Ziige, 
die sich nur in der Durchlaufsrichtung unterscheiden. 

Im Beweis des folgenden Lemmas beniitzen wir keine speziellen Eigen- 
schaften von I, x und x’. Beziiglich f* beniitzen wir nur (7. 1)(3). 


LEMMA (7.4) Es sollen die a-Ziige p=(X1 ..."X2) und po== (XoXo... X’) 
die folgenden Bedingungen erfiillen: 


10* 
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(1) X’ liegt auf p; 
(2) liegt X, auf p, so ist er ein Wechselpunkt von p. 
Dann existiert ein a-Zug von der Struktur 
Py=(XoXo»-» Xq) oder Po==(XoXqae. Az); 
der nur solche Kanten enthdlt, die in p oder in py liegen. 


BewEls. (I) Liegt x, in p, so bezeichne p’ baw. p” denjenigen Anfangs- 
bzw. Endteil von p, dessen End- bzw. Anfangskante x, ist. X) ist entweder 
der Endpunkt von p’ oder der Anfangspunkt von p”. Im ersten Falle kann 
man p,—p’, im zweiten p,=p” setzen. 

(II) Wir nehmen an, dai x, nicht in p liegt. Es sei Ps (XoXo - - - Xs-Xg) 
der kiirzeste Anfangsteil von p,, dessen Endpunkt auf p liegt und es sei x; 
eine w-Kante. Da x, nicht auf p liegt, haben p,; und p keine gemeinsame 
Kante. p, und p kénnen nur die Punkte X, und X, gemeinsam haben, und 
im Falle X,;+£ X) ist X, einfach in pz. 

(1) Ist X;—X, und w=—u, so ist p; ein gesuchter Zug p,. Ist X;,—X, 
und wu, so k6nnen wir nach (6.2)(a) p,=p;p setzen. Im Falle X;—= X, 
kann man 4hnlich verfahren. 

(2) Es sei X;—X,, X,. Es bezeichne p, einen Anfangsteil von p, 
dessen Endpunkt X; ist, und p, den zu p, komplementaren Endteil von p. 
Es sei x, die Endkante von p,, x, die Anfangskante von p;. Wir k6nnen 
behaupten: Die gemeinsamen Punkte von p,; und p, bzw. von p,; und p,; sind 
in den beiden Ziigen Wechselpunkte. 

Ist ferner X; ein Wechselpunkt von p, so besteht entweder /*(x;)-4 
+# f*(x,) oder f*(x;)#«f*(x,). Nach (6.2)(a) kann man im ersten Falle 
Pi=Ps~Ps, im zweiten p,=— pp; setzen. 

Ist X; kein Wechselpunkt von p, so ist X, einfach in jedem der Ziige 
Pp, ps und p;. Ferner ist X;5—.X), und so ist X,; auch in p, einfach. Man 
kann nun p,—p;p; (und auch p,= p,p,) setzen. Dies folgt im Falle f*(x;) 
+ f*(xs) wieder aus (6. 2)(a). Im Falle f*(x;)—f*(x;) haben f*(x;), f* (x) 
und f*(x;) den gleichen Wert 1 bzw. 0, und so folgt laut (6.1)(b),(c) aus — 
(6. 2)(b), (c) unsere Behauptung. 


§ 8. Die «-, 6- und y-Punkte 


(8. 1) In diesem Paragraphen niitzen wir von J“, x und x’ nur die eine 
spezielle Eigenschaft aus, dai x’(X*)—0O ist, und von f* nur die Eigen- 
schaften (7. 1)(1), (2), (3) und (7.2). 

Wir fiihren einige neue Bezeichnungen ein. Ein a-Zug, dessen Anfangs- 
punkt X™ ist, soll ein X*-Zug heifen. Existiert zu dem Punkt X ein X*-Zug, 
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dessen Endpunkt X und dessen Endkante eine u-Kante ist, so heiBt X er- 
reichbar, genauer u-erreichbar. Unabhangig von dieser Definition wollen wir 
X* immer erreichbar, und zwar §-erreichbar nennen. Nach (7.2) ist X* nicht 
@-erreichbar. Es ist klar, daB jeder Punkt eines X*-Zuges erreichbar ist. 


(8.2) X soll ein @-Punkt heifen, wenn X «-erreichbar, jedoch nicht 
6-erreichbar ist und (f*, X) = (X) besteht. Ist X @-erreichbar, jedoch nicht 
a-erreichbar, und gilt (f*,X) >x(X)+2x'(X)—2, so wollen wir X einen 
6-Punkt nennen. Nach unseren Annahmen gilt: 

(8.3) X* ist ein 6-Punkt. 

Wir nennen einen jeden solchen Punkt von J”, der weder e@- noch 
6-Punkt ist, einen y-Punkt. Die unerreichbaren Punkte sind alle y-Punkte. 
Ferner sind samtliche Punkte, die sowohl e@- als auch (-erreichbar sind, 
ebenfalls y-Punkte. Ein erreichbarer y-Punkt kann jedoch auch nur e@- oder 
nur #-erreichbar sein. Diese wollen wir ya- bzw. yg-Punkte nennen. 

Wir kénnen behaupten: 

(8.4) Ist X ein ya-Punkt, so gilt (f*, X)>x(X); ist X ein ye-Punkt, 
so gilt (f*, X) =u(X)+2x'(X)—2. 

Es besteht ferner : 


(8.5) Liegt X auf dem X*-Zuge p, und ist X ein u-Punkt, so ist X 
ein Wechselpunkt von p. 


BewEIs. Ist X kein Wechselpunkt von p, so ist X kein Randpunkt von 
p, und er ist einfach in p. Es gibt daher einen und nur einen Anfangsteil 
p’ von p mit dem Endpunkt X. Da auch p’ ein X*-Zug ist, mufi nach (8. 2) 
die Endkante von p’ eine u-Kante sein. Laut (6.1)(b),(c) widerspricht das 
jedoch der Annahme, dai X ein u-Punkt ist. 

Aus (7.1), (1), (2) und (6. 1)(b) folgt: 

(8.6) X* kann nur ein Randpunkt eines a-Zuges sein. 


Es gilt ferner: 
(8.7) Ist X, ein u-Punkt und X, ein v-Punkt, so gibt es keinen a-Zug 
p von der Struktur p=(X1'...°X2). 


BEwEIs. Nehmen wir an, dafB ein solcher Zug p existiert. Nach (7.2) 
ist dann einer der Punkte X, und X,, z.B. X, von X* verschieden. Es gibt 
dann einen X*-Zug p,—(X*...X,). Nach (8.6) kann man_ jetzt (7. 4) 
anwenden, woraus die Existenz eines a-Zuges p,—(X*..."X,) oder 
po=(X*...°X) folgt. Das widerspricht jedoch unserer Annahme, dai X, 


ein a-Punkt und X, ein v-Punkt ist. 
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Aus (8.7) folgt: 
(8.8) Zwei u-Punkte kénnen nur durch u-Kanten verbunden sein. 


(8.9) Ein unerreichbarer Punkt kann von den erreichbaren Punkten nur 
mit den a- und 6-Punkten durch Kanten verbunden sein, und zwar mit einem 
e-Punkt nur durch eine a-Kante, mit einem 8-Punkt nur durch eine 6-Kante. 


BEwels. Es sei X ein unerreichbarer, X’ ein erreichbarer Punkt und 
[XxX] eine u-Kante. Offensichtlich ist X’-4 X*. Ferner ist X’ nicht w-erreich- 
bar. Ist namlich X’ a-erreichbar, so gibt es einen X*-Zug p= (X"... “X’). 
p kann X und demnach auch x nicht enthalten. Nach (6.2)(a) ist dann 
p(X’xX) ein a-Zug und X erreichbar. 

Wir zeigen, daf X’ kein y,-Punkt sein kann. Nehmen wir an, dah xX’ 
ein y,-Punkt ist. Es gibt einen X*-Zug p, mit dem Endpunkt x’. Es bezeichne 
p, den kiirzesten Anfangsteil von p,, dessen Endpunkt X’ ist. Dann ist X’ 
in p. einfach, die Endkante von p, eine u-Kante, und es kann weder X noch 
x in p, liegen. Demzufolge ist aber nach (8.4) und (6.2)(b),(c) p.(X’xX) 
ein X*-Zug, und so ware X erreichbar. 

Es kann also xX’ nur ein u-Punkt sein. 


§ 9. Erreichbare und unerreichbare Komponenten 


(9.1) Es bezeichne A, B* und C die Menge der «-, S- und y-Punkte, 
@* die Menge sdmtlicher Punkte von J™. Laut (8.3) ist X*¢€B*. Es sei 
B= B*—{X"}. Mit diesen Mengen bestimmen wir das zu 7“ bzw. I" ge- 
horige fiillende Gewichtssystem 


g’ = q"(A, B*,C) bzw. g=4q(A,B, C). 


Unser Ziel ist zu zeigen, dai qg ein gesuchtes, der Bedingung (5. 15)(1) 
geniigendes System ist. In §9 werden wir zu diesem Zwecke die Eigen- 
schaften der C-Komponenten von /™* untersuchen. 


(9.2) Im tibrigen Teil dieses Paragraphen beniitzen wir nur die unter 
(8.1) erwadhnten Eigenschaften von /™,- x, x’ und f*. 


Wir bezeichnen die C-Komponenten von /”™, d.h. die Komponenten 
des Teilgraphen [C] von * mit |C,] (i=1,...,m). C; (i—=1,...,m) soll 
die Menge der Punkte von [Cj] bedeuten. Nach (8.9) besteht eine nichtleere 
C-Komponente entweder aus lauter erreichbaren oder aus lauter unerreich- 
baren Punkten. Dementsprechend nennen wir eine C-Komponente entweder 
erreichbar oder unerreichbar. Im Falle C=C, © nennen wir [C,] unerreich- 
bar. Nach (8.9) kénnen wir ferner behaupten: 
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(9.3) Beriihrt eine Kante eine C-Komponente, so ist der dupere Rand- 
punkt der Kante (in Bezug der Komponente) entweder ein a- oder ein $-Punkt. 
Es gilt die Behauptung: 


(9.4) Ist [Ci] eine nichtleere C-Komponente und X € C,, bezeichnet Jerner 


p=(X"*...X’xX) einen solchen X*-Zug, in dem X'€C; und x eine u-Kante 
ist, so ist X’ ein u-Punkt. 


BEwEls. Nach (9.3) geniigt es zu zeigen, daB X’ kein u-Punkt ist. Ist 
X’ ein u-Punkt und X’+ X*, so existiert die vorletzte Kante von p, und 
diese mu eine u-Kante sein. Dies widerspricht jedoch dem Satze (8.5). Ist 
X” ein u-Punkt und X’— X*, so muf u— @ sein, was zu (7.1)(1) in Wi- 
derspruch steht. , 

Unter Beachtung von (9.4) wollen wir jede solche uw-Kante, die die 
C-Komponente [C,] beriihrt und deren duferer Randpunkt (in Bezug von 
[C;]) ein w-Punkt ist, eine Eintrittskante von [C;] nennen. 

Aus (8.9) folgt: 


(9.5) Die unerreichbaren C-Komponenten besitzen keine Eintrittskante. 
Der folgende Satz bildet den Kernpunkt unserer ganzen Beweisfiihrung: 


SATZ (9.6) Jede erreichbare C-Komponente besitzt genau eine Eintritts- 
kante. 


Wir zerlegen den Beweis dieses Satzes in mehrere Teile (von (9.7) 
bis (9.11)). 


(9.7) Es sei [C;] eine beliebige erreichbare C-Komponente. Wir wollen 
[Ci] im folgenden festhalten. Erst zeigen wir, da8® [C;] eine Eintrittskante be- 
sitzt. Es sei X€C;. Da X*€C;, gibt es einen X*-Zug p mit dem Endpunkt 
X. Es bezeichne p’=(X*... X’xX”) den kiirzesten Anfangsteil von p, dessen 
Endpunkt zu C; gehdért. Dann ist X’€C;. Ist x eine u-Kante, so ist nach 
(9.4) X’ ein u-Punkt, und daher ist x eine Eintrittskante von [Cj]. 

Es sei nun [X)x,X,] eine beliebige Eintrittskante von [C;] mit X,€Ci, 
X,€ C;, es sei ferner x) eine u-Kante und X, ein w-Punkt. Wir wollen im 
folgenden auch x, und u festhalten und zeigen, dali x, die einzige Eintritts- 
kante von [Cj] ist. 

Wir wollen einen a-Zug p einen X,-Zug nennen, wenn er folgende 
Bedingungen erfiillt: Es ist X, der Anfangspunkt, x, die Anfangskante von 
p, und mit Ausnahme von X, und x, gehéren sdmtliche Punkte und Kanten 
von p zu [Cj]. Ist X€C; und gibt es einen X,-Zug mit dem Endpunkt X, so 
sagen wir, daf X in [Cj] erreichbar ist. Gibt es einen X,-Zug mit dem End- 
 punkt X, dessen Endkante eine v-Kante ist, so heiBt X in [C;] v-erreichbar. 
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Wir bemerken, dai jeder von X, verschiedene Punkt eines X,-Zuges in [Cj] 
erreichbar ist, und jeder nicht in [Ci] liegende Punkt in [C;] unerreichbar ist. 


(9.8) Ist X v-erreichbar und in [Ci] erreichbar, so ist er auch in [Ci] 
v-erreichbar. 

Bewels. Es sei X€C;, p=(X*...°X) ein X*-Zug und p ein X,-Zug 
mit dem Endpunkt X. Ist die Endkante von p, eine v-Kante, so ist nichts 
zu beweisen. Es sei also py=(X)X)X,..."X). Da X*EC; ist, gibt es einen 
kiirzesten Endteil von p, dessen Anfangskante nicht zu [C;] gehort. Es sei 
dieser Teil p,—(X2x,X;...’X), und x, sei eine w-Kante. AuSer X, und x 
liegen sémtliche Punkte und Kanten von p, in [Ci]. Wendet man (9.4) auf 
denjenigen Anfangsteil von p an, dessen Endkante x, ist, so sieht man, dah 
X, ein w-Punkt ist. Ist x, x), so ist p, ein X,-Zug, und dann ist der Be- 
weis fertig. Nehmen wir an, dafi x,— x, ist. Liegt X, auf p,, so kann nur 
X,— X, bestehen, also ist X, ein Wechselpunkt von p,. Wir k6nnen daher 
in jedem Falle (7.4) auf p, und p, anwenden. Demzufolge gibt es einen 
a-Zug p3==(XoX%)..."X) oder py==(X)X...°X), und diese Ziige enthalten 
nur solche Kanten, die entweder in p, oder in p, vorkommen. Nach (8. 7) 
kann aber p; nicht existieren. Es existiert also p,. Wir zeigen nun, dai p, 
ein X,-Zug ist. Da von den Kanten von p, und p, nur xX, und x, nicht zu 
[C:] gehéren, geniigt es zu beweisen, dai x, nicht in p, liegt. Nehmen wir 
an, da x, in p, liegt. Von den Kanten von p, kénnen nur x, und x, zu X, 
inzident sein. Ist X,—X), so sind wegen x, xX, genau zwei Kanten von 
p, mit X, inzident. Dies ist jedoch unmdglich, da X, der Anfangspunkt, je- 
doch nicht der Endpunkt von p, ist. Ist X,+ X), so ist von den Kanten von 
Py genau eine Kante zu X, inzident. Dies ist aber wieder unmdéglich, da jetzt 
X, kein Randpunkt von p, sein kann. Es ist also p, tatsachlich ein X,-Zug, 
und daher ist X in [Cj] v-erreichbar. 


(9.9) Ist X’ ein in [Ci] erreichbarer, X ein in [Ci] nicht erreichbarer 
Punkt und ist x eine von x, verschiedene X’X-Kante, so existiert ein a-Zug 
p=(X)X)...xX), dessen siimtliche, von x, und x verschiedene Kanten zu 
[Ci] gehéren. 


Bewels. Es sei x eine v-Kante. Liegt X auf einem X,-Zug, so kann 
nur XX, bestehen, und deshalb kann x zu keinem X,-Zug gehdren. 
(1) Nehmen wir erst an, daB ein X,-Zug p,—(X)x)... °X’) existiert. 
Man kann dann (6.2)(a) auf die a-Ziige p, und p’—(X’xX) anwenden, 
demzufolge ist ppp’ ein gesuchter a-Zug. 
. (II) Es sei jetzt X’ in [Cj] nicht v-erreichbar. Es gibt einen X,-Zug p, 
mit dem Endpunkt X’. Es bezeichne p, den kiirzesten Anfangsteil von p,, — 
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dessen Endpunkt X’ ist. X’ ist im X,-Zug p, einfach, und die Endkante 
von ps ist eine v-Kante. Nach (9.8) kann jedoch X’ jetzt nicht -erreichbar 
sein, daher muB X’ ein y,-Punkt sein. Demzufolge ist nach (8.4) und 
(6.2)(b), (c) p=p.p’ ein gesuchter a-Zug. 

(9.10) Jeder Punkt von C; ist in [C,] erreichbar. 


Bewels. Der Punkt X, der Kante x, ist offensichtlich in [C,] erreichbar. 
Nehmen wir an, dafi in [Cj] Punkte existieren, die in [C,] nicht erreichbar 
sind. Da [C;] zusammenhangend ist, gibt es dann in [C,] eine Kante x, die 
einen in [Cj] erreichbaren Punkt X’ mit einem in [C,] nicht erreichbaren 
Punkt X von C; verbindet. Nach (9.9) existiert jedoch dann ein a-Zug 
p=(X)X)...xX), dessen samtliche Kanten auBer x, zu [C;] gehdren. Es ist 
also X in [C;] erreichbar, was ein Widerspruch ist. 

(9.11) Nehmen wir nun endlich an, da& eine von x, verschiedene 
Eintrittskante von [Cj] existiert. Es sei [Xx X’] eine solche Kante mit X€C;, 
X’€C; und x sei eine v-Kante, X’ ein v-Punkt. Nach (9.10) ist X’ in [C;] 
erreichbar. Nach (9.9) gibt es dann einen a-Zug p==(X)X%)...xX). Das wi- 
derspricht jedoch (8.7). Damit haben wir den Beweis von (9.6) beendet. 

Nach (9.6) kénnen wir nach der Art der Eintrittskanten die erreich- 
baren C-Komponenten in zwei Klassen teilen. Wir nennen eine erreichbare 
Komponente @- oder -erreichbar, je nachdem ob die Eintrittskante eine e- 
oder 6-Kante ist. Wir kénnen dann nach (9.3), (8.9) und (9.6) zusammen- 
fassend behaupten: 

(9.12) Ist [Ci] eine beliebige C-Komponente, so sind die Kanten, die 
[Ci] beriihren, entweder AC;- oder B*C;-Kanten, und zwar sind — mit Aus- 
nahme der eventuell vorhandenen einzigen FEintrittskante — sdmtliche AC; - 
Kanten a-Kanten, stimtliche B*C;-Kanten (-Kanten. 

(1) Ist [Ci] unerreichbar, so gibt es keine Ausnahme. 

(2) Ist [Ci] «-erreichbar, so ist eine B*C;-Kante «-Kante. 

(3) Ist [Ci] @-erreichbar, so ist eine AC;-Kante $-Kante. 

(9.13) Bezeichnet man die Anzahl der a- bzw. §-erreichbaren C-Kom- 
ponenten mit 04 bzw. og, so gibt es unter den AC-Kanten genau v(A, C)—oz, 
unter den B*C-Kanten genau 0. @-Kanten. 

Beziiglich g* haben wir eine C-Komponente [Cj] je nachdem gerade 
bzw. ungerade genannt, ob die Zahl «(C;)+7(A, C) gerade oder ungerade 
ist (s. (3. 2)). Es gilt nun: 

(9.14) Es sind sdmtliche erreichbaren C-Komponenten ungerade, samt- 
liche unerreichbaren gerade. 
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BEweEIs. Betrachten wir eine beliebige C-Komponente [C;] (1 =i=™m). 
Es sei u; bzw. 7; die Anzahl derjenigen «-Kanten, die [C,] beriihren bzw. 
die in [C,] liegen. Da jede Kante zu genau zwei Punkten inzident ist, und 
die betrachteten «-Kanten auferhalb von [C;] genau w;, in den Punkten von 
[Ci] genau >’ (f*, X) Inzidenzen hervorrufen, gilt 
XEC; 


(1) (utr) = wit 2 X). 


Andernfalls ist nach (7.1)(3), (4) fiir jedes X die Zahl (f*, X)—x(X) ge- 
rade, und demzufolge ist auch 


aPC) = 2 (PF, X)—*(X) 


gerade. Daraus und aus (1) folgt 
(2) u;+z(C;))=0 (mod 2). 
Nach (9.12) ist aber 

“=v (A, C) +48, 


wo &=0O, 1 oder —1 ist, je nachdem ob [C\] unerreichbar, e- oder $-erreich- 
bar ist. Dies ergibt zusammen mit (2) die Richtigkeit unserer Behauptung. 


§ 10. Bestimmung von S(q) 


Wir wollen beziiglich des Wertes S(qg*) des unter (9.1) definierten 
Gewichtssystems g* folgende Behauptung beweisen: 

(10.1) Es gilt 2S(qg*)=x(@"). 

BEwEIs. Es ist nach (3. 2)(2) 


S(g") = 2(B) + (B+. 1(A, A) +4 (e(C) +A, C)—2), 


wo tv die Anzahl der ungeraden C-Komponenten bedeutet. 

Da x(@*) = x(A)+%(B")+x(C) ist, ist (10.1) der folgenden Behaup- 
tung gleichwertig: 
() x(A) = x(B") + 2%'(B") + 27(A, A)+ v(A, C)—t. 

Um dies zu beweisen, werden wir die Anzahl 1, derjenigen «@-Kanten, 
die den Teilgraphen [B"] beriihren, auf zweierlei Weisen ausdriicken. 

(I) Ist X ein 6-Punkt, so folgt im Falle x(X)>0O aus (8.2) und 
(7. 1)(3), im Falle %(X)—0O aus (7.1)(3),(4) die Gleichung (f*, X)= 
= 2(X)-+2x'(X). Nach (8.8) kénnen wir dann behaupten 


(2) Yq — (BY) + 2x’ (B"). 
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(II) Aus (7. 1)(4) und (8.2) folgt, daB zu jedem @-Punkt X genau x(X) 
e-Kanten inzident sind. Nach (8.8) ist jede AA-Kante eine @-Kante. Wir 
kénnen daher nach (9.13) behaupten: unter den AB*-Kanten kommen genau 

%(A)—2v(A, A)—(9(A, C)—o,) 
«-Kanten vor. Daraus erhalten wir nach (9. 13) fiir 7. den Ausdruck 
(3) Va = u(A)—2(A, A)— (A, C)+ 0+ 0p. 

Es ist aber nach (9.14) o.-+-0;—, und so ergibt sich aus (2) und 
(3) die Gleichung (1). 

(10.2) Um den Wert S(q) zu erhalten, nehmen wir auger B*— Bu{X*} 
und (7. 1) (a), (b) auch in Betracht, daB vr(A, A) = 7(A, A), vr(A, C) = (A, C) 
ist und die C-Komponenten von J’ mit denen von /™ identisch sind, sowie 
dafi diese Komponenten in J’ und in J/™ gleichzeitig gerade oder ungerade 
sind. Wir erhalten so die Gleichungen 

S(q*)=S(q)+oOmin und x(®*)=x(®)+ dmin. 
Diese ergeben jedoch zusammen mit (10.1) fiir S(qg) den Wert 
x (D)— min 


Sqy= 2. 


Nach (5.15) haben wir damit den Beweis des Hauptsatzes (3.3) beendet. 


Ill. SPEZIELLE GEWICHTSSYSTEME UND KAPAZITATSFUNKTIONEN 


§ 11. Gewichtssysteme mit besonderen Eigenschaften 


In diesem Paragraphen wollen wir zeigen, daf man sich bei der Be- 
stimmung des minimalen Wertes von S(q) auf Gewichtssysteme mit beson- 
deren Eigenschaften beschranken kann. Dies wird uns bei gewissen speziellen 
Kapazitatsfunktionen es erméglichen, unserem Hauptsatz eine tibersichtlichere 
Fassung zu geben. 

(11.1) Es seien in den Punkten des Graphen /’ die Kapazitdtsfunk- 
tionen x(X) und x’(X) definiert,° und es sei g= q(A, B,C) ein beliebiges 
Gewichtssystem mit A#~@, ferner sei XE€A. Wir wollen untersuchen, 
welche Anderung S(q) bei der Verlegung von X nach C erfahrt. Es sei 


A=A_—{Xs, C’'=Cu{X}, ¢= (A,B,C). 
Es gilt folgende Behauptung: 


6 Von hier an beziehen sich unsere Begriffe und Bezeichnungen wieder auf den mit 
IT’ bezeichneten Graphen. 
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(11.2) Ist v(X, A) = z(X)—1, so ist S(q’) = SQ). 


Bewels. Es ist x(C’)—=(C)+(X), v(A’, A’) =v(A, A)—v(X, A) und 
v(A’, C')=v(A, C)+ (XK, al C). Daraus folgt nach (3 2)(2) 


SV) = SQ) + > 5 (x(X)—0(X, A)—v(X, C)+%—Tr). 


Ist v(X,C)—=0, so sind samtliche C-Komponenten auch C’-Komponenten, 
und aufer diesen gibt es nur noch eine C’-Komponente: xX. Mithin ist 
Ty =, oder T—=t,+1, je nachdem ob x(X)+y7(X, A) gerade oder un- 
gerade ist. Im ersten Falle folgt daraus, da v(X,A)—x(X)—1 nicht ein- 
treten kann, die Behauptung S(q’) = S(q). Im zweiten Falle ist die gleiche 
Behauptung offensichtlich richtig. 

Nehmen wir nun an, daB v(X,C)>0 ist. Es seien [C] ((=1,..., m) 
die C-Komponenten, und von diesen seien [Ci] ((—=j-+1,...,m) diejenigen, 
fiir welche »(C;,A)>0O gilt (0=j<m). Dann sind die C’-Komponenten: 
[Cia] mit Chia=( U C)u{X} und, falls />0 ist, [C;] =[C] G@=1, ee 

isj+i 

Es bezeichne ferner o die Anzahl der ungeraden Komponenten unter 
[Cis], .--, [Cn], und es sei «=O oder 1, je nachdem ob [Cj,:] gerade oder 
ungerade ist. Es gilt dann 

Tqy— Ty = O—8& 
und 


Sig) =S()— > (v(X, A)—x(X) + (X, C)—o +8). 


Es besteht ferner (X, C) = m—j =o. 

Gilt nun v(X,A)=x(X) oder v(X,C)>o, so ist  offensichtlich 
S(7) = S(q). 

Ist »(X, A) =x(X)—1 und »(X, C)—o9, so zeigen wir, daB ¢—1 ist, 
woraus wieder S(g’) = S(qg) folgen wird. In diesem Falle muff namlich 
v(X,C)=1 und «(C;)+%7(A, C)=1 (mod 2) fir jedes i=j+1,...,.m 
bestehen und deshalb ist die Zahl 

#(Cis1) + (A’, Chr) = %(X) + 9(X, A) + 2 HCV+MA, C;)—1) 
ungerade. 

(11.3) Nehmen wir jetzt von g—q(A, B,C) an, dai C#2© ist, und 
es sei X€C. Das System q’ definieren wir folgendermafen: Es sei 


B'=Bu{X}, C’=C—{X} und g'=q’(A, B,C’). 
Es gilt dann die Behauptung: 


MAXIMUM-MINIMUM SATZE 157 


(11.4) Ist v(X, A) = “(X)-+2x'(X), so ist S(q’) = S(q). 
Bewels. Eine einfache Rechnung zeigt, daf 


S(q’) = S(q)— : (1(A, X)—(%(X) + 2% (X)) +. ty —1,) 


ist. Es sei [C,] diejenige C-Komponente, die X enthdlt, und es sei C*— 
= C,—{X}. Die Gesamtheit der C’-Komponenten besteht aus simtlichen von 
C, verschiedenen C-Komponenten sowie (falls C*-- ) aus den Komponenten 
des Teilgraphen [C*]. Mithin ist +, =<+,—1, und die Gleichheit kann hier 
nur dann eintreten, wenn [C,] ungerade ist und samtliche Komponenten von 
[C*] gerade sind oder C’— % ist. In diesen Fallen mu jedoch x%(X)+ 
+(A,X) ungerade sein, und so kann in 7(A, X) =x(X)+2%(X) das 
Gleichheitszeichen nicht gelten. Hieraus sehen wir, da® in jedem Falle 
S(7) = S(q) gilt. 
| (11.5) Es bezeichne Q, die Menge jener Gewichtssysteme g—gq(A, B, C), 
welche folgende Eigenschaften besitzen: 

(a) A enthdlt, falls es nichtleer ist, nur solche Punkte X, die der Un- 
gleichung v(X, A) <z(X)—1 geniigen. 

(b) C enthdlt, falls es nichtleer ist, nur solche Punkte xX, die der Be- 
dingung v(X, A) <~z(X)+2z'(X) geniigen. 
| Nach (11.2) und (11.4) kénnen wir dann behaupten: 
(1) min S(q) = Smin. 

GE Vo 

Wir nennen die Punkte der Menge EC ® (in /’) unabhdngig, wenn 
im Falle y(E)>1 je zwei von ihnen durch keine Kante (von /’) verbunden 
sind. Dann kann man folgende Behauptungen machen: 

(11.6) Ist fiir jedes X x(X)+x#(X)=—1, so ist in jedem System 
qg=q(A, B,C) von Q, die Menge A leer. 

(11.7) Jst fiir jedes X u(X)+2x(X)=2, so besitzt jedes System 
g= (A,B,C) von @, die Eigenschaften: 
(1) Die A-Punkte sind unabhdngig, und fiir fedes X von AGL Bi) 2. 

(2) Zu jedem C-Punkt ist héchstens eine AC-Kante inzident. 


§ 12. Haupt=-und Nebenpunkte. Hauptwege 


(12.1) Wir wollen einige spezielle Kapazitatsfunktionen betrachten, bei 
denen unser Hauptsatz bzw. einige nachfolgende Satze eine iibersichtlichere 
Formulierung zulassen. Nehmen wir folgende Bedingungen: 
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(a) Fiir jedes X mit x(X) > 0 ist x’(X)=0. 

(b) Fiir jedes X mit x(X)—0 ist x’(X) = 1. 

Geniigen die Funktionen x und x diesen Bedingungen, so ist x’ durch z 
eindeutig bestimmt, und wir nennen in diesem Falle % und x’ zueinander 
komplementdr. Ferner nennen wir jetzt die Punkte X mit ~(X)>0O Haupt- 
punkte, diejenigen mit x(X)—0O Nebenpunkte und diejenigen Bogen, deren 
Randpunkte bzw. innere Punkte Haupt- bzw. Nebenpunkte sind, Haupt- 
bogen. Die Bogen eines aufnehmbaren Bogensystems sind jetzt alle Haupt- 
bogen, und diese kénnen nur Randpunkte gemein haben. 

Eine weitere beachtenswerte Spezialisierung erhalten wir durch die 
Annahme, dai bei komplementaéren Kapazitaten x in jedem Hauptpunkt den 
gleichen Wert o annimmt. Um ein solches Paar von Kapazitétsfunktionen 
anzugeben, geniigt es, irgendwelche Punkte von /’ als Hauptpunkte aus- 
zeichnen, die tibrigen als Nebenpunkte betrachten und den Wert o vor- 
schreiben. (Die Menge der Haupt- bzw. Nebenpunkte kann auch leer sein!) 

Von hier an werden wir uns im II. Abschnitt nur mit den letzter- 
wahnten Kapazitétsfunktionen beschaftigen, und zwar nur im Falle o=1. 


(12.2) Es seien nun in /” irgendwelche Punkte als Hauptpunkte aus- 
gezeichnet. Die iibrigen Punkte von /’ werden wir dann immer — ohne 
dies ausdriicklich zu betonen — Nebenpunkte nennen. Die Funktionen z(X) 
und x’(X) seien durch folgende Bedingungen definiert: Fiir jeden Haupt- 
punkt sei x(X)==1 und x’(X)=0, fiir jeden Nebenpunkt x(X)—0O und 
x (X)—=1. Wir bezeichnen die Anzahl der Haupt- bzw. Nebenpunkte in 
einer beliebigen Teilmenge E von ® mit ,(E) bzw. »,(E). 

Die aufnehmbaren Bogen fallen jetzt mit den Hauptwegen zusammen. 
Ein Hauptweg ist ein solcher Weg, dessen Randpunkte bzw. inneren Punkte 
Haupt- bzw. Nebenpunkte sind. Ein aufmehmbares Bogensystem besteht aus 
unabhingigen Hauptwegen, d.h. aus solchen Hauptwegen, die paarweise 
keinen gemeinsamen Punkt enthalten. max gibt jetzt die maximale Anzahl 
der unabhdngigen Hauptwege an. 

Betrachten wir nun den Wert Smin. Nach (11.5)(1) und (11.6) geniigt 
es bei der Bestimmung dieses Wertes, nur solche Systeme g—4q/(A, B, C) 
zu betrachten, in denen A leer ist. Solche Systeme sind durch die Angabe 
der einzigen, beliebig wahlbaren Teilmenge B von ® bestimmt. Wir setzen 
daher fiir solche g 


S(q)=S'(B) und +,=1(B) (B— O—B). 


v(B) gibt die Anzahl der ungeraden, d. h. derjenigen Komponenten von [8], 
die eine ungerade Anzahl von Hauptpunkten enthalten. Bezeichnen [Bi] 
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(i I,... m) die Komponenten von [B] SO gilt nach... (3.2 2 
d ’ ' : 1 
und (11.5) (3. 2)(1), (2), (11. 6) 


m 


(1) S'(B)=0(B)+ > a oH (B)| =7(B) e ((B)—1(B)) 


und 
min S’(B) — Sune . 
Bop 


Unseren Hauptsatz (3.3) kann man jetzt folgendermagen formulieren: 


: SATZ (12.3) Sind in I irgendwelche Punkte als Hauptpunkte ausgewahlt, 
so ist die maximale Anzahl der unabhdngigen Hauptwege dem Wert min S’(B) 
gleich. aa 
Wegen spdteren Anwendungen wollen wir noch folgende Behauptung 
beweisen : 


(12. 4) Gilt fiir die Teilmenge B von ® die Ungleichung S'(B)<S’(2), 
Bo ist t(B) = 2. 


: ; 1 ; 
BEweEls. Es_ ist S'(S) => (%(®)—t(®)). Wir erhalten also aus 


S'(B)<S'(@) die Ungleichung +(B)>7(B)+7,(B)+7(®). Da jetzt BH o 
gilt, besteht 7(B) = 2. 

(12.5) Bisher haben wir von den Gewichten der fiillenden Gewichts- 
systeme verlangt, daB sie jeden Bogen des Graphen fiillen (s. (2. 2)). Lassen 
wir diese Forderung fallen und verlangen nur, daB samtliche Hauptwege 
gefiillt werden, so sind bei einem System g—4q(@, B, B) samtliche in Neben- 
punkten liegenden halben Gewichte zu der Fiillung iiberfliissig. Es ist jetzt 
naheliegend, eine neue Art von Gewichtssystemen zu betrachten. Diese Sy- 
steme, die wir Systeme zweifer Art nennen und mit dem Buchstaben r bezeich- 
nen wollen, definieren wir folgendermafen: In r sollen nur die Punkte Ge- 
wichte erhalten, und zwar sollen wieder nur die Gewichte 0, 1 und 1/2 vor- 
kommen. Einen Hauptweg w nennen wir jetzt durch r dann gefiillt, wenn w 
einen Punkt mit dem Gewicht 1 oder zwei Punkte (diese miissen nicht die 
Randpunkte von w sein) mit halben Gewichten enthalt. r heibt fiillend, wenn 
jeder Hauptweg von J” durch r gefiillt ist, oder wenn in J’ kein Hauptweg 
existiert. Die Menge dieser fiillenden Gewichtssysteme bezeichnen wir mit R. 
R ist offensichtlich nichtleer. 

Den Wert von r definieren wir gleichfalls von neuem. Es bezeichne B 
die Menge derjenigen Punkte, die in r das Gewicht 1 erhalten und 7(E) 
die Anzahl derjenigen Punkte einer beliebigen Teilmenge E von ®, die inr 
das Gewicht 1/2 haben. Unter Beachtung von (12. 2) und der oben Gesagten 
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sei der Wert von r 


mm 


(1) s"n=78)+ 2 z ra(B)], 


wo [B,] (i=1,...,m) die Komponenten von [B] bedeuten (B = ®—B). 

Wir wollen nun zeigen, daf die Behauptung von (12.3) auch mit den 
Gewichtssystemen zweiter Art giiltig bleibt: 

Satz (12.6) Sind in I’ irgendwelche Punkte als Hauptpunkte ausgewahit, 
so ist die maximale Anzahl der unabhdngigen Hauptwege dem Wert ah S’(r) 
gleich. a 


BEwels. (1) Es sei B eine beliebige Teilmenge von ®, und [Bj] 
(i=1,...,m) seien die Komponenten von [B]. Ferner bezeichne r, jenes Ge- 
wichtssystem zweiter Art, in dem die Punkte von B das Gewicht 1, die 
Hauptpunkte von & das Gewicht 1/2, die Nebenpunkte von B das Gewicht 0 
erhalten. Es ist dann r,€ R und es gilt 1(B;))=%7,(B,) (i=1,..., m). Nach 
(12. 2) (1) und (12.5) (1) ist dann S”’(,)—S’(B), und so ist laut (12. 3) 
min S”(r) = Vmax. 

re (Il) Es sei jetzt r ein beliebiges Element von R. Es bezeichne ferner B 
die Menge der Punkte, die in r das Gewicht 1 enthalten, und [B,] (i=1,..., m) 
seien die Komponenten von [B]. Endlich sei W ein beliebiges System unab- 
hangiger Hauptwege. Die Anzahl der Wege von W, die einen #-Punkt 
enthalten, ist =7(B). Ein Weg von W, der keinen B-Punkt enthalt, mu ganz 
in einer der Komponenten [Bj] liegen. In einem [B;] kénnen aber héchstens 


E riu(B)| unabhangige Hauptwege liegen. Es folgt daraus nach (12.5) (1), 


dali v(W)=S"(r) ist. Wir gelangen so zu ymax=minS’(r), und damit ist 
unser Beweis beendet. rER 


§ 13. Trennungssatze 


(13.1) Es sei /’ wieder ein Graph, in dem irgendwelche Punkte als 
Hauptpunkte ausgezeichnet sind. Die einfachsten fiillenden Gewichtssysteme 
zweiter Art sind offensichtlich jene, bei denen nur die Gewichte 1 und 0 vor- 
kommen. Ein solches System ist durch die Menge D der Punkte mit posi- 
tiven Gewichten vollsténdig bestimmt und so beschaffen, dafi jeder Haupt- 
weg von /’ einen D-Punkt enthalt. Wir kénnen hier statt der Fiillung der 
Hauptwege auch von der Trennung der Hauptpunkte sprechen, da man von 
keinem Hauptpunkt zu einem anderen ohne Beriihrung eines D-Punktes ge- 


langen kann. (Auch die Randpunkte der Hauptwege kénnen an der Trennung 
teilnehmen!) 
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Wir nennen nun eine Teilmenge D von @ trennend, wenn jeder Haupt- 
weg von /” mindestens einen D-Punkt enthalt (oder wenn J” keinen Haupt- 
weg besitzt). 7 bezeichne die Menge der trennenden Teilmengen (T ist nicht- 
leer). Es sei ferner 

min == Min v(D). 

: DET 
Die Zahl 7tmin existiert und bedeutet die minimale Anzahl der trennenden 
Punkte. 

Es stellt sich dann die Frage: Was fiir ein Zusammenhang besteht 
zwischen min UNd max? Man kann als Antwort im allgemeinen keine genaue 
Gleichung angeben, sondern muf sich mit Ungleichungen begniigen. 

Es besteht folgender 


SATZ (13.2) Sind in I irgendwelche Punkte als Hauptpunkte ausge- 
zeichnet, so gilt 


ees 


BeweEls. Nach (12. 3) gibt es ein BO @® mit 


m 


(1) $(B)=(8) + S|4(B)]—ran B= 0-8), 


wo [B] (i=1,...,m) die Komponenten von [B] sind. Wir definieren eine 
Menge D wie folgt: Wir wahlen in jedem B;, das Hauptpunkte enthilt, je 
einen Hauptpunkt aus. Es soll nun D aus sdmtlichen Punkten von B sowie 
aus sdmtlichen Hauptpunkten von B, mit Ausnahme der ausgewdhlten, be- 
stehen. Es ist klar, daB dieses D trennend ist, und es gilt 


(2) (D) = (B)+2> 4 n(B)}. 
Aus (1) und (2) folgt 
| (3) v(D) = 2 Vmax me (B), 


und dies ergibt min =2¥max. 

BEMERKUNGEN (1) Satz (13. 2) kann ohne weitere Voraussetzungen nicht 
verscharft werden. Dies zeigt folgendes Beispiel: J’ bestehe aus n isolierten 
,»Dreiecken” und jeder Punkt von I’ sei Hauptpunkt. Dann ist ¥max =, 
in = LN. . 

(2) Ist / ein paarer Graph und sind samtliche Punkte von L Haupt- 
punkte, so kann man durch eine einfache Modifizierung des Beweises von 
(13. 2) zu der Ungleichung min = max gelangen. Da anderseits offensichtlich 
Amin = Vmax besteht, erhalten wir min = Vmax. Diese Gleichung ist mit der 
Behauptung des Kénigschen Satzes (1) unserer Einleitung identisch. 


11 Acta Mathematica XII/1—2 
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(13.3) Der Graph in der vorangehenden Bemerkung (1) ist nicht zu- 
sammenhangend. Nimmt man an, dal der Graph zusammenhangend ist, bzw. 
daB der ,,Zusammenhangsgrad” des Graphen einen gewissen Wert erreicht, 
so kann man den Satz (13. 2) verscharfen. 

Wir sagen: Die verschiedenen Punkte X’ und X” sind durch die von 
X’ und X” verschiedenen Punkte X,,...,X; (21) getrennt, wenn jeder 
Weg von J’, der X’ mit X” verbindet, mindestens einen der Punkte .X;,)..9-40 
enthalt. Die Aussage ,,/° ist beziiglich der Hauptpunkte y-fach zusammen- 
hdngend” soll folgendes bedeuten: 

Im Falle 71: Héchstens eine der Komponenten von J’ enthalt Haupt- 
punkte. In diesem Falle werden wir auch J” beziiglich der Hauptpunkte zu- 
sammenhangend nennen. 

Im Falle 7=2: I ist beziiglich der Hauptpunkte zusammenhdangend, 
und je zwei Hauptpunkte X’ und xX” kénnen durch weniger als 7, von X’ 
und X” verschiedenen Punkten nicht getrennt werden. 

Aus dieser Erklarung folgt: Ist 7’ beziiglich der Hauptpunkte 2)-fach 
zusammenhangend (7>1), so ist er auch (7)—1)-fach zusammenhangend. 

Nun wollen wir unter Beachtung von (4.2) (2) folgenden Satz aus- 
sprechen : 


SATZ (13. 4) Es seien in I irgendwelche Punkte als Hauptpunkte aus- 
gezeichnet. Ist dann I’ beziiglich der Hauptpunkte 1-fach zusammenhdngend 


(7 21) undrist asx pe n(®)), so ist 


min = 2V max — 7}. 


BEwEls. Es sei B dieselbe Menge wie im Beweis von (13.2). Da I 
beziiglich der Hauptpunkte zusammenhangend ist, ist s(oy=|4n@], 


und so gilt S’(B)<S’(@). Dann ist aber nach (12.4) 7(B)=2. Jede ungerade 
B-Komponente enthalt jedoch einen Hauptpunkt, und so existieren in B zwei 
Hauptpunkte, die durch die Punkte von B getrennt werden. Es gilt daher 
v(B)=yn, und so folgt laut der Ungleichung (3) des Beweises von (13. 2) 
die Behauptung min S 2¥%max— 7. 


BEMERKUNGEN. (1) Gilt nicht max < + rn()), so ist nach (4. 2) (2) 


wi 
Vmax = i v(@)}. In diesem Falle kann — wie das folgende Beispiel zeigt — 
JUmin > 2 Vmax —— 1) eintreten. 
. Es sei D={Xi,..., Xn, Xi,..., X74} (N22, n<n<2n) und TF soll je 
eine X;X}-Kante (i=1,...,2; /==1,...,7) enthalten, jedoch keine andere 
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Kanten. My ee Xn seien die Hauptpunkte, Xi,...,X; die Nebenpunkte. 
Dann ist f’ beziiglich der Hauptpunkte  7-fach zusammenhangend, 


Vmax = B aa Pe vn (P) 


(2) Ohne weitere Bedingungen kann man auch (13. 4) nicht verscharfen. 
Das zeigt folgendes Beispiel: Es sei 
BS {Aises iain} Bo {Xi, a1 0p Xyh (Zs2n=n), 
C:={Xi, Xo, Xs} (i= 1,..., 1; 121), 
und es seien A, B und sdmtliche C; paarweise elementenfremd. @ bestehe 


aus samtlichen Punkten der Mengen A, B und C; (i=1,..., 2), die Menge 
der Kanten von I’ 


aus je-ciner X;Xj;-Kantée (¢—=1,...,2; j==1,.-., 7), 
aus je einer X;,X/-Kante (i=1,...,/; j=1,...,7; k=1, 2,3) und 
aus je einer X; X;-Kante (i lee, (Sf, R15 2,35: f a= h). 


Die A-Punkte und die C;-Punkte seien die Hauptpunkte, die B-Punkte die 
Nebenpunkte. Es ist dann /’ beziiglich der Hauptpunkte 7-fach zusammen- 
hangend, ¥max=7+/, Mmin—=7 +21. Es gilt daher min = 2?max—7. 

(3) Wir vermuten folgende Verallgemeinerung von (13. 2): 


Sind in I’ irgendwelche Punkte als Hauptpunkte ausgezeichnet, und ist 
die maximale Anzahl solcher Hauptwege, die paarweise keinen Nebenpunkt 
gemeinsam haben, gleich Vmax, so ist die minimale Anzahl der derart auswahl- 
baren Nebenpunkte, dap jeder Hauptweg mindestens einen der ausgewdahlten 
Punkte enthalt, nicht gréfer als 2Vmax. 

Dieser Satz scheint tieferliegend zu sein als (13.2). Man kénnte natiir- 
lich einen Beweis dieser Vermutung erhalten, wenn man einen unserem 
Hauptsatz ahnlichen Satz iiber Hauptwege hatte. (S. Bemerkung (2) bei (3. 3).) 


IV. VERALLGEMEINERTE FAKTOREN 


§ 14. Allgemeine Existenzsatze 


(14.1) Es sei V ein nichtleerer Graph, ~(X) und x’(X) seien auf der 
Menge der Punkte von J” definierte Funktionen, die nur nichtnegative ganze 
Werte annehmen. Ein zu x und x’ gehoriger verallgemeinerter Faktor von I" 
oder kurz ein (x,x’)-Faktor ist ein solches Bogensystem H von J’, das fiir 
jeden Punkt X von J’ den Bedingungen 


(1) [H, X]=x(X) und |H, X|Sx'(X) 


LE 
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geniigt. Nach (4.2) konnen wir auch sagen: Ein (x, #’)-Faktor ist ein auf- 
nehmbares Bogensystem H mit d(H) =O. Ist fiir jedes X %(X)=9, so sind 
die (x, x’)-Faktoren mit den gewohnlichen x-Faktoren identisch (s. [10] und [7]). 

Sind x und x’ zueinander komplementar (s. (12. 1)), so sollen die (x, x’)- 
Faktoren topologische x-Faktoren heiben. 

Sind endlich zu dem Graphen /" keine Funktionen x und x’ angegeben, 
sondern sind nur in J” irgendwelche Punkte als Hauptpunkte ausgezeich- 
net, so verstehen wir unter einem ftopologischen o-Faktor — wo o eine 
natiirliche Zahl bedeutet — einen topologischen z-Faktor, bei dem die Funk- 
tion x~(X) in jedem Hauptpunkt den Wert o, in jedem Nebenpunkt den 
Wert 0 annimmt. 

Aus unserer Erklarung und aus (4. 2) folgt unmittelbar die Behauptung: 
I’ besitzt dann und nur dann einen (z, x’)-Faktor, wenn 


1 
(2) Vmax = %(P) 
besteht. Daraus beweisen wir den 


SATZ (14.2) Es seien in den Punkten von I’ die Kapazitdtsfunktionen 
“(X) und x'(X) erklart. I enthdlt dann und nur dann einen (x, x’)-Faktor, 
wenn fiir jedes Gewichtssystem q = q(A, B, C) 


(1) 5) = Sa) 


besteht, oder anders formuliert, wenn bei jeder Zerlegung der Menge ® in drei 
Mengen A, B und C die Ungleichung 

(2) %(A) =x(B)+ 2x'(B)+29(A, A) + 7(A, C)—t 

besteht, wo die Anzahl der Komponenten [C,] von [C] mit x(C))+7(A, C)=1 
(mod 2) bedeutet. 


Bewels. Nach (4.1) ist max =S(q). Besteht also (14.1) (2), so gilt fiir 
jedes q die Ungleichung (1). Gilt umgekehrt fiir jedes g die Ungleichung (1), 
so besteht laut unseres Hauptsatzes (3.3) die Ungleichung max => x(0), 
woraus nach (4. 2) (2) die Gleichung (14.1) (2) folgt. 

Die Ungleichung (1) ist unter Beachtung von %(@) = x(A) + x(B)+(C) 
mit (2) gleichwertig. 


BEMERKUNG. Ist fiir jedes X %(X)=0, so gibt (14.2) die Belck— 
Tuttesche Bedingung der Existenz von o- bzw. x-Faktoren endlicher Graphen 
an ({2], Theorem IV; [10], Theorem XV). 
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Wir wollen uns mit den topologischen 1- und 2-Faktoren auch separiert 
beschaftigen. 


(14. 3) Betrachten wir zuerst die topologischen 1-Faktoren. Es seien in 
f’ irgendwelche Punkte als Hauptpunkte ausgezeichnet. Die Definitionen von 
# und x’ lauten dann: Es ist in jedem Hauptpunkt “(X)=1 und x’(X)=0, 
in jedem Nebenpunkt x(X)—0O und x’(X)—1. Nach (11.5) und (11.6) ge- 
niigt es jetzt, in (14.2) nur Systeme g—q/(A, B, C) mit A= © zu betrachten. 
Wir bekommen so aus (14. 2) (2) mit den Bezeichnungen von (12. 2) den 


SATZ (14.4) Es seien irgendwelche Punkte in I’ als Hauptpunkte aus- 
gezeichnet. I’ enthdlt dann und nur dann einen topologischen 1-Faktor, d. h. 


5 (®) unabhdngige Hauptwege, wenn fiir jede beliebige Teilmenge B von 
die Ungleichung 

(1) ¢(B) = 7,(B) +27, (B) 

besteht. 


Sind samtliche Punkte von /’ Hauptpunkte, so gibt (14.4) den be- 
kannten Tutteschen Satz iiber die Existenz von 1-Faktoren an ([9], Theorem IV). 


(14.5) Jetzt wollen wir uns mit topologischen 2-Faktoren beschdftigen. 
Es seien daher wieder irgendwelche Punkte in /’ als Hauptpunkte ausge- 
zeichnet, und x und x’ sollen folgendermafen definiert sein: In jedem Haupt- 
punkt ist ~(X)=2 und z’(X)=0, in jedem Nebenpunkt x(X)—0O und 
HOO IE 

Existieren Wege in einem topologischen 2-Faktor, so setzen sich diese 
zu Kreisen zusammen. Diese Kreise bilden, zusammen mit den Schlingen 
des Faktors, ein Kreissystem mit folgenden Eigenschaften: Jeder Kreis des 
Systems enthalt mindestens einen Hauptpunkt, jeder Hauptpunkt von /’ liegt 
auf einem Kreis des Systems und es haben je zwei Kreise des Systems (falls 
mehrere existieren) keinen gemeinsamen Punkt. Auf diese Weise gehort zu 
jedem topologischen 2-Faktor ein Kreissystem. (Zu dem leeren Faktor gehort 
das leere Kreissystem.) Umgekehrt ist es klar, daB die Hauptpunkte von J’ 
jedes Kreissystem mit den erwahnten Eigenschaften in solche Bogen zerlegen, 
die zusammen einen topologischen 2-Faktor bilden. 

Nach (11.5) und (11.7) geniigt es bei topologischen 2-Faktoren in 
(14. 2) nur Systeme q mit den Eigenschaften (11.7) (1), (2) zu_ betrachten, 
und so erhalt man aus (14.2) (2) den 


Satz (14.6) Es seien in I’ irgendwelche Punkte als Hauptpunkte aus- 
gezeichnet. I’ besitzt dann und nur dann einen topologischen 2-Faktor, wenn 
fiir jede solche Zerlegung von @ in drei Teilmengen A, B und C, bei wetcher 
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A aus unabhdngigen Hauptpunkten besteht, und zu jedem C-Punkt hochstens 
eine AC-Kante inzident ist, die Ungleichung 


(A) =7(8) + >| 4104, €)| = B+ 404, 0-2) 


giiltig ist. Hier bezeichnen [C;] (i=1,...,m) die Komponenten von [C] und tv 
die Anzahl der Komponenten [C;] mit ungeradem (A, C;). 


Wir wollen aus (14.6) zwei weitere Bedingungen der Existenz topolo- 
gischer 2-Faktoren ableiten. 


(14.7) Es sei A eine beliebige Menge unabhdngiger Punkte. Wir wollen 
jeden Bogen, dessen beide Randpunkte A-Punkte sind, die inneren Punkte 
jedoch nicht, A-Bogen nennen. Wir nennen das Bogensystem H ein System 
unabhdngiger A-Bogen, wenn jeder Bogen von H (falls H+ @ ist) ein 
A-Bogen ist und je zwei Bogen von H keinen gemeinsamen inneren Punkt 
enthalten. Ein Gewichtssystem r zweiter Art (s. (12.5)) nennen wir ein zu 
A gehériges Gewichtssystem, wenn in r alle A-Punkte, falls A-4 @, das Gewicht 
O erhalten und jeder A-Bogen, falls solche existieren, einen Punkt mit dem 
Gewicht 1 oder zwei Punkte mit halben Gewichten enthalt. Es ist klar, dab zu 
A gehorige Systeme existieren. Wir wollen fiir ein jedes zu A gehdriges r 
einen zu A gehdrigen Wert Sa(r) definieren. Bezeichnet wieder B die Menge 
der Punkte, die in r das Gewicht 1 erhalten, und 1;2(£) die Anzahl der 
Punkte von E (EC ®), die in r das Gewicht 1/2 bekommen, so sei 


S)= 18) + >| Fr], 


wo [Ci] ((=1, ..., m) die Komponenten von [C] mit C= ®—(A u B) bedeuten. 
Durch die selbe Schlufweise, die im Teile (Il) des Beweises von (12. 6) 
benutzt wurde, kann man die Richtigkeit folgender Behauptung einsehen: 


(14.8) Es sei A eine beliebige Menge unabhdngiger Punkte von I’ und 
r ein 2u A gehoriges Gewichtssystem. Ist H ein System unabhdngiger A-Bogen, 
so gilt v(H)=Sa(r). 

Wir beweisen folgenden 


SATZ (14.9) Es seien in I irgendwelche Punkte als Hauptpunkte aus- 
gezeichnet. 1° enthalt dann und nur dann einen topologischen 2-Faktor, wenn 
fiir jede beliebige Menge A unabhdngiger Hauptpunkte und fiir jedes zu A 
gehériges Gewichtssystem r die Ungleichung v(A)= Sa(r) besteht. 

Bewels. (1) Wir nehmen an, dafi 7’ einen topologischen 2-Faktor H 


besitzt. Es sei ferner A eine beliebige Menge unabhangiger Hauptpunkte und r 
ein beliebiges zu A gehériges Gewichtssystem. Jene Kreise des zu H gehdrigen 
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Kreissystems (s. (14. 5)), die A-Punkte enthalten, werden durch diese Punkte in 
genau (A) unabhangige A-Bogen zerlegt. Nach (14. 8) ist dann v(A)<S,(v). 

(II) Besitzt 1’ keinen topologischen 2-Faktor, so kann man nach (14. 6) 
® so in die Teilmengen A, B und C zerlegen, daf A aus unabhangigen 
eco: bestehe, zu jedem C-Punkt héchstens eine AC-Kante inzident 
sei un 


m 


(1) v(A)>9(B) + > Be v(A, c| 


gelte. ((Ci] (¢—=1,...,m) sind die Komponenten von [C].) Aus (1) ergibt sich 
A+ ©. Wir definieren nun ein Gewichtssystem r wie folgt: Erhalte in r jeder 
B-Punkt das Gewicht 1, jeder C-Punkt, zu dem eine AC-Kante inzident ist, 
das Gewicht 1/2, und alle anderen Punkte das Gewicht 0. Dann ist es klar, 
daf r ein zu A gehoriges System ist und S4(r) der rechten Seite von (1) 
gleich ist. Damit haben wir unseren Satz bewiesen. 


Es gilt der 


SATZ (14.10) Es seien in I’ irgendwelche Punkte als Hauptpunkte aus- 
gezeichnet. I’ enthalt dann und nur dann einen topologischen 2-Faktor, wenn 
zu jeder Menge A unabhdngiger Hauptpunkte ein Bogensystem aus mindestens 
v(A) unabhdngigen A-Bogen existiert. 

BeweEls. Die Notwendigkeit unserer Bedingung ist trivial. Nehmen wir 
nun an, dai kein topologischer 2-Faktor existiert. Dann gibt es nach (14. 9) 
eine Menge A unabhangiger Hauptpunkte und ein zu A gehériges Gewichts- 
system r mit v(A)>Sa(r). Ist H ein beliebiges System unabhangiger A-Bogen, 
so besteht nach (14.8) »(H)=Sa(r). Es gilt also 1(H)< (A). 

BEMERKUNG. Ist jeder Punkt in /’ Hauptpunkt, so geben die Satze 
(14. 6), (14.9) und (14. 10) Bedingungen der Existenz gewohnlicher 2-Faktoren 
an. Die aus (14.9) sich ergebende Bedingung ist einem Tutteschen Ergebnis 
iiber gerichtete Graphen 4hnlich ({11], Satz (5. 1)). 


§ 15. Topologische 1-Faktoren bei speziellen Graphen 


In diesem Paragraphen wollen wir aus dem Satze (14.4) fiir gewisse 
spezielle Graphen einige hinreichende Bedingungen der Existenz topologischer 
1-Faktoren ableiten. 

(15.1) Es seien in 7’ irgendwelche Punkte als Hauptpunkte ausgezeich- 
net. Wir wollen zu I” eine GroBe & definieren, die eine Zusammenhangs- 
eigenschaft von I” beziiglich der Hauptpunkte ausdriickt. Es bezeichne / die 
Menge derjenigen Teilmengen von ®, die eine ungerade Anzahl von Haupt- 
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punkten enthalten. Gibt es in ® mindestens einen Hauptpunkt, so ist 
nichtleer, und in diesem Falle sei 


© —minr(E, £) (E= ®—E). 
FEA 


Enthalt ® keinen Hauptpunkt, so sei & =o. 

In den nachfolgenden Satzen werden einige Bedingungen mehrmals 
vorkommen. Der Kiirze halber wollen wir diese von den Sdatzen getrennt 
formulieren. 


BEDINGUNG (a). Der Grad eines jeden Hauptpunktes ist gleich « (u=1), 
eines jeden Nebenpunktes kleiner oder gleich 2«. 


BEDINGUNG (b). Jede Komponente von J enthalt eine gerade Anzahl 
von Hauptpunkten. 


BEDINGUNG (c). Alle Nebenpunkte sind — falls solche existieren — 
geraden Grades. 
Es gilt folgender Satz: 


SaTz (15.2) Es seien in I irgendwelche Punkte als Hauptpunkte aus- 
gezeichnet. Bestehen dann die Bedingungen (a), (b) und =u, so besitzt 
einen topologischen 1-Faktor. 


Bewels. Es geniige 7° den angefiihrten Bedingungen und sei B eine 
beliebige Teilmenge von ®. Wir wollen beziiglich B die Bezeichnungen unter 
(12. 2) anwenden. Ist B leer, so ist nach (b) +(6)—0, und so gilt (14.4) 
(1). Es sei nun B nichtleer. Ist die Komponente [Bj] ungerade, so ist 
B;¢€ A, und demzufolge ist »(B;, B) =f =u. Daraus folgt »(B, B)=«r(B). 
(Dies ist auch im Falle &’ =o richtig!) Nach (a) ist aber »(B, B)=u(B)+ 
+ 2uy,(B) und wir kénnen daher feststelien, daB B der Ungleichung (14. 4) 
(1) geniigt. Nach (14.4) enthalt also 7” einen topologischen 1-Faktor. 


BEMERKUNG. Im Falle «—1 folgt das Bestehen von = aus (b). 


Geniigt JZ’ neben (a) und (b) auch noch der Bedingung (c), so kann 
man statt & =. eine schwachere Forderung stellen: 


SATZ (15.3) Es seien in I irgendwelche Punkte als Hauptpunkte aus- 
gezeichnet. Bestehen dann die Bedingungen (a), (b), (c) und &=u—l, so 
besitzt I’ einen topologischen 1-Faktor. 


BewEIs. Ist jetzt E€ 4, so ist (e(X) Bezeichnet den Grad von X) 
v(E, E) =2, 0(X)—29(E, E)=ur,(E)=u (mod 2). 


Ist also & endlich, so gilt & == (mod 2), und dann folgt aus dem Bestehen 
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von &=u—1 auch &=uw. Die letzte Behauptung ist auch im Falle & =o 
richtig. Dann folgt aber aus (15.2) die Behauptung von (15. 3). 


BEMERKUNG. Im Falle «2 folgt das Bestehen von & =u—1 aus (b). 


(15. 4) Fiir die Werte «1, 2,3 und 4 wollen wir in den Satzen (1562) 
und (15.3) die GréBe & durch anschaulichere Begriffe ersetzen. 

Vermehren sich die Komponenten des Graphen 7” durch Weglassen der 
Kante x bzw. der Kanten x, und x, so heift x eine Briicke bzw. das Kan- 
tenpaar (x,, x.) eine Doppelbriicke (von I’). Wir formulieren mit diesen Be- 
griffen zwei weitere Bedingungen. 


BEDINGUNG (d). /” enthalt keine Briicke. 

BEDINGUNG (e). Z” enthalt keine Doppelbriicke. 

Die folgenden Behauptungen sind leicht ersichtlich : 

Aus (b) und (d) folgt &’=2. 

Aus (b) und (e) folgt & =3, falls /’ mindestens zwei Kanten enthalt. 

Wir kénnen demnach aus (15.2) und (15.3) zum folgenden Satz ge- 
langen : 

SATZ (15.5). Es seien in I’ irgendwelche Punkte als Hauptpunkte aus- 
gezeichnet. Das Bestehen der folgenden Bedingungen sichert dann die Existenz 
eines topologischen 1-Faktors von I’: 

Im Falle «=1 die Bedingungen (a), (b); 

im Falle u=2 die Bedingungen (a), (b), (d) oder (a), (b), (c); 

im Falle «3 die Bedingungen (a), (b), (e) oder (a), (b), (c), (d); 

im Falle «4 die Bedingungen (a), (b), (c), (e). 

BEMERKUNGEN. (1) Es existieren Graphen, die der Bedingung (a) mit 
u—3, sowie den Bedingungen (b) und (d) geniigen, und die keinen topo- 
logischen 1-Faktor enthalten. 

(2) Sind samtliche Punkte Hauptpunkte, so geben (15.2), (15.3) und 

(15.5) bekannte Satze tiber 1-Faktoren an (s. [2], [3], [4], [9])- 


§ 16. Topologische x-Faktoren bei speziellen Graphen 


In diesem Paragraphen leiten wir aus (14.2) einige hinreichende Be- 
dingungen der Existenz topologischer x-Faktoren her (s. [2], S. 247 und [4], 
~§S. 144—146). 

(16.1) Es seien in den Punkten von /” die Kapazitatsfunktionen ~(X) 
und x’(X) vorlaufig beliebig definiert. 

Wir nehmen nun an, daf& I” keinen (x, x’)-Faktor besitzt und wollen aus 
dieser Annahme, vorausgesetzt, daB I’, x und x’ gewisse Bedingungen erfiil- 


170 T. GALLAI 


len, eine Ungleichung (die Ungleichung (8)) ableiten. Dann werden wir solche 
Forderungen stellen, die dieser Ungleichung widersprechen. Diese Forderungen, 
zusammen mit den vorher erwahnten Bedingungen, werden dann die Existenz 
gewisser topologischer Faktoren sichern. 


BEDINGUNG (a). /” ist zusammenhangend. 
BEDINGUNG (b) Die Zahl x(@) ist gerade. 


Wir nehmen an, dafB 7’ den Bedingungen (a) und (b) geniigt. 
Da I’ keinen (x,x’)-Faktor enthalt, kann man nach (14. 2) die Menge 
@ so in drei Teilmengen A, B und C zerlegen, dah 


(1) x(A)>x(B) +2x'(B) +20(A, A) +7(A, C)—t 


besteht, wo + die Anzahl der ungeraden Komponenten von [C] bedeutet. 
(Die [C;] ((=1,...,m) bezeichnen die Komponenten von [C], und ein [Cj] 
heift ungerade, wenn x(C;)+7(A, C;) ungerade ist.) 

Es ist AUB# @. Ist namlich A> B= @, so gilt C= @, und so nach 
(a) und (b) auch += 0, was zu (1) in Widerspruch steht. Aus AUB#o 
und (a) folgt, da zu jedem nichtleeren [C;] entweder eine AC;-Kante oder 
eine BC;-Kante existiert. 

Wir nennen ein ungerades [C;] eine C4- bzw. Cy-Komponente, wenn 
die Kanten, die den Teilgraphen [Cj] beriihren, alle AC,- bzw. BC,-Kanten 
sind. Es bezeichne +, bzw. t, die Anzahl der Ca- bzw. Cs-Komponenten, 
und / bedeute die Menge jener Indizes 7, zu denen solche [C;] gehéren, die 
Ca- oder Cz-Komponenten sind. Ist / nichtleer, so sei 


€, == min »(C;, C,) (C:= ®—C)). 
iEcT 


Ist J leer, so sei & — »(W)+ 3. (W bedeutet die Menge der Kanten von J.) 
In jedem Falle ist & =1 und es laufen aus jeder Cy- bzw. Cz-Komponente 
nach A bzw. B mindestens §, Kanten. Ferner gilt: Abgesehen von den Cz- 
bzw. C4-Komponenten lauft aus jedem ungeraden [C,] mindestens eine Kante 
nach A bzw. nach B. Wir kénnen nun folgende Ungleichungen feststellen: — 


(2) V(A, C)= tS +t1—Tta—T, 
(3) v(B, C)=%§+t1—ta—T. 
Aus (1) und (2) folgt 
(4) (§:—1)Ta— Ty + 2x’ (B) < x(A)—x(B). 


Fiir die Zahl 1(B, B) gilt offensichtlich (o(X) ist der Grad von xX) 
(5) r(B, B)~0(B)—20(B, B)=0(B). (B—O—B) 
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Wir wollen (B,B) auch von unten abschatzen. Es gilt 
v(A, B)= 0(A)—29(A, A)— (A, C). 
Es folgt daraus unter Beachtung von »(B, B) = v(B, A)+ (B,C) sowie von 
(3) und (1) 
v(B, B) > 0(A)—x(A) + x(B) +2%(B)—t,4 (&—1)t. 

Dies ergibt zusammen mit (5) die Ungleichung 
(6) —ta+ (&—1)t +. 2%(B)<0e(B)—0(A) + (A)—x(B). 

Von hier an wollen wir uns auf topologische x-Faktoren beschrinken, 
also nehmen an: x und x’ sind komplementére Funktionen (s. (12. 1)). Fer- 


ner sollen /” und x(X) noch der folgenden Bedingung geniigen (nach (12. 1) 
kénnen wir die Bezeichnungen Haupt- und Nebenpunkte beniitzen): 


BEDINGUNG (c). Es existiert eine Zahl 4 mit 0<2<1, so dak fiir jeden 
Hauptpunkt x(X)=—4o(X) und fiir jeden Nebenpunkt 0(X)=2/Z besteht. 


Es folgt aus (c) (da x und x’ komplementar sind) fiir jeden Punkt X 
von J” die Ungleichung 


x(X )e=A0(X) =x(X) 4-22 (X). 
Daraus ergibt sich 
(7) %(A)—x(B) =4(0(A)—e(B)) + 2%'(B). 
(4) und (7) bzw. (6) und (7) ergeben die Ungleichungen 
(§: —1) ta — tT < A(0(A) — 0(B)), 
— tat (&—1)t»< (1—4)(0(B)—0(A)). 
Aus diesen erhalten wir endlich die gewiinschte Ungleichung 
(8) ((1—A4)(& —1)—A) ta + (A(E— 1) —(1—4)) 0 <0. 
Fordern wir nun, dai in (8) die Koeffizienten von +, und 1, nicht- 
negativ seien, d. h. dafi die beiden Ungleichungen 
(9) E21/A und §& 2=1/(1—A) 
bestehen, dann haben wir einen Widerspruch. 
Wir definieren die Zahl € die eine Zusammenhangseigenschaft von J’ 
charakterisiert, folgendermafen: Ist v(®)>1, so sei 
—E— min »(E,E) (E= ®—E). 
OCECH 


Ist »(®)=1, so sei =O. ee 
Da in jedem Falle €=7(¥) ist, gilt offensichtlich ¢,=6. 


Wir formulieren die 
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BEDINGUNG (d). Es gilt 
E> max(1/A, 1/(1—4)). 
Nach den obigen kénnen wir dann folgenden Satz aussprechen: 


Satz (16.2) Geniigen I’ und x den Bedingungen (a), (b), (c) und (qd), 
so enthdlt I" einen topologischen x-Faktor. 

BEMERKUNG. Sind sdmtliche Punkte Hauptpunkte, so bekommt man aus 
(16. 2) eine schwdchere Form eines Oreschen Satzes iiber x-Faktoren ([7], 
Theorem 3. 2. 1). 

Wir wollen den wichtigsten Spezialfall von (16.2) auch separiert for- 
mulieren : 


SaTz (16.3) Es seien im zusammenhdngenden Graphen I" irgendwelche 
Punkte als Hauptpunkte ausgezeichnet und seien wu und o—iu (O<4<1) 
natiirliche Zahlen sowie ov,(®) eine gerade Zahl. Gilt fiir jeden Hauptpunkt 
0(X) =u, fiir jeden Nebenpunkt 0(X)=2u/o und geniigt I’ der pede 
(d), so enthalt I’ einen topologischen o-Faktor. 


(16.4) Nehmen wir jetzt an, dafi die in (16.1) gestellten Annahmen 
gelten, und dafi x(X) neben (a) und (c) noch der folgenden Bedingung 
genitigt : 

BEDINGUNG (e). x(X) ist fiir jedes X gerade. 

Es kénnen dann Cz-Komponenten gar nicht existieren, also ist 7, 0. 
Ferner gilt fiir jede beliebige C,-Komponente [C;] 


v(C;, C)=(C,, A)=x(C)) + 7(C;, A)=1 (mod 2). 


Enthalt /° keine Briicke, so folgt daraus &=3, also steht die Forderung 
1/(1—A)=3 zu (16.1) (8) in Widerspruch. Es gilt daher der 


SATZ (16.5) Geniigen I und x den Bedingungen (a), (c), (e) und ent- 
halt I’ keine Briicke, so besitzt [' im Falle 2=2/3 einen topologischen x- 
Faktor. 


Wir wollen diesen Satz fiir topologische 2-Faktoren auch separiert for- 
mulieren. 


SATZ (16.6) Es seien im zusammenhdngenden Graphen irgendwelche 
Punkte als Hauptpunkte ausgezeichnet und sei die natiirliche Zahl «= 3. Gilt 
fiir jeden Hauptpunkt 0(X) =u, fiir jeden Nebenpunkt 0(X) =u, und enthalt 
I’ keine Briicke, so besitzt I’ einen topologischen 2-Faktor, oder — was damit 
gleichwertig ist — I enthdlt ein solches Kreissystem, dessen Kreise (falls 
mehrere existieren) paarweise keinen gemeinsamen Punkt haben und zusam- 
men alle Hauptpunkte enthalten. 
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Sind sdmtliche Punkte Hauptpunkte, so ergibt dieser Satz bekannte 
Satze iiber 2-Faktoren (s. [1], [2], [4], [8]). 


(Eingegangen am 19. Februar 1960.) 
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SUR UNE GENERALISATION DU THEOREME DE POULAIN ET 
HERMITE POUR LES ZEROS REELS DES POLYNOMES REELS 
Par 


N. OBRECHKOFF (Sofia) 
(Présenté par P. Turdn) 


Soit 
(1) F(X) = yx" +a, x"! ++ +a, 


un polynome dont tous les zéros sont réels. D’aprés le théoréme classique 
de POULAIN—HERMITE, si le polynéme 


(2) 2(X)—0,x" + b,x +... OB, 
a seulement des zéros réels, le polyndme 
(3) BCD) FX) = Oo fF FO) + ++ + Bm FOX) 


a aussi seulement des zéros réels. Chaque zéro multiple de (3) est aussi un 
zero multiple de (1). Dans ce travail nous démontrons la généralisation sui- 
vante de ce théoréme: 

1. Supposons que le polyndéme (1) a seulement des zéros réels et que 
pour les arguments g des zéros imaginaires du polynéme (2), dont tous les 
coefficients sont réels, on a Vinégalité 


(4) sing| 7. 


Alors le polynéme (3) a seulement des zéros réels. Si dans (4) on a le signe 
dinégalité, chaque zéro multiple de (3) est aussi un zéro multiple de (1). 


La démonstration est basée sur la proposition nouvelle: 

2. Supposons que le polyndme (1) a seulement des zéros réels et soit 
un angle satisfaisant a la condition (4). Alors le polynéme 
(5) F(x) =f(x)—2¢ cos gf" (x) + e°F" (x) (e >0) 
a tous ses zéros réels et, si dans (4) on a le signe dinégalité, chaque zéro 
multiple de (5) est en méme temps un zéro multiple de (1). 


Nous considérons d’abord le cas oi (1) n’a pas des zéros multiples. 
D’aprés le théoréme de POULAIN—HERMITE pour y=0 le polyndme (5) aura 
seulement des zéros réels et simples. Puisque les zéros de (5) sont des fonc- 
tions continues de » pour g>0 assez petit, le polyndme (5) aura seulement 
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des zéros réels et simples. Lorsque  croit, aucun zéro réel de (5) ne peut 
devenir imaginaire sans se confondre avec un autre zéro. Désignons alors 
par , la plus petite valeur de y, pour laquelle (5) a au moins un zéro 
multiple. Nous démontrerons que 


1 
(6) cos’ p, a1— ri 


Désignons par 4 un zéro multiple de (5) (p= g,) et posons e = —ecosg. De 


F(x) = +e (x—A) + eo(x—A) + + ben(x—A)" 
on obtient 
F(x) =D, + D,(x—A) + Ds(x—AP +++, 
ou 
Dy =O +2@+20°C,, D,=c,+4ac,+ 60°C. 
Comme 4 est un zéro multiple de (5) il faut avoir 
(7) C+2e,+2¢%—0, c+4ac,+60°c,—0. 


Soit c)—= 0. Alors il suit que c,0, sinon (1) aura des zéros multiples. Pour 
n= 2 les équations (7) sont les suivantes: ec, + 0°c. 0, c,+4e@c,—0, d’ou 


l’on obtient que 4@°— 0’, c’est-a-dire cos p= <a Pour n=3, on ob- 
tient de (7) 
se = COs’ p, = ; G 
0° 2(2¢3— 3¢,Cs) 
Nous allons démontrer que 
C3 1 


(8) 


Le polynéme 


2(28—3c,c,) Sls me 


N—1)} 5 n—1 C3 
G+ ——X —— x° 
| l Toa +( 2 Jen i 
pag 2 
a tous ses zéros réels. D’aprés une inégalité connue d’Euler, on aura 


(9) peal ES 


De cette inégalité, il suit d’abord que ae ce. Donc dans (8) la division 
est admissible. Ensuite de (9) il découle facilement l’inégalité (8). 
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Considérons maintenant le cas ot c.0. Des équations (7), on a 


2 


a —cos’y, = (3C)C3—C, C2)” 


2(Ci—2¢9C2)(203— 3c, C3) 
Il est bien connu que le nombre c?}—2c,c, est positif. Le nombre 2c3—3c,c, 


est aussi positif. En effet, pour n—2 c’est évident. Pour n=3 Pinégalité 
2c;—3c,c;>0 découle de l’inégalité d’Euler 


n=!) 

“~~ n—2 

concernant le polyndOme c)+¢,x-+c,x°-+---+. Nous démontrerons l’inégalité 
générale 


C1 C3 


(30 )¢3—C, Co) i ] 
oY) IY (LOTR NCD en Bla 


Pour n= 2 (c;—=0O) cette inégalité devient 


a <1 
2 (C3 —2C C2) : 
ce qui est équivalent a l’inégalité connue c;>4c,c,. Donc on peut supposer 
que n=3. D’aprés les conditions on a 
(11) CoA CX + +++ + On X” = Co(1 +X, X)(1 + Xx) ++ + Xn), 


oti les nombres x,, X2,...,X»n sont réels. De (11) on obtient que 


Cc C: C3 %! 
Beh, THI h, Fa FKm%, 
0 0 0 

] . ’ 

dott lon a 


] 
2 (C2 —2c)C,) = Xj, 
0 


1 
a (C,Co— 3Co€s) == 2 XX, 
0 


4 (203—3¢,€s) = 2(2x3x3 + 2 LxpXoXs + 6 BX1 XXsXu), 
0 


— 3 (2x8 Xo Xp 4 DX Xo XpXu) = ZL AAG + DA XoXs. 
Done linégalité (10) prend la forme 


(> xix) si eals 
2x2 (2 5X7 x5 + LX X2Xs) n 


? 


ou 
y?) UY = 2A(n—1) Sx QSxix + Teizx)—a(Vaix)'> 0. 


12 Acta Mathematica XII/1—2 
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Nous démontrerons maintenant l’identité suivante : 


t- 


1,5. 
(13) U= > Li(xi— x), 
= 
oi L;; sont les nombres 


nt 

9 

Ly=(Sx- ux] > > Xe + xjX;. 
s=l SS 


En effet, pour la forme (Yx;x:)* nous avons 
(Sx2X2)? = Sxix3 + 2D XE + ZS AGEXGNs + 4D AGA g Xa + 6 VHGAGAG + 2 IAG XX. 


n 


Désignons |’expression eG par V. Nous allons trouver dans (12) tous les 
cs 


termes qui contiennent le produit x,x,, dont les multiplicateurs sont du degré 
pair relativement les variables X,,%,...,Xn. Il est évident que nous nous 
devrons borner a ia partie 

2(n—1) SX} PX{X.X3— (LX)? 


de la forme U. On voit facilement que le multiplicateur cherché de x,x,. dans 
U est égal a 


3...” n 
2(n—1) V(V—x}—xt) a | 2x8 + 200% +x5) > > xs|— 4n > 4X—20 > x= 
p=3 i<j p=8 
i. sn ~o 
= 2n(V—xj—x5)y —2 V(V—x3— 5) — 4n > 1% 23-27 > x6 — 21X14 = 
r= 


=—2 Viv tn ao ee 
Donc en désignant par Li; le coefficient de —2x,x, on aura 
Ly = V(V—xi— xX) + nxixs. 
En désignant alors par L;;, i=4/, l’expression 
Ly= V(V—x5 —x}) + axix;, 
il suit qu’on aura l’identité 


—22, 5! phere —2n Da XL XTXyX3— 


er x 2 2D XEXZX, + 4 DI XEXEX, + 2D xb xy x5). 


L’identité (13) sera démontrée si nous démontrons lidentité suivante: 


nu 


(14) 4(n—1)5x? Sxiet—n(Sxixb+ 62x) = Lj; (x; teks ). 
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Puisque 
XG GG = xd + 3 S280, 
Pégalité (14) prend la forme 


weet 


1 
(15) (3n—4)2xpa4-6(1— 2) Sx — D> L842), 


Le terme Z,)(x;-+ x5) dans le second membre de (15) est égal a 
V(V— 2x4 — 5) (x9 + 5) + x} x3 (x9 + 3) — 
— (x1 + 5)? V—4 — X34) + (XT + 3) (V— x} — 3)? + nxd8 (x3 + 23) = A+B, 
ou 


3... 


A= 2x3x3(x§ + +++ +22) +200 + x8) D) 22, 
t<J 

B= (x1-+ Xa) (X31 +++ Xn) + t+ x9) (3 + ++ +28) + (3 + x8). 
Il est évident que tous les termes semblables 4 A dans le second membre 
de (15) auront pour somme la fonction symétrique S= Sxjx3x3, multipliée par 
un nombre entier et positif . Mais dans chaque expression A il y a 2(n—2)+ 


n—2 ; ‘ 
+4| 9 )=2(0-2y termes de la fonction S et puisque le nombre des 


expressions A est égal a (”), le nombre K sera égal a 


2(n—2)° (3) 


3 
3 
Ainsi dans chaque expression de la forme B dans (15) il y a 2n—4+ 


+2n—4+2n—6n—8 termes de la fonction symétrique S,=2x{x;. Mais 
le nombre des termes de cette fonction est égal 4 n(n—1) et dans (15) ona 


re EG (n eo): 


4 termes de la forme B. Donc la somme des termes de type B dans le 
second membre de (15) sera égale 4 L, ot le nombre L est détermine par 


(n—8)(5| 
n(n-—1) 
Ainsi l’identité (15) est démontrée, de méme que l’identité (13). 
De (13) il découle que, quels que soient les nombres reels xX,, X2,..., Xx, 


on a toujours 
(16) Ue2v: 


= 3n—4. 


i2* 
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On a dans (16) le signe d’égalité seulement dans le cas oit tous les nombres 


Xie tastes? Xa SUM eC rate 

Par 1a c’est démontré qu’on aura toujours linégalité U>O a l’exception 
du cas ot X,—%X)—-:-—=X,. Dans le dernier cas le polynéme (11) prend 
la forme 
(17) c(x—x,)" 
et le polyndme (5) devient 
(18) e(x—x,)" [(x—m) —2en cos ee AP Tt ahha 


Les zéros du polynéme (18) sont x, (de multiplicité n—2) et les nombres 


eT 
no (cosy + |/ cos gy eta) 


A n ; P : 
Pour cos*¢ = tous les zéros de ce polynédme sont réels. 


Supposons pour le moment que le polynéme (1) n’a pas la forme (17). 
De (1) nous obtenons un polyndme qui aura seulement des zéros réels et 
simples, en remplacant chaque zéro z, de multiplicité m par les m zéros 
simples 2, 2:(1 +8), 2.(1 + 28), ..., 2(1 +(m—1)e), ott ¢>0 est suffisamment 
petit. Pour « convenable on obtient ainsi un polynéme f(x, «), dont les zéros 
sont tous réels et simples. D’aprés les considérations ci-dessus il y aura un 


angle g,>0, cos” act, tel que pour O=~=g, l’équation F(x, «)=0 
pour f(x,«) aura seulement des racines réelles. Puisque le polynéme /(x, «) 
tend vers f(x), le polyndme F(x, #) tendra vers F(x), lorsque «—0 et les 
zéros du polyndme F(x) seront tous réels pour O=p~=@,, oli ~, est déter- 
miné par 

n—| 


2 + 
COS? y= — 


On voit aussi que pour gy<g, chaque zéro multiple du polyndme (5) doit 
étre un zéro multiple du polynéme (1). 
On voit tout de suite que la conclusion est vraie pour le polynéme (17) 
aussi et le théoreme est complétement démontré. 
Le théoreme 1 se démontre par une voie inductive. Soient 


Zi = Ox(COS Px+ESiN Pr), Ze —=Ox(COS px—Zsin gx) (k=21 2, 


les zeros imaginaires du polynome (1). Pour les arguments on suppose donc que 


: 1 
SU Oe <a 
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Le polynéme (2) a alors la forme 
&(X) =£1(x)(x—%) (x—%)- + -(x—Z,) (x—Z,), 
ou £:(x) = b(x—y1)(x—2)-+-(x—y,) et les zéros y,, Yo, +++»Y%q du polynéme 
£.(x) sont les zéros réels de g(x). D’aprés le théoreme de HERMITE—POULAIN 
les zéros du polynéme h(x) = g,(D)f(x) sont tous réels et chaque zéro mul- 
tiple de ce polynéme est un zéro multiple de f(x). D’aprés la proposition 2 
les zéros du polyndme 
h, (x) = 2:2,h(x)—(2. +2) hh’ (x) +h” (x) 
seront tous réels et chaque zéro multiple de A,(x) sera un zéro multiple de 
f(x). On aura la méme proposition pour les zéros du polynéme 
Ny(X) = 22h, (x) — (22 + 22) Ai (x) + AY (x) 
etc. En suivant ce raisonnement on parviendra au polynéme (3) et le théo- 
réme 1 est ainsi démontré. On ne peut pas améliorer l’inégalité (4). 
Considérons maintenant quelques conséquences du théoréme 1. Sup- 
posons que pour les arguments des zéros imaginaires du polynéme 
(19) F(x) = A) +, X + a,x? + +++ + an x", 
dont les coefficients sont réels, on a l’inégalité 
: ] 
20 sin] = ==. 
(20) |sin p if 
Il est évident que pour les zéros du polynédme 
E(xy=x"f (.) == 5X" OX" 2 Oax* "ee Edy 


on aura la méme inégalité (20). D’aprés le théoréme 1 le polyndme 
g(D)x" =n! a.+(n—1)! a,x + n(n—1):+++3a,X? 4 +++ + nx" 
a seulement des zéros réels. Donc on a la proposition : 
3. Si les arguments des zéros du polynéme (19), dont les coefficients 
sont réels, satisfont ad inégalité (20), la polynéme 
Qn 


a a2 Vs n 
ated fiat tis 


a seulement des zéros réels. 
De la méme maniére on démontre la proposition: 
4. Supposons que les arguments des zéros imaginaires du polyndme réel 
(19) satisfont a Vinégalité 
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oit p est un nombre entier et positif. Alors, si p=n, le polynome 


ay 


(aay toe =a yh 
a tous ses zéros réels. Si p<n, le polynome 
tee Poot ep sts afin aa _ xP 

a tous ses zéros reéels. 

On doit 4 ScHuR [1] le théoréme suivant: 

Si les zéros du polynéme 
(21) F(X) = Ay + ay X + +++ + An x” (Qm == 0) 
sont réels et les zéros du polyndme 
(22) p(X) = by + B,X+ ++» + nx" (b, + 0) 
sont réels et du méme signe, les zéros du polyndme 
(23) Ay Oo + 1! a,6,x + 2! aybox? + ++» +k! andy x* (k = min (m, n)) 


sont aussi réels. 

MALO [2] a démontré plus té6t le théoréme: 

Si les zéros du polynéme (21) (a@,,+0) sont réels et les zéros du po- 
lyndme (22) (6,0) sont réels et du méme signe, les zéros du polynéme 
A) By + A, 0, XE +++ +, DX* (k= min (m, n)) sont tous réels. 

En se basant sur le théoréme 1, nous démontrons la généralisation 
suivante du théoréme de SCHUR: 


5. Supposons que les zéros du polynéme (21) (a0) sont réels et que 
les arguments des zéros du polynéme réel (22) (6,0) satisfont tous a Viné- — 
galité —ae=ysa, ou a Vinégalite 1—a=ps2+2ea, ot a>O0 est langle 


déterminé par sing = 7 Alors le polynéme (23) a seulement des zéros réels. 

Considérons d’abord le cas ott @)b)>-0. On peut se borner au cas de | 
Pinégalité w—e@=gp=2-+«a. Alors les coefficients du polynéme (22) seront 
du méme signe qu’on peut supposer positif. Nous suivrons la marche de la 
demonstration de Scuur. Soit z un nombre réel et considérons d’abord le 
cas ol m=n. Le polyndme 


(24) F(X) = Do f(X) + Or 2h(X) H+ + Bn 2" fOM(X) 


a la forme 


ae Pr) + PQ) 77 + Pa) ait oa +Pu(2)—, 
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ou 
Po(2Z) = aby + 1!a,b,2 +2! aybyz? + +» Lm! An Oy 2” 
et 


P,(2) == 1! Au bo + (u “ie 1)! Qu 0,2 + a +m! OnOmeue (1 = u = m). 


Si pour les arguments des zéros du polyndme (22) on a |sing|< a la 
A e,e m 
meme proposition sera valable pour les zéros du polynédme 
Do + O,2X + O.2°x° + ++» +6, 2"xX". 
Donc d’aprés le théoréme 1 le polyndme (24) aura seulement des zéros réels, 
quel que soit le nombre réel z. Les polyndmes P,(z) et P,(z) ne peuvent pas 
avoir des zéros communs puisque dans le cas contraire xO sera un zéro 


multiple de (24) et donc un zéro pareil du polynéme (21), ce qui est im- 
possible 4 cause de a, 0. 


Des conséquences connues du théoréme de Descartes il suit que les 
polynoémes 
(25) Pi@iPA2), P32), on iy km (2) 
forment une suite de Sturm. Pour z=-—oo dans suite (25) il n’y a pas des 
variations et pour z= ce cette suite a m variations. Donc d’aprés le théoréme 
généralisé de Sturm le polyndme P,(z) doit avoir seulement des zéros réels 
et le rapport P,(z)/P,(z) doit passer de positif en négatif m fois en s’annulant 
lorsque z croit de —oo a oo. Donc il suit encore que les zéros du polynéme 


: al : 1 
P,(z) sont tous simples. Le cas |sing| = = est un cas limite de |sing| <<—— 
/m /m 


et la réalité des zéros du polyndéme est garantie par le théoréme classique 
de Hurwitz. 

Considérons maintenant le cas m>n. Au lieu de polyndme g(x) nous 
prendrons le polynéme 


(1 + ex)" " p(x) = by(8) +.B: (2)X+ +++ + Om(@) x", 
ou ¢ est un nombre positif. Le polynome 
Ay by (8) + 1! a,b, (8) x + +++ +! An bn (8) x" + +++ im! An Bm (8) x” 
aura tous ses zéros réels. En faisant ici « tendre vers zéro, on obtient le 


polynéme 
Ayby + 1! a, b,x + +++ +! A, bnx", 


qui doit avoir, grace au théoréme de Hurwitz, seulement des zéros réels. Si 
Q = 6,0, nous pouvons écrire 


F(x) = XA), P(X) = x" G1), 
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out f,(x) et g(x) sont des polynémes différents de zéro pour x —0. Comme 
ci-dessus, nous introduisons les polyndmes 
fs(x) =(x+9)"A(X),  pa(x) = (* +9)" G1 (x) 
et le polynOme composé de ces deux polyndmes tendra vers le polyndme 
composé (23). 
6. (Généralisation du théoreme de MALO.) Supposons que les arguments 
des zéros imaginaires du polynome réel (21) satisfont a Vinégalité |sing| = ag 
m 


et que les arguments des zéros imaginaires du polynéme réel (22), dont tous 
les coefficients sont du méme signe, satisfont a la méme inégalité. Alors le 
polynéme 

Ay Oo + 0, 0,X + dbo x? +--+» + a,b, x* (k= min (m, n)) 


a seulement des zéros réels. 
Pour la démonstration on applique les théorémes 3 et 5. 


(Recu le 1 mars 1960.) 
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ON SUMS OF POWERS OF COMPLEX NUMBERS 


By 
F. V. ATKINSON (Toronto) 
(Presented by P. TurAn) 


1. Let 2,,...,2, be complex numbers such that 
(1) 1=2,2|2|=---=|zal, 
and write 
n 
(2) Se== >) Zm, S—=max|s,|. 


m=1 1Sk=n 


The problem has been posed by TuRAN' of finding a positive lower bound 
for s, valid for all choices of z,...,2, subject to (1). The lower bound 


— 1 
(og [> due to TURAN, was improved by N. G. DE BRUIJN to 


C log log n/log n, for some C>0, and sufficiently large n. It was subsequently 
shown by S. UcHIYAMA’® that C could be taken arbitrarily close to 1. The 
aim of the present note is to verify the conjecture that s has a positive lower 
bound independent of n. Without any suggestion that this is a precise value, 
we show that 

(3) S2a1/0: 


2. As in *, we use the result that 


(4) exp — > m-*smy" —IT (I—z,y)+ > Cny"; 
for all y; here the c,, are Fenton of z,,...,2,. In particular, writing 
2()=— me m-'s,, ee 
1 
we have 
(5) en — TT (lz, ey +> cme? 


n+1 


1 P. TurAn, Eine neue Methode in der Analysis und deren Anwendungen (Budapest, 
1953, and Peking, 1956). — P. Turdn, Uber die Potenzsummen komplexer Zahlen, Archiv 


der Math., 9 (1958), pp. 59—64. 
2 S. Ucutyama, Sur les sommes de puissances des nombres complexes, Acta Math. 


Acad. Sci. Hung., 9 (1958), pp. 275—278. 
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and the special case =O gives, since z,;—1, 
roo) 


(6) g0) =D Con. 


n+l 
We now evaluate the c,, as Fourier coefficients of e%, according to (5). 
We get 


4 
Cm = (220)* | eo) G0, 
=% 
Integration by parts gives 


at 
Cm = [—(2zemiy eV, + (2zemi)” | g’ (edd, 
-7 


and here the integrated term plainly vanishes. Substituting in (6) we get 


7 uw 
(1) H(2miy' D>) m* | g’ (ede = (2zi)" | g' (Ae h(A) do 
n+l . 
-7t —7 
where 
h(@) pas PS m-1e-mie 
n+l 
or 
M4 
(8) I= (271) | g' (Ae n(O)ad. 
—7 


In deriving (7) from the preceding equation we have inverted the order 
of summation and integration. This may be justified by the theory of mean- 
square convergence. Alternatively, it would be possible to avoid this difficulty 
by replacing h(@) by a sufficiently long partial sum of the series which defines 
it; this, however, would complicate the working. 


3. Taking absolute values in (8) and using Schwarz’s inequality, we have 
7 mt 
(9) 1=(2a)* | |g’ (A) Pd0 |e” P A/a. 
—7t —7t 


The first integral on the right is readily estimated. Since 
g' (0) — —i > sen, 
1 
the Parseval equality shows that 
M4 


(10) Jig @pd0 = 22 > |sq |= Dens" 


—7 
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For the second integral in (9), we consider first the interval —aj/ns 
= 0=2n/n. Here 


|g(9)—g(0)| = 2 m-| S| le"®—I/= 2m | S| |m6| = |Ons| SS 


in this interval. Hence 


e/n 7t/n ha 
| |e-0 2 | A@Pdd =e | |A(Pda<e | |n(ay2ae — 
(1 1) —7t/n ~7t/n 70 
=a acere = i= 2e n. 
n+1 


For z/n =0= a we estimate 2(6)—g(0) as follows: 
|g(9) —g(0)|= = "| Sm| || + a m-'|Sy,|2 = 2s + 2s(log(n6/a) + 1). 
maT 7/A<mSEn 


Hence 
|e9'9)-9) | <= es(7t+2) ( na ize). 


We also have to estimate (6). We have 


(1 —e~'’)A(8) = (n oe arg eg eee eee" {(n a 71) —(n ae a 
whence 
|((1—e-”) A(6)| S 2/(n + 1). 
Hence 


cosec a a < a/(n@) 


[A(™)| S41)" 
if wz/nsOen. 
Hence 


7 qt n 
| | en)-9 |2 WO) Pddsere | (nO/na)y*? dé = (ze/n) e794+") gtdo< 
at|n t/n ie 
(12) =e nn (1—4s8) , 
assuming that s<1/4; this is enough since we aim to prove only that s>1/6. 
Since a similar bound holds for the integral over (—z, —zt/n), it follows 
from (11) and (12) that 
mt 
[ je? | a(Pda<2an er {1 +6" (1—4s)}}. 


—7t 
Inserting this and (10) in (9) we get 
(13) fesse 1 -e (las) 
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Since the expression on the right tends to zero with s, and is independent 
of n, we deduce that s has a positive lower bound which is independent of n. 
That (13) implies (3) follows from the fact that the inequality (13) is false 
for s—1/6, together with the fact that the function on the right is monotonic 


increasing in O<s<1/4. 


(Received 31 March 1960) 


ON GENERALIZATIONS OF AN INEQUALITY 
DUE TO POLYA AND SZEGOQ 
By 
E. MAKAI (Budapest) 
(Presented by P. TurAn) 


1. In a recent paper W. GREUB and W. RHEINBOLDT [1] prove the in- 
equality 


ee ae M; Mp + mime)? 

1 2 vf 1 1 

(1) A tts On Se Memim I> aubssl] 
where §+&-1-. Pireel wentoo ANd 

(2) O<msa,.=M, O0<mS=b, = Mo. 


They show that it is equivalent to the inequality 


(2’) Snes & fab a be (S7.< 00, O0<m=7.=M) 
/e Wigalfaoe 
which the authors sere to L.V.KANTOROVICH' and is a generalization of 
an inequality due to PoLya and SzeG6 [2]. Their proof is done via the theory 
of linear operators. However, owing to the elementary character of the in- 
equality (1) it is of some interest to have a proof involving only the elements 
of analysis. (In part 3 of this paper it will be seen that the same argument 
suffices to prove that general inequality in Hilbert space from which GREUB 
and RHEINBOLDT derived (1).) 

The proof given here will enable us to discuss the case of equality 
in (1). By putting 

1 . 1 1 1 


a. = (MMi) 2 ax, Be=(m2M2) *b,, a=(Mi/m)*, b= (Ms/me)? 


it is seen that the above statement is equivalent to the following assertion: 


: 


1 The inequality (2’) is contained in an integral inequality obtained by P. Scuweirzer 
[3] who has shown that if 0<m=<F(x)=M in p=x=q, then 


q q 

pai (M-+-m)? 
| Feods | F(x) ax= 4Mm ~ 
Pp P 


By taking re (lord hye er prec acp sty Ee (X) exe ol Usa oye) — yy ik 
Bees ae? oS eee ee &} (k= 2,3,...), we have (2’), provided that 
F(x) and FeO are Riemann integrable which is true if f. i. the y,’s form an increasing 
sequence of numbers. 
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hee” <a,<a, b’°=&=6 and ap Bost a4 1 .+< 00, then 


(3) [(ab) + (ab) 'P (> tr Br ls 42 ab me Gre = 0. 
Put now 
Li (x) = a,x —a bf, and Lo. (x) = aba,.x— Px. 
Then 
(4,) l.(1) = e,—abf,=a—abb'=0 
and 
(4)) l.(1) =aba,— f, Z=aba-'—_b =0 
with signs of equality only if 
(51) G—=a,h—=—b"' and (5) a=—a',&—s, 
respectively. 
Further if 


© «2 oo 


f) =>) * ha doe) = abs? —[ab + (aby'| S eablx + > obes, 


then f(x) +c as xc and f(1)=0. Hence the quadratic equation 
f(x) =0 has at least one real root, and therefore its discriminant, the left- 
hand side of (3) is non-negative. 


2. For finding the conditions of equality in (3) we define two sets of 
natural numbers K, and Kk, as follows: if k€K;,, then (5;) holds (é=1, 2). 
The left-hand side of (3) vanishes if and only if f(1) and /(1) vanish 
simultaneously. f(1)— 0 if and only if A,U A, is the set A of natural numbers. 
In this case an easy computation shows that 


rl) = se ye-epe| 


kek, ke K. 


and f’(1) (consequently the left of (3)) vanishes if either a?62—1 (or what 
amounts to the same a= b= 1) or 


a PP (Ki UKo=K). 
kek, € Ko 
3. GREUB and RHEINBOLDT [1] found a generalization of inequality (1) 
in Hilbert space which they call the generalized Pélya—Szego inequality: 
Given two permutable, linear and self-adjoint operators A and B of the 
Hilbert space H which fulfil the conditions’ 
O0<mISAS=M,I, O0<m/=B=M,.I, 


* J denotes the identity operator in H. C=D means that (Cx, x)=(Dx,x) for all 
x€H. C is positive if (Cx, x)=O for all x EH. 
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then 

M, M, y 
(6) (Ax, Ax)(Bx, Bx) = 4 LaaeEAt (Ax, Bx)? 
for all x €H. 


The device used in showing (1) can be applied to yield a short proof of 
this inequality, the main result of the paper of GREUB and RHEINBOLDT. 
We will use the fact that the product of two permutable positive bounded 
linear self-adjoint operators is positive, too. 

There is no loss of generality in taking M,—=a,m,—a", M,—b, m—b", 
so that it is enough to show that in this case 


(7) [ab+ (ab) "P(Ax, Bx)Y?—4 (Ax, Ax) (Bx, Bx) =0. 
Proor. Consider the quadratic form 
f(A) = — (Ax, Ax)2?2+ [ab + (ab)"] (Ax, Bx)A—(Bx, Bx) 


for fixed x. We have f(1)—(Mx, Nx) with M=abB—A and N=A— 
—(ab)B. Both M and N are positive and bounded, for 


(Mx, x) =ab(Bx, x) —(Ax, x) = (abb'—a)(x, x) = 0 
and 
(Nx, x) = (Ax, x)—(ab)” (Bx, x) = (a '— (ab) * 6) (x, x) = 0, 
and so the operator NM is positive. Hence f(1) =(NMx, x) 20. 


On the other hand, f(4) ~>— © if 4-+ % as (Ax, Ax) is positive. Hence 
the quadratic equation f(Z) 0 has at least one real root and (7) holds. 


(Received 31 March 1960) 


References 


[1] W. Greve and W. Ruesotpt, On a generalization of an inequality of L. V. Kantorovich, 
Proc. Amer. Math. Soc., 10 (1959), pp. 407—415. 

[2] G. Porya und G. Szec6, Aufgaben und Lehrsdtze aus der Analysis. J (Berlin, 1924), p. 57. 

[3] P. Scuwerrzer, Egy egyenldtlenség az aritmetikai kézépértékrél, Math. Phys. Lapok, 23 
(1914), pp. 257—261. 


SOME INTERPOLATORY PROPERTIES 
OF HERMITE POLYNOMIALS 


By 
K. K. MATHUR and A. SHARMA (Lucknow, India) 
(Presented by P. Turdn) 


1. Professor TURAN and his colleagues in a series of papers on inter- 
polation have discussed i) the problem of existence and uniqueness, ii) the 
problem of explicit representation and iii) the problem of convergence for 
(0, 2)-interpolation by taking as abscissae the zeros of /T,,(x) = (1—x’) Pi_1(x) 
where P,-1(x) is the Legendre polynomial of degree =n—1. By (0, 2)-inter- 
polation we mean the construction of a polynomial of degree = 2n—1, when 
the value of the function and its second derivative at the zeros of //,,(x) 
are prescribed. 

Later on SAXENA and SHARMA [3] have studied the aforesaid problems 
for (0, 1, 3)-interpolation taking the same abscissae as those used by P. TuRAN. 
Later SAXENA [4] has extended the results to (0, 1, 2, 4)-interpolation. 

The object of this note is to consider the problem of existence and 
uniqueness and of explicit representation for (O, 2)- and (0, 1, 3)-interpolation, 
respectively, choosing the abscissae as the zeros of H,,(x), the Hermite poly- 
nomial of degree n, which are given by 

CO > Xin = Xin Se Xn ne OO 

2. We shall prove the following theorems: 

THEOREM I. (Case (0, 2).) Jf n= 2k, then to prescribed values y, and 
y; there is a uniquely determined polynomial g(x) of degree = 2n—1 such that 
(2. 1) BS al Ven and) 2 Xn) => (CSD Eee a) 
if X,»’s stand for the zeros of H,(x). 

This means, of course, that in case 
(2. 2) Te oe eels, allt CVEN) 
the only solution of (2.1) is g(x)=0. 


THEOREM II. (Case (0, 1,3).) Jf n= 2k, then to prescribed values 
. Vy, Yi, y" there is a uniquely determined polynomial Wi) oy) Geaieer == atl | 
such that 
(2. 3) F(Xrn)=Jv, f' Xn) =o and Te Ora =e (pce) 7 2.0.25, 11) 
(if X;»’s stand for the zeros of H,(x). 


13. Acta Mathematica XII/1—2 
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This means, of course, that in case 
(2. 4) )- = Vp (vy =11, 2, .:., 2; nN even 
the only solution of (2.3) is f(x) =0. 


3. Preliminaries. In this section we shall give certain well-known 
formulae which we shall use later on. 


(gal) Hj (x) —2x Hi. (x) + 2nH,, (x) =0 
is the well-known differential equation satisfied by H,(x). At x= x;, 
(3-2) fe OG) 23 G3) (f=) 2 


We shall denote by /,(x) the fundamental polynomials of the Lagrange inter- 
polation based on the x,’s, i.e. 
H,,(x) 


(3. 3) 1,(x) = (x—Xy)Hi(Xy) * 


From this it is easy to see that 
(3. 4) L(x) = 1, (x) =0, 


H,;,(x;) 


(3. 5) b=, WN = “Fey ym)? 


ax + 2(1—nA) 


[eG 3 

(3.6) 
cee 2 tn 0) aa he ae 
ly: (x))= (4;— xp) He (Xe) | ‘ey xj—Xx,\" 


Besides this we shall also make use of the fact that 
HX) HA) 1 Hs (x) Ha (9) — HX) Hor) 


S| 
Soil? coi ae 2" xeBy 
Taking yx, and replacing n+ 1 by n in (3.7), we get 
(3. 8) S ee) Fe = 1 Fy (X) Hn(Xv)_ 
a 2"! 2"(n—1)!  (x—,) 
We also require the following well-known properties: 
(ai 9) H, (x)= 27H. (x), 
(3. 10) A, (x) = 2x Hy-1(x)— 2(n—1) Hy-9(x) (i== 2, 5, 4.200 
—) m a | ! 
(3.11) Area (Oye) A eee (ete yn 


m! 
Also A,(x)=1,,and H,(x)=2x. 


(m+1)! 
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4. Proof of Theorem I. Since g(x) is a polynomial of degree = 2n—1, 
we have 


(4. 1) 8(X) = A(X) tn1 (x) 


where r,-:1(x) is a polynomial of degree =n—1, so that the first part of 
condition (2.1) is obviously satisfied and from the second we have 


8 (%)) = Hi (Xj) tn (5) + 2 An (Xj) Pra (Xj) = 0. 
Since x;’s are the simple zeros of H,(x), we get 
Tn-1(Xj) + Xj Tn-1 (Xj) = 0, 
with the help of (3. 2). Hence 
(4. 2) Fn—1(X) + Xfn-1(x) = cH, (x) 


where c is a constant. 
Let the solution of this differential equation be 


n-1 


f(x) = 2, Celie xX). 
Substituting this in (4.2), we get with the help of (3.9) and (3. 10), 


n—-2 1 n 
(4. 3) 3D (7 +1) CH x) +> D Cys (x) = cH (2). 


Now equating the coefficients of H,(x) on both sides, we get 
3G —= 0, 


1 
3(v + Meri +e Cri = 9 (vy ==1,2,;..,;2—2), 


I ies 
3B fn-2 = 0 and Hy En-t = ¢C. 


Since c,—O and n is even, we have 


C= 6p OS ee 0. 


Also 
Cn-2 = Cy-4 99 == OS = 0. 


Hence all the c,’s are zero. So the solution is g(x)=0. 
When n is odd, we get from (4. 3) 


SY —— 0, 


1 
3(v + eri +e Cr = 0 for v=1,2,..., n—2. 


13* 
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Therefore 


1=G=¢, =" =, —0 


and C,,Cs) Ci,++-+)Cn-1 Can be determined and are non-zero. Therefore, when 
n is odd, there are an infinity of solutions if they exist. 
Theorem II can be proved on the same lines. 
5. Problem of explicit representation. (Case (0, 2).) Given distinct 
points 
C0 > Xi > Xo AGi< > Gy —Pro 
and arbitrary numbers 
Qi) Ween) Ga) Pet es a 
it is to be decided whether or not there is a polynomial F,(x) of degree 
= 2n—1 such that 
Fe, (Xp) ate Ra (3) = Be (¥=—- 1 220 
Throughout this paper we shall take n to be even. So for n—2k we have 


2k 
(5. 1) Rx (x)= > > % i @+> > > Bee (x) 
where r,(x) and o,(x) are the fundamental aeeeme of the first and second 


kind of (0, 2)-interpolation, of degree = 2n—1—4k—1, uniquely determined 
by the following conditions: 


(5. 2) rite\sel en for, 2 eat ee 
onto tae eae 

(5. 3) AOA O. | etTeoue en 

and 

(5. 4) @, (x;) =0 (jal j2, 48) Fn), 

(5.5) ea)—I for ae (j=. 25 eas 


We then have the following 


THEOREM III. For the fundamental polynomials r,(x) and @,(x) the 
following explicit forms hold true: 


x : 
np & 


; 3 “TH, (x) 3 
r(x)=L ee Ale? H,(O)dt-+ 
(5. 6) yn be (X») . 
one 7H, (t) H;,(t)—(Ct+ D)I,(t) 
rag ae “ oF 
1—x, pe HE j (f{—x,)2 Tdt-+K 


) 


ah, Onis 
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where A, B,C, D and K are constants given by 


nn 
r 


& =| (5) 1 (— ) (@—2r—1 —2x3) 


a, Ae rl ACA Y, EA i — : ry Hr ms 
2x 
(5. 8) B=— ia)’ 
(5.9) C=x,H;,(x,), 
(5. 10) D=(1—x;) Hi(x), 
(5. 11) * r{r+3-—1| 
2"(n—1)! ~ (—1)(a—2r—2— 2X) py (2) 33" eee 
pd (x, — | gas ic He +2—I] 
WIACRY CH poi (r+ 3) (r i) 
e “Ty, 1, (X) 1 (eF 0 
6.12) e)— Fares afer H, (Odt-+ arr sper dt+0l, 


where a and b are constants given by 
eal my | 
3 2) ae " Hoy (y) 


(5. 13) 4 =~ 9H (x,) Haas) 3 2, 


4) r! 


~ and 


A 
mt key 
2"(n—1)! Pn teat Ss 4 r\r+3 ) 
6.14) b= FG) As) (, As eipa2—i) 
3 ra pl p4 
Other equivalent forms for (5.13), (5.14), (5.7) and (5.11) are the 
_ following: 


1 wn re : 
E192) (75) — | 2 Re 
5. 13a Cts rr it—X, 
yar (22+) ncx,) “» 
2 
1 o 
i du Jt z Hn(iut) ; 
(5. 14a) 7) J Viv Thies 


—-@ 
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Eben 
Awe 12 2x2 (oF > H,(it) dt-+ 
ar" 1 a ; it—x, 
(5. Ta) | 7 | An 
r PB ry; ; 2 a RTS 
3 | re Fin (it)— (ity + 1 xy) LA) Ha (by) at|, 
. (it—x,)* 
Ff » H,(iut) 
(5. 11a) — [Satie A 1—u? resl } iut—X, 


“ 


Hi (iat)—(tutx, +-1—x,) Lu ie) | dt 
(tut—x,) : 


6. Proof of Theorem III. For the determination of ¢,(x) we need the 
following 


LEMMA 6.1. We have 


At r{k++| , 
fer H(t) dt=2 > (—12)" Mice 
: r(k etd 
(6.1) 
ear 
(2 | Fat 
\z 0 
and 
(6. 2) fern, (t)dt 2 Sey 1h ee Gee 
J IA (k+1—7) Qh-42-2p 2742-2(O)!. 


Proor. The proof follows at once from the formulae 


ae a2 vr 49 


fe? Ault) dt— 2e? Hx.-1(x)—6(2k—1) Jee Hoy.-0(t)dt 
) 


and 
Tr #2 


ie ( at A 8 
| C? Axi(that=2 le? Hy (*)—Ho(0)| —6-2k |e Hy, (t) dt. 
0 
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LEMMA 6.2. When n is even, 


3 2 nel =i 
fez HO gy 2" @—!] SH). 
JO x Fae) | ent 
\ 7 : rr+4) ? (12) {r+ Hy % | 
8 He agit) de ds 22 eat + 
|= r| 3 2\Va . | 
ae 0 


ce 
OS Auer! SS (—12) \ 
+2 (r+ 1)! Do aig ary ez Pata (0) = Hes (0S |: 


PrRoor. From (3.8) we have 


tt 2 (aI) $3 Hilo) (5 ; 
fet fee ei hes Hat) = 27! [ eal) at. 


0 0 


Now breaking the right-hand sum according to even and odd values of r 
and applying Lemma 6.1, we get the required result. 


Determination of 0,(x) when n is even. Let 


_ H,lxe 2 fee sl (0 
(6. 4) mya C= H,,(t)dt + de 4 e? dt Lb 
It is easy to see with the help of (3.2) that conditions (5.4) and (5.5) are 
satisfied for all values of a and 6. So 


ty (x) = 0r(2). 
For the determination of a@ and 6 we shall make use of the fact that the 


right-hand side of (6.4) is a polynomial of degree =2n—1, so that the 
coefficient of 


xr 


[erat and oF 
(0) 


must vanish separately. From these we get a and 6 as given in (5. 13) and 


(5. 14), respectively. 
Hence @,(x) is uniquely determined. 
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7. For the determination of r,(x) we require the following 
LEMMA 7.1. We have 
fe 50 HO — (+1) OH) 74 
s (t—x,)? 


0 


=i 
20-11] Saar 


Yj ee 
Hea STOR H»,(X,) Id 12) 
7 / ,, 
alae sted) i) 
Tey en OO ee ae (es edt + 
Tie ts) ye 


Be) eo a am a ! 
ae a 21(2r-+ 1)! 2A al2y ae —i)! fe oy +5- 9i (xX) — Aio,+3- vol 


PRoor. From (3.8) when x =f, we get 


H(t) 2"(n—1)! GS A,.(x) H,(6) 
t—x, fe FAN Eo Wem | rae a | . 
Differentiating this twice, we have 


Hi(t) Ant) _2"(n—1)!_ 1 (x) HEC) 
t—x, (t—x%P . Anil). o'r 


r=) 


and 
Ain(t) _2H(t) | 2H,(f) _ 2"(n—1)! SA, (x) Hy (t) 
t—x,  (t—x,)) © (fae xg) Ani(Xy) = 2" pI 
From these it can easily be seen that 


— A(t)— (tx, +1 — 5) L() Hi (x, ) 
(=x 
ys H(t) Xp H(t) H(t) _2"(n—1)! pe (n—r—1) 
~ CaF xy Ga Fae) Sear Od. 
Therefore 


= H()—(tx, +1—2)1,() (X,) dt 
(¢—x,) ) 


Q 


et S (n—r—1) p 
Hats) ay Br Peo) je? H.(Oate 


0 
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Now breaking the right-hand sum in even and odd sums and applying 
Lemma 6.2 we get the required lemma. 


Determination of r,(x) when n is even. Let 
ee 
Ae > |e"H,(t)dt-+ 


Fia(X) 


t(a) = bi) + apr 


t7°2) 


a2 a 42 12 7 Pe) 
+e? B| PUB = #.(f)—(Ct+D)i,(t) Be al 
0 


i : 

t—Xy, Finixs) | : (t—x,)° 
O 

Condition (5.2) is obviously satisfied for all values of A, B, Gop vandsk. 1.6 


6) py 
Ay (Xj) = 1 for ae 


and for condition (5. 3), jy, it is easy to see with the help of (3.2) and 
(3. 3) that 
Ay (xj) = 0. 
But for j= vy, B is chosen so that 
hy (Xv) = 0, 
Le. 


7.3) 2BH;(x,)—2tim 2@)—Cet PE) 


. Vv Vv v ed v —-()) 
IL>Ly toe (5) (x —x,) r : [/ (x ) ns f (x ) (x )] 


H,(x) — (Cx + D1, (x) 
(x—x,)* 


Hi, (Xv) —(CxXy + D)L, (Xr) = 9, 
Hil (xy) — Cl, (xv) — (Cx, + DL (Xy) = 0. 
From these it is easy to see with the help of (3.4) and (3. 5) that 
C=x,Hi(x%) “and D==(1—25) H;(x,). 
From (7.2), (3. 6), (3.5) and (3.4) we get 


2x? 
Be Hee): 


is a polynomial, we have 


Now since 


So 4,(x) satisfies both conditions (5.2) and (5.3). Therefore 
A,(x) = rr(x). 
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For the determination of A and K we shall make use of the fact that 
the right-hand side of (7.2) is a polynomial of degree =2n—1 so that 


oped 
(i) the coefficient of le 2at is O 
0 
and 
(ii) the coefficient of e 2 is 0. 


Now applying (6.2) and (6.3) in (7.2) we get (5.7) from condition (i). 
From (ii) we get (5. 11). 
Hence r,(x) is uniquely determined as given in (5. 6). 


8. Problem of explicit representation. (Case (0, 1,3).) Given the a 
distinct zeros 


+ 00 > X, > X_>+++ > Xn > — oO 
of H,,(x) and arbitrary numbers 
Gy, Oa}. Og, ty Ons (O59 Onn One toy Ome (Cant ea tk, eee 


we know from Theorem II that there exists a polynomial R,(x) of degree 
= 3n—1 such that 


Ru (Xv) = 0s, Rilx,) = 0,7 Rh G)=G (v= 1. 25.7 


So for n—=2k we have 
2h 2h 2k 
Ry.(x) = 2 Ay Uy (x) + 2, byvy(x) + >> CyW,(X) 
v= 1 —4 v—=l1 


where w,(x), v,(x) and w,(x) are the fundamental polynomials of the first, 
second and third kind of (0, 1, 3)-interpolation, belonging to the .x,-points, 


are polynomials of degree =3n—1—6k—1 uniquely determined by the given 
expressions: 


\ 0 jy? 
(8. 1) Uy, (X;) =} ; for Ps, Uuy(X;) = uy'(x)=O0 (j—1,2,..., A), 
0 JeyY 
(8.2) v,(x;)=0; ws) =| ; for oe. vy (xj) =0 (/==1> 2,50, 08 


jey 


0 
(8.3) w,(x;)=0, wi(x;)=0, wirtxy—=} for Naar (f= 1,27 505,00 
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THEOREM IV. (Case (0, 1,3).) For the fundamental polynomials u, AX); 
vy (x) and w,(x) the following explicit forms can be given: 


u,(x)=E(x)+¢, V(x) + Fin(X) }A = Jew (t)dt+ 


(8. 4) H,, (x) 


see ef H,,(t) (| a a fe » Hi(t)—(cP +dt+a)1,(t) 


Fe H(x,) (—x,F dt+ ke e 


where c,, A, B,c,d,a and k are constants given by 


(8. 5) ey. 
(971 (4 5-1 
(8. 6) Lae 6/1 Hi (x,) Hy (x)? > (n= 27) Hora (, y+ 


ret 2 
+ {—10x,(n—1) + 2x,(r+ 9x;,) Ho, (x,)}] = One (—2), 


(8. 7) B=— Fey e+ (i—a), 
ttn), 
(8. 8) C= 3 Fi(x,); 
(8. 9) 1S I eS (3-4 2(1—-m}| Tis), 
(8. 10) a—[1—a}1— 5 i+ 20—m)| H;,(x) 
and 
in Piety Sen Gp 2oF 1) Healey + 


verter le he nc) r=0 (2r+ 1)! 


(8. 11) Goal r| , ios 


a 


+x,(2r—10n 4. 11 + 18X)) Hara (%)] > Va (r+ 2—1i) ‘ 
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nes Hey 0) 4+ Hy(xje® J eH, (t)dt + 


(8. 12) . | ( 
Roe fhOy) mea fe HO—Ct+ EVO apy Kl], 
: A, (Xv) 


t—x, (ar 


i) 


where A’, B’,c’,a’ and k’ are constants given by 


(2 r[4 SEE yond pNP ei 
ie ae 2 Sy eet BPE (—2)" 
(8. 13) 2V 20H, (Xy) Hy-1 (Xp) = (2r)! 


LP [r+ “ | F2,(X,), 


14x24 l—n 


(8. 14) B=— s 
3s (Xe) 
(8. 15) Ce—=Xelint xa); 
(8. 16) d’ = (1—x}) Hi(x,), 
n 14x,+1—n 
Chas 1 oe : 
a 2" (n—1)! ee n—2r—2 3 
(8. 17) V0 Hx (Xv) Hua (Xp) = (2r+1)! 


aa r{r+3—i| 
-(—1)"r! 2): “A \ 3 = 
(HUT Hives in) 272 Sr eee 


Hate | alg 1 (Halt) 
8. 18 W,(X) = — et fal. t at oD) n me 
AS) eee en G | tare feo ites | 
0 (0) 
where 
ee rt n n 
2) r|2)| a 
(8. 19) a 2) (o1) Hao) 


EAR X) Fa oe eee 21 a 
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and 


n . : 
n— oo r r fs r+ ~——l 
p. 2" (n—1)! Se SS it | 2 
(8. 20) d A) Aaa) —= fee 1)! F341 (x | ane? P(r+2—i) . 


Equivalent expressions for (8.6), (8.11), (8.13), (8.17), (8.19) and 
(8. 20) are as follows: 


3 l _» Hi (it)—(—ct* + idt + a)1, (it) 
a i ek (it—x,)' dt + 
(—9)2 (254) cc) Le 
(8. 6a) @ . 
» H,(it) 
v = -#2 
+ 3x,(2x”+ 1 n) | e ess at, 
=i d feo) H (i . 
i § u 2 = elie n(iu 
= aH) | aa SX 2a | n) | te ite) dia- 
0 ie 
(8. 11a) ; 3 
ede: “pont Hy,(iut)—{—cuwt + idut+ a}l,(iut) pt 
+| card (iut—x,)’ 
; 1 coe er | » H,(it) 
ing ee aie | 3 lS gt aren 
(877 9 |x: (x,) ~w 
(8. 13a) 
he i (I) Hg) at], 
a Je ‘ (it—x,)? 
1 © 
ee Ls ea du lips dt 
[aH(%,) 3 Jfi—el iu 
(8. 17a) " 
du Ve By Hint t= Lue xy laexL (ut) Hn) 44 
ti) ae (ut—xP 
0 -—0 
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(8. 19a) re ey : ] | ipo Dee ae Ai t) dt, 
ad ge | : é it—x, 
(—8)?r| ; cx) os 


» H,(iut) 


8. 20a oo Fe > 
\ Vail RES fe eae lut—x, 


dt. 


The proof of this theorem can be given on the same lines as given in 
Theorem III. 

We shall require the following formulae which can be derived on the 
same lines as in Lemmas 6.2, 6.3 and 7.1. 


When n= 2k, 
ine Seer ETH) 
e” Hy, (t)dt = 2 (8) ae 
(8.21) 0 r{e+3—r] 
Kee 
+(— 8)' eal | Je dt. 
\a 


When n= 2k-+1, 


(8. 22) i e” Hox. (f)dt = DAE: 8)" apie § iowa () =: Hose at 


(ye Halt) 9p 2"—1)! LH (xy) {r+ 
12 n ae ar z . 2r v Z1 
Jeeydt= Haat) Las 2Qn)! 2c H r+ 3 i) ea 
r{r+3—i) 
2 
ee bib - 
| (r+) : 
Saad 0” Hoys1-9; —8)’ — |e 
(8. 23) €” Hor41-2: (x) + (—8) Vz Jevat( + 


Heys (X,) r+1 ta (a8 the 2 
1S Pure a t=! (r+1—d)! {€° Hoy42-9i (X) — H2,42-9; (0)} ]. 
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LEMMA 8. 1. 
(HO — Ch tat -a)l O) eg 
(t—x,)° 
__ 2"(n—1)! (n= 21) Hoss (4) —Xe(N—2r 1) Hoy) 
8H) |S 2?"(2r)! 
ne ot) rir+4 2 2 


(8. 24) pales 8) e* Horss_o; (x) 4 


ke 
3-4 im ee 
2 


4 = (n—2 1 —1) Hoy42(Xy) — X(N — 26 — 2) Hoy 41 (Xv) - 


0 Der+l (2r al 1)! 
> = r! 
c= ay (aay Nee Hy aie (x) — Ab,2i42 OH 


where c,d and a are as given in (8.8), (8.9) and (8. 10). 
This lemma can be proved easily on the same lines as Lemma 7. 1. 


(Received I April 1960) 
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UBER KREIS- UND KUGELWOLKEN 


Von 
A. HEPPES (Budapest) 
(Vorgelegt von G. Hajos) 


Der Begriff ,,.Wolke” wurde in einer kiirzlich erschienenen Arbeit von 
L. Fejes TOTH [1] eingefiihrt. Wir betrachten in der Ebene eine Menge von 
nicht tibereinandergreifenden Einheitskreisen, die zwischen zwei parallelen 
Geraden liegen. Diese Menge wird Kreiswolke genannt, wenn jede solche 
Gerade, welche die obigen zwei parallelen Geraden senkrecht schneidet, 

-mindestens einen der Kreise trifft. Man kann es so interpretieren, dab eine 

Kreiswolke gegen die senkrechten Strahlen eine undurchdringliche Wand 
bildet. Ganz analog nennen wir im Raum eine Menge von nicht iibereinander- 
greifenden Einheitskugeln eine Kugelwolke, wenn sie zwischen zwei paral- 
lelen Ebenen liegt, und wenn jede zu diesen Ebenen senkrechte Gerade 
mindestens eine der Kugeln trifft. 

In der erwdhnten Arbeit wurde das Problem aufgeworfen und_ geldst, 
wie grofi die minimale Dicke’ einer Kugelwolke ist. Der Satz von FeJEs TOTH 
lautet folgendermafen: 

Jede Kugelwolke hat eine Dicke =\/2-+-2, und Gleichheit gilt nur dann, 
wenn die Wolke aus zwei quadratischen, einander beriihrenden Kugelschichten 
besteht. 

Die minimale Dicke einer Kreiswolke ist offenkundig 2 (Fig. 1). 

Fejes TOTH hat meine Aufmerksamkeit auf das Problem der Bestimmung 
der minimalen Dicke d, bzw. D, einer k-fachen Kreis- bzw. Kugelwolke 
gerichtet, wo eine Wolke k-fach genannt 
wird, wenn jeder der genannten pa- CeeSsSs 
rallelen Strahlen mindestens & Kreise 
bzw. Kugeln trifft. (Die friiher definier- px las BS ZS 
ten Wolken sind also in diesem Sinne Fig. 1 
einfache Wolken.) 

Legen wir & einfache extremale Kreis- bzw. Kugelwolken in geeigneter 

Weise aufeinander, so erhalten wir eine k-fache Kreiswolke von der Dicke 
(kK—1)/3+4+2 (Fig.2) bzw. eine k-fache Kugelwolke von der Dicke 


1 Dicke nennen wir — wie gewdhnlich — den Mindestabstand von zwei parallelen 
Geraden bzw. Ebenen, die die vorliegende ebene bzw. raumliche Menge umfassen. 


14 Acta Mathematica XII/1—2 
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(2k—1)//2+2. Folglich ist 
(1) dy, =(kK—1)/3+2 
bzw. ; 

(2) Ds (2k—1)/2+2. 


Beide Wolken liefern einen Teil der 
dichtesten gitterformigen Kreis- bzw. 
Kugellagerung ([2]). Man kénnte da- 
her im ersten Augenblick vermuten, 
daB in (1) und (2) fiir jedes k das Gleichheitszeichen gilt. Wir werden 
zeigen, dai dies in der Ebene tatsdchlich zutrifft, im Raum aber nicht. 

Wir beweisen also folgenden 

Satz. Bedeutet d. bzw. D, die kleinstmégliche Dicke einer k-fachen 
Wolke von Einheitskreisen bzw. Einheitskugeln, so gilt 


Fig. 2 


(3) dy =(k—1)/34+2 fiir k>1 
und "i 
(4) Dy<(2k—1)V2+2 fiir k>1. 


Wir wenden uns zundchst dem Beweis von (3) zu. 

Wir betrachten eine beliebige k-fache Kreiswolke in der Ebene, welche 
in einem Parallelstreifen S von der Breite 6 enthalten ist. Es seien 9; (= 1, 2) 
die den Streifen begrenzenden Geraden, g; eine in S liegende Gerade, die 
mit g; den Parallelstreifen S; von der Breite 1 bestimmt (= 1,2), und 
schlieBlich S; der von g; und gs begrenzte mittlere Teilstreifen von S (Fig. 3). 


SSO. 


& 9 
I 
Fig. 3 


Ohne Beschrankung der Allgemeinheit kénnen wir voraussetzen, daB 
die Wolke gesattigt ist, d.h. daB sich zu den Kreisen kein weiterer Kreis 
hinfiigen laBt, so dafs eine Wolke von derselben Dicke entsteht. 

Wir definieren zunachst die zu einem Kreis gehdrige Zelle. Diese be- 
steht aus der Gesamtheit derjenigen Punkte von S, deren Abstand von dem 
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Mittelpunkt des ausgewdhlten Kreises kleiner als ihr Abstand von den iibri- 
gen Kreismittelpunkten ist. Offenkundig sind die Zellen konvexe Vielecke, 
die den Streifen S (abgesehen von den Randpunkten der Zellen) schlicht 
und ltickenlos iiberdecken. Jede Zelle enthalt das Innere des zugehorigen 
Kreises, und wegen der Gesattigtheit der Wolke hat sie bei jeder in S, lie- 
It 
8) 
Einheitskreis mui namlich mindestens den nachsten Kreis der Wolke treffen. 

Wir geben jetzt eine andere Zerlegung von S an. Wir verbinden die 
Mittelpunkte von zwei Kreisen durch eine Strecke, wenn ihre Zellen gemein- 
same Randstrecken in S, (also im inneren Teilstreifen) haben. Die Verbindungs- 
strecke und die zugehérige gemeinsame Seite der Zellen sind senkrecht. 
Diese Strecken bilden ein zusammenhangendes Netz, welches vollig in S, 
liegt (Fig. 4). So ergeben sich zwei aufere, unendliche Bereiche B, und B,, 
die sich von g, bzw. von g, bis zum Rande des Netzes erstrecken. Der von 
S iibriggebliebene Teil, der durch das Netz in Vielecke zerlegt wird, sei mit 
B; bezeichnet. Diese Vielecke 


und die im Inneren von S, Mid 
LIE 


genden Ecke einen Winkel > =. Um einen solchen Eckpunkt geschlagener 


liegenden Zellenecken sind WG 
einander ein-eindeutig zu- 
geordnet. Jedes Vieleck hat By () 
soviel Seiten, wieviel Zellen C| 
cammenstoben, Die Zelen. OLA OOP SIO 
winkel in dieser Ecke sind °2 : as at neti 
komplementaére Winkel des Fig. 4 
Vielecks. Da aber die Zel- 

2 
lenwinkel oy sind, sind die Winkel des Vielecks eee 
Vielecke durch einander nicht kreuzende Diagonale weiter, so bekommen wir 
zum SchluB lauter Dreiecke, deren Eckpunkte in Kreismittelpunkten liegen, 


. Teilen wir die 


deren Seiten = 2 und deren Winkel < i ausfallen. Daraus folgt, daB in 


jedem Dreieck die groBte Hohe =|/3 und simtliche Héhen =1. sind. Folg- 
lich is der Inhalt eines Dreiecks stets = /3 bzw. der Gesamtinhalt der Wolke 
innerhalb eines jeden Dreiecks genau mt/2. Hieraus ergibt sich, dab die 
Dichte? der Wolke in B, héchstens zr/|/12 ist. 

2 Unter der Dichte der Wolke in einem im Endlichen liegenden Gebiet G verstehen 


wir das Inhaltsverhdltnis der in G liegenden Kreisteile und von G. Die Dichte in einem 
unendlichen Gebiet la8t sich dann durch einen Grenziibergang definieren. 


14* 
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Im folgenden Schritt zeigen wir, daf es in B,; einen den Sreifen S; ent- 
haltenden Teilbereich B; gibt, in welchem die Dichte der Wolke den Wert 
a/4 nicht tibertritt. (Hier und im folgenden bedeutet 7 stets 1 oder 2.) 

Der Bereich B; ist einerseits von g; anderseits von einem Streckenzug 
(vom Rand des Netzes) begrenzt. Diese Strecken verbinden die Mittelpunkte 
solcher Kreispaare, deren Zellen eine gemeinsame Randstrecke in S; und 
einen gemeinsamen Randpunkt an der Gerade gj haben. Es ist leicht ein- 
zusehen, da& der Winkel von einer solchen Zellenseite und von gi wegen 
der Gesattigtheit der Wolke 
grofer als 27/6 ist. Deshalb 
ist der Neigungswinkel zwi- 
, schen g; und einer beliebi- 
I]; / gen Strecke des Strecken- 

zuges kleiner als zr/3 (Fig. 5). 
y Y], % Die von den Ecken des 


m me) Yh sewae od ye 
SS = ee Ste Loe zeridber Fine 


Fiat winklige Trapeze (dabei wer- 

‘ den als Ecken sdmtliche 

Kreismittelpunkte angesehen, die auf diesem Streckenzug liegen). Zufolge des 

obigen Resultates ist der Neigungswinkel der Schenkel eines jeden Trapezes 

kleiner als 21/3. Die Héhe des Trapezes, d.h. der Abstand der parallelen 

Seiten ist also mindestens 1, deshalb enthalt jedes Trapez insgesamt einen 
halben Kreis aus der Wolke. 

Im folgenden wird ein Trapez steil genannt, wenn der Neigungswinkel 
seiner Schenkel gréfer als 27/6 ist. Zerlegen wir ein steiles Trapez durch 
eine Strecke in ein Rechteck und ein rechtwinkliges Dreieck weiter, so ent- 
halt sowohl das Rechteck, wie das Dreieck genau einen Viertelkreis der 


Wolke. Die Dichte der Wolke ist also im Rechteck trivialerweise =F und 


im abgeschnittenen rechtwinkligen Dreiecks = Via" Dieses Dreieck ist ném- 


lich die Halfte eines solchen Dreiecks, welches nur Seiten =2 und Winkel 
ae also einen Inhalt =|/3 hat. Elementares Rechnen zeigt, daB der 
Inhalt jedes anderen (nicht steilen) Trapezes wenigstens 2 betrigt, infolge- 
dessen die Dichte der Wolke in diesen Trapezen héchstens z ist. 

Es bedeute 5; die Gesamtheit der nichtsteilen Trapeze und der Rechtecke 
der steilen Trapeze, und Bi die Vereinigung der aus B, und B, abgeschnit- 
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tenen rechtwinkligen Dreiecke und der Dreiecke von B,. Mit Hilfe dieser 
Bezeichnungen kénnen wir die obigen Ergebnisse folgendermaBen zusammen- 
fassen: Wir haben den Streifen S derart in die Teile Bi (j=1, 2, Oe zerlegt, 


dali die Dichte der Wolke in Bj und B% aa und in BS = =F ist. Im 
Hinblick darauf, dai B; den Streifen S; enthalt und Ti > 7 ist, konnen wir 
t2 


die folgende Abschatzung fiir die Dichte D der Wolke in S angeben: 


(5) Ds5(24 Bea: (p22 rai 
a /i2 
Projizieren wir die Wolke senkrecht auf g,, so wirft jeder Kreis eine 
Schattenstrecke von der Linge 2. Da aber die Schattenstrecken 2, k-fach 
tiberdecken, gehdren zu einer Einheitsstrecke von g, durchschnittlich minde- 


k 
stens 7 Kreise der Wolke. Daraus ergibt sich fiir D eine Abschatzung von 


unten: 
Sn 
a? 
= 
NDE b? 
woraus sich, mit Riicksicht auf b=d;,, (1) und (5), die behauptete Gleichung 
(3) ergibt. 
Um die Giiltigkeit der Ungleichung (4) zu zeigen, werden wir eine 
k-fache Wolke von der Dicke (e+ [AS ]] V3-+2 konstruieren.* 


Es seien a, und a, vom Anfangspunkt O ausgehende Vektoren, die 
mit O das gleichseitige Dreieck OA,A, von Seitenlange 2 bestimmen, und c 
ein zu a, und a, senkrechter Vektor von der Lange |/3. Wir betrachten das von 
a, und a, erzeugte Punktgitter und die gitterformige Kugelschicht G,, die aus 
den um diese Gitterpunkte geschlagenen Einheitskugeln besteht. Wir bezeichnen 


mit G; die Kugelschicht, welche von G,-; durch die Translation = +c entsteht 


(i>0), wo a;=a, bzw. a;=a,, je nachdem / ungerade bzw. gerade ist. 
Die Kugeln der Schichten greifen nicht iibereinander. 
Die senkrechte Projektion G/ der Schicht G, auf die Ebene des Dreiecks 


OA, A, liefert eine gitterformige Lagerung von Einheitskreisen, und es gilt 


offensichtlich Gi=Gis+5.- Wir greifen aus den Kugelprojektionen die um 


3 Das Symbol [x] bedeutet die groBte ganze Zahl, die den Wert x nicht tibertrifft. 
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ay 


0+3 0+ a bzw. Ones 5 - geschlagenen Einheitskreise K,, K, bzw. K; 


Ae Es Mf leicht einzusehen, dafi K; zum Kreisgitter G; gehdrt (j = 1, 2, 3), 
und daf das Dreieck OA,A, durch K, und K, einfach, durch kj, A, und kK, 
zweifach, und durch K,,k.,K, und Gj; dreifach iiberdeckt ist. Folg- 
lich liefert wegen der Gitterférmigkeit G, und G, eine einfache, G,,G, und 
G, eine zweifache, schlieBlich G,, G.,G, und G, eine dreifache Wolke. Da 
Gi—Gi44 ist, ist die Vereinigung der Schichten G; von i—1 bis i—k-+ 


+14 || eine k-fache Wolke, welche eine Dicke («+454 }} 1342 


hat. Da aber fiir k>1 [ghee ')) /3<(2k—1)]2 ist, ist damit der Beweis 
von (4) erbracht. 


Fig. 6 Fig. 7 


Fig. 6 bzw. Fig. 7 zeigt die extremale einfache Wolke von Fejes TOTH 
bzw. unsere Konstruktion fiir k= 2. 


(Eingegangen’am 5. April 1960.) 
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UBER DIE ABSOLUTE KONVERGENZ LAKUNAERER 
TRIGONOMETRISCHER REIHEN 
Von 
P. SZUSZ (Budapest) 
(Vorgelegt von P. TurAn) 


In der vorliegenden Note werden die folgenden beiden Sitze bewiesen: 


SATZ 1. Ist K eine beliebig grope positive Zahl, so existiert eine Folge 
{mi} (K=1, 2, ...) natiirlicher Zahlen mit den folgenden Eigenschaften: 


a) Es ist 
Nyt 
- =i (ieee 132). 
b) Ist a;, a2, ... eine monoton abnehmende Folge positiver Zahlen, so 
folgt aus 
(1) > |a sin 7mx| < 0 


= 
fiir irgendein x +0, +1,... die Relation 


(2) (Ohot<@ toae 
[in 


a 


SATZ 2. Es sei {n,} (k=1, 2, ...) eine monoton zunehmende Folge natiir- 
licher Zahlen, fiir die nur die Relation 


Ny 


(3) a —+oo fiir k+o« 


besteht. Dann gibt es eine monoton abnehmende Folge {a;} positiver Zahlen, 


fiir die zwar > a,—=- gilt, aber trotzdem gibt es eine Menge der Machtig- 
k=) 


keit des Kontinuums der Zahlen x, fiir die > \a sin m,x|< % gilt. 
k==1 


Satz 1 ist eine Ubertragung eines klassischen Satzes von FATOU' auf 
Liickenfolgen. Satz 2 besagt, da eine dem Fatouschen Satz analoge Behaup- 
tung nicht mehr bestehen kann, wenn die Liicken der Folge {n,} ,,zu grob” 
sind. 


1 Vgl. z.B. Zycmunp [I], S. 134. 
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BEWEIS DES SATZES 1. Ohne Beschrénkung der Allgemeinheit sei ange- 
nommen, daf K (von a)) eine natiirliche Zahl ist (K = 2). 

Man setze 
(4) ea I New = Kn, + 1 (Kee eee 


Nun zeige ich, da falls {mn} durch (4) definiert ist, so kann fir eine 
beliebige, monoton abnehmende Folge {a,} positiver Zahlen die Relation 


jee) 
> \asinan,x|< co mit einem nichtganzen x nur dann stattfinden, wenn 
k=! 


da < oe ist. Es darf ohne Beschrankung der Allgemeinheit 

| Ue tg | 

angenommen werden; da x voraussetzungsgemaf nichtganz ist, gibt es eine 
Zahl 0 mit 0<d=4 und 

(5) 0=xs1—0. 

Nun gilt bekanntlich fiir jedes reelle ¢ ° 

(6) |sin zet| = 2||¢\l; 

daher geniigt es fiir jede monoton abnehmende Folge {a,} mit > a= 0° 


und fiir jedes nichtganze x die Relation 


(7) 2 % |||] = 
zu beweisen. 
Man setze 
7) 
8 Y=tsr 
(8) Y=a 
wobei 0 durch (5) definiert ist. 
Nun zeige ich, dai aus 
(9) || mx || < 7 
und 
(10) || Mera X|| <7 
ein Widerspruch zu (5) folgt. (9) bzw. (10) ist gleichbedeutend mit 
(11) Cee 
Ny 


2 ||t|| bedeutet den Abstand von ¢ von der nichstbenachbarten ganzen Zahl. 
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bzw. 


(12) ee Lisa + Pius 
Nr 


mit ganzen / und |P.|<y, |Pi|<y. Hieraus folgt weiter mit Riicksicht 
auf (4) 


K+2 
(13) Im (Kil) + hal < Ag Or. 
Aus (5) folgt bei festgelegtem 0 fiir gentigend grofes n, 
4) 7) 
(14) 5m << (4 Ni, . 
(13) ist gleichbedeutend mit 
, bh, ) 
(13’) Kh, lini — 7 17 et 


da aber K, also auch AK/,—/,.1 ganz ist, ist (13’) mit (14) nicht vertraglich. 
Daher k6nnen (fiir gentigend grofkes n,) (5), (9) und (10) nicht gleichzeitig 
bestehen, also falls O<x< 1 ist, muf von irgendeinem & an stets entweder 
\| mx || > 7 
oder 
[Mii X|| > 7 
sein (oder auch beide). Damit ist (7), also auch unser Satz 1 bewiesen. 


BEWEIS DES SATZES 2. Man setze 


Mio ee 
@ 5) i fim = dh, ’ 
voraussetzungsgemafi gilt 
(16) lim dy =o. 


Nun sei {a,} eine monoton gegen Null strebende Folge positiver Zahlen, die 
den Relationen 


(17) Zilla 22 
und 

18 Dlieas 
( ) (| dy 


geniigt. Eine solche existiert immer (vgl. KNOPP Papo e, 0G Ss 
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Es gilt fiir jedes reelle ¢ 
(19) |sin rt| S 2e||t ||; 
daher geniigt es zu zeigen, daf fiir eine Menge der Zahlen x der Machtig- 
keit des Kontinuums die Relation 


(20) > ax|| 12.x|| < 00 
k=!) 
besteht. 
Die natiirliche Zahlenfolge sei in zwei fremde Teilfolgen k,, k,,... und 
L,, 4, ... eingeteilt. Es bezeichne 
(21) E({ki}, {}) 
die Menge der Zahlen x, fiir die die Relationen 
(22) || m.,|| S di (j=1,2,...) 
und 
(23) l|m,x|| > di," G=1,2,...) 
gelten. 


Kann ich zeigen, daf fiir jede Einteilung {k;}, {/;} die Menge E({k;}, {}) 
nichtleer ist, so bin ich fertig. In diesem Falle wahle ich namlich eine Teil- 


folge 1,,4,... der natiirlichen Zahlenfolge mit dee co und verlange, daf 
j=1 


fiir samiliche k mit kJ; (7— 1,2, ...) die Relation (22) gelten soll. 
Fiir die Zahlen x mit x € E({k;}, {L)}) ist wegen ||m,x|| =di;, wegen 
> ai, < ce und wegen (18) 


o 
@ 


(24) 2 ar || Mx) < 00, 
—— 


Falls E({k;}, {/}) bei jeder Einteilung nichtleer ist, so ist die Menge 
von x mit (24) der Machtigkeit des Kontinuums, weil ja fiir /; bei jedem / 
die Wahl 


|| 721,x|| S di," oder = ||m,x|| > dh," 

mdglich ist. 

Daher habe ich nur den folgenden Hilfssatz zu beweisen: 

HILFssatz. E({k;}, {l}) ist bei einer beliebigen Zerlegung der natiirlichen 
Zahlenfolge in fremde Teilfolgen {k;\ und {1;\ nichtleer. 

BEwEIS. Es bezeichne 

Em ({hj}; {1;}) 

die Menge von x, fiir die die Relationen (22) und (23) gelten, jedoch nicht 


: 
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notwendigerweise fiir alle k und /, sondern nur fiir die mit 
Gan, 471. 
Offenbar ist 
fat = EB ~ a 
Nun zeige ich die Existenz einer Folge /,,/,,... von Intervallen mit den 
folgenden Eigenschaften: 
eerie dae (bee 1 2i.-), 
2) Plt Re (i Fe 
c) Ist /, offen, so ist auch die abgeschlossene Hiille von /,., in /, ent- 
halten. Da durch das Intervallensystem 4, /,,... eine Intervallschachtelung 
definiert ist, die nicht zu einer nicht in E({K;}, {/;!) enthaltenen Zahl fiihren 
kann, wird durch den Nachweis der Existenz einer Intervallenfolge /,, /,... 
mit a), b) und c) auch unser Hilfssatz bewiesen sein. 
Der Beweis der letzten Behauptung wird durch vollstandige Induktion 
gefiihrt. 
Fiir m1 besteht &,,({x;}, {/;}) aus offenen Intervallen, falls /, = 1, und 


aus abgeschlossenen Intervallen, falls k,—1, deren Langen gleich [ — ape 
1 1 


sind, falls 4,1 ist. In E,({k}, {G} 


sind, falls 4; 1 ist, und gleich 


nea 
ist also wegen 


2 4 
as) RS 2 
[ 7 | a 7 Pals) see, 


stets ein Intervall der Mindestlange . enthalten, wenn k,—1 ist, und ist ein 


9 


Intervall der Mindestlange = enthalten, wenn /,—1 ist (bei der Induktion 


wird nur so viel ausgeniitzt werden). Ferner ist dieses Intervall offen fiir 
l,=1 und abgeschlossen fiir 4,1. Nehmen wir an, dies gilt bis /,, d.h. 
J, ist offen, falls m unter den / vorkommt, und besitzt dann eine Mindest- 


lange , und ist abgeschlossen, falls m unter den k vorkommt, dann be- 
1 


m+ 
J ee ; E 1 
sitzt sie eine Mindestlange ——. 
Nin 


Zuniachst sei angenommen, daf m den & angehdrt. Dann existiert nach 
der Induktionsvoraussetzung ein abgeschlossenes Intervall /,, von der Mindest- 


lange lites die E,,({k;}, {1;}) angehort; dieses enthalt (im Inneren oder an 
Nn-+1 - 
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den Endpunkten) mindestens einen Punkt der Gestalt mae fiir eine Umge- 
m+1 


bung von der Mindestlange - at gilt dann (22), und diese Um- 


Amst Nn+t Nn42 
gebung bildet wieder ein abgeschlossenes Intervall. Fiir den tibrigen Teil des 
Intervalles /,, gilt (23). Der kann in hdchstens zwei Teilintervalle zerfallen, 
die Lange von mindestens einem ist also gréfer als 


F(t 2 Ligae2 
2 Amn+1 Nm4i Nn+2 ; 


dieses Intervall enthalt also ein offenes Teilintervall mit einer grdferen Lange 


als 


. Damit ist die Induktion durchgefiihrt, falls m den & angehort; der 


m+2 
entgegengesetzte Fall kann auf vollig analoge Weise erledigt werden. 
Damit ist der Hilfssatz, also auch unser Satz 2 bewiesen. 


BUDAPEST, FORSCHUNGSINSTITUT FUR MATHEMATIK DER 
UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN 
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AN EXTREMAL PROBLEM IN THE THEORY 
OF INTERPOLATION 
By 


P. ERDOS (Budapest), corresponding member of the Academy, 
and P. TURAN (Budapest), member of the Academy 


1. Let the infinite triangular matrix 
Xu | 
X12 X22 


Ase |: 
Xin Xan °°* Xnn 


be given, where for n= 1, 2,... the inequality 


ag 1) 1 == Xin one > ane 1 
holds. Putting 
fi. 2) n(x, A) = [1 (xxi 
p= 
; ay M,(Xx, A) 
(1. 3) lin(X, A) = (a. Ay (en) © 
the polynomial 
ag 4) EX: Viny +++) Ynny A) = Da Vin Lin(X, A), 
j= 


the so-called nt* Lagrange interpolation polynomial belonging to A, is the 
only polynomial of degree =n—1 having the value y;, at x==x;, for 
j=1,2,...,n. Particularly important is the case when the values y,, are 


‘given by 
Vin = f (Xin) (J = 1, 2,40, n) 


where f(x) is a prescribed function continuous in [—1, +1]; in this case 
we shall denote the polynomial in (1.4) more simply by L,(x, f, A). From 
the classical investigations of G. FABER’ and S. BERNSTEIN’ it follows that 
no matrix A is “effective for the whole class C of functions continuous in 


1 G. Faser [5]. The numbers in brackets refer to the literature quoted at the end of 


the paper. 
2S, BernsTEIN [1]. 


222 P. ERDOS AND P. TURAN 


[—1, +1]”; the latter even proved that for every A with (1.1) there is an 
f(x) € C and a —1=§=-+1 such that 


lim |Ln(E, fo, A)| 7 at 


in contrary to everything what was expected since NEWTON. 


2. As FEJER discovered essentially in 1913, the situation changes com- 
pletely if instead of the sequence of the Lagrange polynomials L,,(x, f, A) 
one considers an appropriate special case of the general Hermite interpolation ° 
(which HERMITE himself considered only from formal point of view). FEJER 
considered the polynomials H,,(x,f, A) of degree =2n—1 uniquely deter- 
mined by the requirements 


a A (Xjn, f, A) =f (Xin); 
21132 eee 
(2. 2) BoD) See mi n) 


He proved that choosing e. g. for A the matrix P, the n row of which con- 
sists of the roots @;, of the n Legendre polynomial 


{eer =a hig ae 
one has, whenever f€C, the relation 


lim H,(x, f, P)= f(x) 


for —1<x<+1, but not necessarily‘ for x—+1. Later he proved® that 
choosing as A the matrix 7, the n‘ row of which consists of the roots @), 
of the n™ Chebyshev polynomial 7,,(x) defined by 


(273) T,,(cos +) = cos nJ, 
the relation 
(2. 4) lim Ay (x, f, T) =f(x) 
3 L. Feyér [6]. : 


4 As it was shown recently by E. EcervAry and P. Turdn [2] for the sequence of — 
polynomials Hi(x, f) of degree = 2n—3, defined by 


Hn(a; no» S)=S(G, »-9) Hn(+ 1, fy =S(+ 0), 


Elisa) er al = 
met) (j=1, 2, ...,n—2), 


‘Fi n—2 
the relation 
lim Hn(x, f) =f (x) 
n—-> © 
holds uniformly for [—1, + 1]. 
5 L. Feyér [7]. 
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holds uniformly for [—1, +1]. Here, generally, H,,(x, f, A) stands for the 
polynomial of degree =2n—1 defined by 


> Gio h =F), 
, frees ee Dw ke 
(2. 6) ee Hus A) } Se Vin VJ n) 


70 ip ] 


where the real numbers yj, are subject only to the restriction 


(2. 7) lim max ele t=O. 
n>o j=l,...,n 
3. The relation (2.4) is surprising owing to the great arbitrariness of 
the slopes yj,. This raises naturally the question that perhaps choosing an- 
other matrix A instead of 7 this arbitrariness of the slopes can be increased. 
To give a more exact form to this question we remark that, as easy to see,’ 
everything depends upon the expression 


(3. 1) M,(A) max 2 |bin (x, A)| 
Sc= j= 

where 

(3. 2) bn (x, A) = M,(X, Ay 


On(Xjn, AY(X—Xjn) 


Hence it is natural to ask for the “optimal” matrix A— A* (which is not 
necessarily unique), i. e. for which 


(3. 3) M,,(A) = minimal 
for n=1,2,.... Since, according to FEjéR,’ for arbitrarily small «>0 for 
n>n,(e) the inequality 

2 logn 
(3. 4) M(T)<(2-+ 6] : 
holds, we certainly have, denoting ° 
(3. 5) min M,(A) = M,,(A*) = g(n), 
the inequality 

2 

9) im eae) ae 


6 L. Feyér [7]. 
7 See L. Feyér [7] with a slightly ‘different notation. 
8 It is easy to see that for fixed n the minimum exists. 
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Now we are going to prove 


. n 2 
(3. 7) Berets 3 © 
ise: 

n 
Co ee log n oii 0 


By (3.7) our extremal problem is at least asymptotically solved and shown 
that the choice AT gives essentially the greatest freedom for the choice of 
the slopes yj,. More exactly, we are going to prove the following theorem 
where c, (and later c:,c;,...) denote positive numerical constants. 


THEOREM |. By whatever choice of the matrix A we have the inequality 
(M,,(A) eet) max > |bja(x, A)|= = (log n—c, log log n). 
-1SrSH1 j=1 J 


It would be of interest to determine the exact value of g(n), at least 
for small n’s. A proof of the weaker inequality 


(3.9) Eneq—e 


could have been proved more briefly; we shall, however, omit this version. 
Probably also the inequality 


1 


(3. 10) il | 


-1 


1 | logn 
> bint, A) dx >, °8* 


) 


holds or even the inequality 


log n 


(3. 11) >, |in(x, A)|>e4 


in [—1, ++ 1] with the exception of a set with measure tending to 0 with 


] 
ie could not prove so far whether or not for all —1=a<b=1 


(SAl2) max >’ |fin(x, A)| > |= —e| ee 
asset j=1 IU ; n 

holds for all n>nj(¢,a,6) (or even for n>1,(e)). 
In our theorem the factor loglogn can perhaps be replaced by 1; a 


further refinement, enabling to prove that g(n) is a convex function of n, 
seems to be very difficult. 
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Our method furnishes mutatis mutandis a proof for the inequality 


n 


“e, ?, 
(3. 13) max 2, thin eA) = = log n—c, log log n 


-lSa=+1 


for all matrices A; a somewhat weaker inequality was proved in S. BERN- 


STEIN’s paper [1]. The significance of (3.13) is given, of course, by the fact 
that, in conjunction with the fact that for n>1,(«) 


mak “> tle(x, 1)|\= es | log n, 
j= 7 y 


-1=c=+1 
it solves asymptotically the extremal problem to find the minimum of 


max. Dy lent A)| when A varies. We shall sketch our proof for (3. 13) 


—1S7=+ 
Beorem Il) and drop the formulation of problems analogous to (3. 10), 
(3.11) and (3.12) with J;,(x, A) instead of bj,(x, A). 
Since in the proof of our theorem we are always dealing with a large 
but fixed n, for simplifying the notation we omit n from the indices. Hence for 
RES he ee eae 


(x) 
©’ (Xj) (x—X)) 


w(x) = II (x—xj), Ux)= 


we have to prove that 
(3. 14) max > pe max 2 |6@)|= 


-1S71S+1 j=1 © "(Gj)" |x ee =e esis Wile 


== max Mm |x—x;|5(xy = ~ (og n—¢, log log n). 


—1Sr=+1 j= 
4. We shall need two lemmas. 
Lemma I. /f for a 0<b<4 and O0<7,<1 and a rational polynomial 
J(x) of degree n the inequalities 
| (|= M for —1\sx=+1, 
Jian. for sbsxe+bd 


hold, then for 0<%< _ and 
the inequality ay 
dJ } 
ee =M | (1+ 8)jn+ Te | 
holds. 


15 Acta Mathematica XII/1—2 
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For the proof of this lemma we may suppose M=1, and consider the 
pure cosine polynomial 


(4. 1) J(cos F) = fiCY). 


We apply the well-known interpolation formula of M. RiEsz° which gives 


ah tS 19+ 9) G§a 


—cos ‘1I—cos 3 


where 
pat Wa Feito 
I= 5 ae 


Since our hypothesis amounts to 
AF) = 1. for, US ea, 
(|S for arccosob=A=2—arc cos B, 
we get for 
arc cos(l—)b = F Sa—arce cos(l— 72) 
the estimation 


Uh 1 


‘an are cos b=O+9; es arc cos b ‘1—cos 


(4. 2) | tie 


Nh ea 1 el 
+5 > ee 


22 z+arecos b=+9 S20-are cos b 1—tos 3; 2n 


where the last summation is extended to the %;’s not contained in the pre- 
vious two. Since 


eo 1 
2n 4 1—cos ¥; seal 
we get 
0 pes 1 
ah ellis 1—cos(are cos(1—7)b—are cos 6) ~ patie 
ne 
I—(1—,) &§—J1— = p81 
= yn A ho Ve OE le Oy 
{I—(1— n,) 6°} — (1 —(1— 2°} (I—&*) 
piers 2 1 2 
<A TE) Oa 


* M. Riesz [9]. 
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Hence for —(1—»,)b =x =(1—»,)b 


d J (x) __| aj,(9) 1 ~ [ Ao 1 ; 4 
“je | dg Vi—x< S (ant 5 ie POT Ti oes 
indeed. 


LEMMA II. Let J,(x) be a rational polynomial of degree =m which as- 
sumes its absolute maximum « with respect to [—1, +1] at x—=&. Then there 
is an interval I in [—1, +1] of length oe such that one of its endpoints 


is — and in which the inequality 
N= ze 
holds. 


We choose, namely, as / that one among the intervals 


Pa ] S 
| le se | 


which lies in [—1, +1]. We may suppose the first. Then using MARKOVv’s 
classical theorem” we get in / 


1 
2m 


E a 


& 
oe 


a 
| =| + | jOat| =\©|— [ emrdtmp—S—4, 
é é 


indeed. 


5. We shall employ the following notations. Let 
def 


5. 1) M= max |@(x)|, 
-1S7=+1 
and this should be attained here for x = &, say. We shall consider the intervals 
1 ee 1 i 
>, 2) Oe tit ont seen) =*= jogn f Top’ 
and 
ts ~bal +n eb 
= 3) 2 torn log?n logan} — 
1 oad a I 
= log n (1 i onal (1 log’n 
for | 
(5. 4) y=0, 1,..., [log?n] © R. 


10 See Markov [8]. 


15% 
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We shall use dj,:—d, and d, (the complementary of d, with respect to 
[—1, +1]) in the usual sense. We shall denote by &, one of the values x 
in d, with 


(5. 5) |o(E,)| a max x |(x)| oct Mf 


The intervals d, are for n>c, in [—1, +1] and thus 
(5. 6) M=M,=:::=Mr=™M. 
6. The proof of our Theorem I is split into three cases. 


Case I. There is an index 1=k,=n and a —1=&=-+1 such that 


(6. 1) Pus 142) = Sie \ieests 


Se 


Applying Lemma ie to /,,(x) we obtain the existence of an interval / in 


[—1, +1] of length eo such that in / the inequality 


La 
(6. 2) n= a 
holds. We choose in / a &™ as follows. If x,, is not in /, then let &* be 
the middle-point of /, say; then 

b l 

(6. 3) |E*— x, | = — an 
If x;,, is in /, then &* can be chosen in / so that (6.3) holds again. Then 
we have 


~~ 


eee 
—-1= r+ 


(OE Ss =, |8;(E")| = 11,6") | = 


1 901] See alos 
— | ee =— 6 
sag Xr] ty(E") = 4 4" n 


for n>c;. Hence in this case our theorem is proved and we may suppose 
in the sequel the inequality 


(6. 4) max |f(x)|< n° 
-lS=r=+1 


for k= 1,2,...,. This last inequality will be used only in the form that it 
implies" upon the x;’s that writing them in the form 
xXj=cos 9; QOS 97S 76y/ = 1722). 408 


I See Erpés [3]. His proof is an improvement of that contained in Erpés—TurAN 
[4], esp. p. 548—552. 
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the +,’s are uniformly distributed in the sense that for O<@<f<a 


(6.5) Ss 


r= 
aS 


n| < Cx log? n. 


7. Case /I. With the notation of 5 we suppose the inequality 


7.1) 
holds. 
We apply Lemma | with 


(eo yaeers (2), De 


<—- 
® ~ log?n 


1 


logn’ 
sare! a 
em log’n’ n= log'n’ 


the assumption (7.1) assures the applicability of this lemma. This gives for 
x € dj the estimation 

f =<=WM | Des 2n 

He (t+ soba =) ioarg + 4 toe" files Moen 


roughly, for n>c,. Hence we obtain 


= n | 1 n o(é) i 9 1 __ log’ n 
max LHOl= D\O272 GG = 2 ei Seer = en a! 


oO (x;) rr Edy dy 


Applying (6.5), the last sum is (roughly) for n>cy 


oases 
4 logn’ 
fe. 
login - 2 logn 
max >| 600|= to 


for n>c,,. Hence also in this case our theorem is proved and in the sequel 
we may suppose (Case III) 

a) the uniformly dense distribution in (6.5), 

b) the. inequality 


M 
(7. 2) M = log?n* 


8. Case I/I (and the last). First we assert that there is an index 7) with 
0=»,=[log’?n]—R and 


] 
(8. 1) My,41 =M,,(1 + wal: 
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For if not, then we should have for all these »’s 
Myii >My f T ual: 

i.e. from (5.6), (7.2) for n>cy» by multiplying we get 


A = 
M=Mp>M,(14 73 > M,\n> Ht M>2M 


log n 


which is false. Hence (8.1) is true. With this 7, we have, with the nota- 
tions of 5, 


(8. 2) max Pa 
beer 
= >) + s + Di cite Lee 
aj€dy, : ried, ot1~ pe tidy 41 


To obtain a lower bound for S, we use Lemma | with n>c,, and 


= My, = ae 
ee eee log’n’ 


ae) 1 y"| 1 
 jogn (1+ log’n} [> logn}* 


This gives for x; €d;, owing to (7.2) and (5.6) for n>c, 


— Mr, | 
}o"(%)| = mi(i4+ 25 | M \< 
29 | Ma M,, A | a 
<M \(14 2] M n+( Me login 4 log as 
— 25 10 | an 
= M,,}[14 22 log'n _|n+4 log nf < Ma(1+ 72 n, 
and hence 
M;, 1 1 1 
8.3) S;= ; Bs ee gt Pe | 
( 4 I o ES) |E,,— x;| 30 i 9 er |§,—;| 
Be mer pee pad (BOR fae ¢. 
log*n. 


In order to obtain a lower bound for S, we apply again Lemma I with 


Mott | 


i» = —— 
Meat & lr ite 


pa poe [iste ll ome 
log n \ log?n ~ logn}- 


Un = 
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This gives for x; €d/.1, as before, 


| 0'(x;)| S Moot [ =i orl n, 
i.e. by using (8.1) 
— M,, 


So = 
(Xj)? | Ey, — X}| 


j > 
, , 
i) € Vy tl ao Vo 
= M,, 1 an ] 


i) ees 
nj€de1-a, |Sr— X}| 


1 
i RY 
2 nn? 


] 1 ] 
( ce 30 ) n efits, |5%,— | 
log’n 


This and (8. 3) give together for n>c,, 


1 ] 

8.4 (DENG eee a enh 

(8.4) eae 20 Fos 
log’n 


9. Now we use the full force of the uniform distribution in (6.5). 


do so we write first 
Ey == c0s @,, 


and have 
1 {realy 1 ive 
— < 
log n [ ss eta | =c0s O,,= log n f r onal ‘ 
pe: 
9.1 <2 re sin} [1+ yt 
( Py ) Be Vo <<alhG Mog n log’n , 


we remark further that the x,’s in (8.4) are exactly the #;’s with 


1 1 1 =| 1 \\# 
(9. 2) 9 — 9; =arc sin mal! +7ppa 1— log’n | = dc. 
Since 
1 m 1 aie! 
E,—x,|  |cos @,,—cos 7;| — |@4,—F;| ’ 
we have in the remaining Case III 
‘ 30 ¥ 1 I 
(9. 3) es pa | h(x) clas | 4; =e =n 
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Since from (9.1) we have 
“7 
0,,— & a “| 


nedlévabl mal bal eel 
—are sin} (1+ jab] | > are sin log n (fees 1+ Dog". \ 


= j | l l "| eis 
=aresin} oh (1+ qe | 1 Togta | 


wae Le |e eee 1 \" 1 1 
cae elope i sata) we log n 1+ toetn. 2 log’n - Zilog’ n’ 


the range of summation in (9.3) is not increased by replacing the original 
one by 
1 
|O,,—F;| = Zlog a 
Denoting the arcs 


log’n log’n | 3 n \ 

yp (lL) eet vy — x=0,1,..., |——- 

On—@ +1) 8" 39-< 0,282 [x= 0,1 Sea 
and 

log’n log’n [s n | 

o.r1@t <os0,ra+y® icon,... [3 cA] 

+478" <9=O,40+—E* (4=0,1,..., Tor al 


by U, and Vj, respectively, (6.5) results 


Sev, 1aa | =Tog'n A+] Zt, 
eae I | ie 
own G41) og’n—c, log? 


and similarly for 


}1— ITCg ( 
| «xa mi log’n \’ 


5S" =! 


Mal Tf) ee Oeie 
HEU, |r J; 


Hence from (9.3) in Case III 


30 fears eae 3 1 
iog’n} sen log’n} _ A 


A+] 


max Pic) - [1- 
fa 


-1Sa=+ 


= Llogt al 


me ‘ log n ay log log n 
ak ae: n 


10ti ft C7. Oren! 
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10. As told we shall sketch the proof of 
THEOREM II. For n>cis we have 


max Nie (x)| > 4 log n—ey log log n. 


~1S0=41 4 
PROOF. Without loss of generality we may suppose the inequality 
(10. 1) \/,(x)| Slog n 


for —1=x=+1 and y~1,2,...,n, from which the equidistribution (6. 5) 
follows at once. So we shall have only two cases (keeping the previous 
notations). 
Case I. 
1 


We apply Lemma | with 
1 
I(x) = (x), b — log n’ 
= eM Se oe 
130 log’n’? "Tog? n’ 
again (10. 2) assures the applicability of this lemma. This gives for x € dj as 
Bie defOl 22> Coy 


M on 

Beata" 10 log’n 

and 
MS log’n > 
= =a >d > j1>10 n 
as, 2 Ss (x)|= Day (§)|= 2 Zi a’ ry n Ara} g 
using (6.5) roughly. 
Case IJ. We may suppose 

Qi} fer M = 

B°.2) 2 DOlog’h 


Again we have for n>cy; an index with O=7,=R and 


(10. 4) M,4=™M, M,,(1 + if ventb 
for if not, we should have 


Va 
M>MVa>M op core n gets 


234 P. ERDOS AND P. TURAN: AN EXTREMAL PROBLEM IN THE THEORY OF INTERPOLATION 


which is false. Again 


— io } 
max S14 = S146 =. a) + DD; $54. 
-1S7=+1 j=1 rE, a dy 
To obtain a lower bound for S; we use eh I for n>Cx with 
emia oteesg] 
iM * oP toptn? 


pl eae "(> ; | 
Sarl T Toga, log n}* 


This gives for x;€d;,, using also (10.3), for n>Cy; 


25 \ M,, : 
Jo’ (xp SM} [ 14 ae, | et a +4 logn| < 
25 \ M,, M,, | 30 ] 
<m|(1+ 225] M males 20 tog’n) 4 log af <M,(1+ jae n. 


The further part of the proof runs exactly after the pattern of Theorem I and 
can be dropped. 


(Received 19 April 1960) 
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PROBLEMS AND RESULTS ON THE THEORY 
OF INTERPOLATION. II 


By 
P. ERDOS (Budapest), corresponding member of the Academy 


let — |S x Xe a x, S11 be an arbitrary points in the interval 
(—1, +1). on) = LT (x—xi), b.(X) = @(X)/07. (Xx) (X — xx). It is well known 


that the sum » 
k=1 


[.(x)| plays a decisive role in the convergence and diverg- 


ence properties of the Lagrange interpolation polynomials. FABER [1] proved 


that max > '|/,(x)| tends to infinity with n, in fact he proved that 
-lSa=1 k=1 


(1) halal > leo|> wplogn. 


Later FEJER [2] obtained a very simple Se for (1). The problem of de- 


termining the n points for which max Sih (x)| is minimal is unsolved up 
to the present. BERNSTEIN [3] cae that for evety tO) if n= no, 


(2) max 2 | f.(x)| > (12) = tog n. 


-l=r=1k 


BERNSTEIN in his important paper proved (2) in full detail for trigonometric 
interpolation. He states that (2) for interpolation in (—1, +1) is a simple 
consequence of this result. I was not able to reconstruct the proof. However, 
we proved with TURAN [4] that (2) is true, even if the right side is replaced 


by 2 log n—c log log n; here and throughout this paper c, c;, ¢, .. . will denote 


positive absolute constants. 
The main task of the present paper is the proof of the following 


TereOREM 1. Let —1 = X= Xe <2 ox, SS. I Then 


max 2 | U(x) | > # oga—e,. 


SS 
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This result can not be improved very much, since it is known that for 
the roots of the n'* Chebyshev polynomial 7,,(x) 


vw 2 

max > |i(x)| <—logn+cs. 

-IS=e¢51 k=1 IU 

In fact, it is known and can be shown by a simple calculation that if 
Vi<Vo<+++<y, are the roots of 7,(x), then 


n 


2 “i Zz 

*~jlogn—c,< max > |k(x)|<—logna+ce. 
Uv Yj e<Yyjyy KI IU 

x) 


x be a triangular matrix called point group in the theory of 
yx: 


2 


2 


interpolation, —1= x < x!” <--- <x” =1. BERNSTEIN [3] proved that there 


exists an xX)» (—1<x,< 1) so that 


Tim >’ |x (%0)| =e. 
k= 


More precisely, he proved that for every fixed —1=a<b6=1 
(3) max > |I,(x)|> (4—.] log n 
ax Reb kal 


for n> n)(é, a, 6). | think that in (3) z can be replaced by = but I have 


not been able to prove this. 


In my paper [5] I stated that I can prove that there exists an x) so 
that for infinitely many n 


(4) >, |te(xo)| >= logn—e. 
| J 


(4) is quite possibly true, but unfortunately | am very far from being 
able to prove it. 


To prove our Theorem we first need some lemmas. 


LEMMA 1. Let cos6;=y; (1Sisn) be the roots of the n™ Chebyshev 
polynomial T,(x). Then for every —1=x=1 and t>c, 
1 


) 


1 Nv (1— yi)” Z 
ntl yy, nee logn—c, logt, 


where X, denotes that the summation is extended only over those y;s for which 
lo— 6;|>tz/n, cos6 =x. 
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The proof of Lemma 1 is by simple computation and is left to the reader. 

cos += xX, will denote the point in (—1, +1) where |, (x)| assumes 
its absolute maximum. /, will denote the intersection with (0, zr) of an interval 
of length ta/n, one endpoint of which is %, / will be the interval in 
(—1, +1) obtained from / by the mapping cos.#—x. There are two inter- 
vals /;, one to the right, the other to the left of x. 


LEMMA 2. Assume that there exists a t>c; so that for every t =t every 


interval ly contains more than Uwe | x;’s. Then 
(log t’)’ | 
ie yt 
fy eee ta c; log t. 
Ls 1 
The term |(1—x;)”| is really understood to Cee max (la—x? |, 1: 


sy save space [| will always replace this by (x8)? “hy 
Let y; be such that there are & y’s in the interval (xo, y:), and let x, 


ka+O(1 
be such that there are & x’s in (Xo, Xi). Clearly 6.— 0 — 82 TOO ang by 
our condition on the x’s 
ka CKIE tz OK 0 Cre 
(5) eS ae T a(log het aah ar T n(log bP 


for k>f. From (5) we obtain by a simple trigonometrical calculation for 
> f° 


1 


_|d=yiy? |, ce 
©) Yo— Vi k (log k) 


Lemma 2 immediately follows from (6) and Lemma 1. 


LEMMA 3. Assume that the x;s and Xo have the same properties as in 
Lemma 2 and the further property that for some t'>t there is an ly which 
contains more than t® x;'s. Then if t>cs, 


1 
a1 las? 
— log n. 
Ba om 2. a °8 


1 
(I—xi)” 
Xia 


Let ¢* be the greatest ¢ for which an interval /* contains f* x’s. Write 
= 2 + 2 


{sa ’ ae 
where in »’ |Fo—9;| = —— and in 2D | Fi— Jo i = 


238 P. ERDOS 


As in the proof of Lemma 2 we can show that 


(7) Rita * tog n—c, log f*. 


an i > 
A simple apres computation shows that for the x,’s in >” 


‘ 
here |A;—Po|= ue \(I—xi)? 24) 


1 
(1—x; th | 3 Cio 


n| xo—Xi {= 
Thus, since there are at least f* summands in 2’, we have 
(8) eet 


(7) and (8) imply Lemma 3 for sufficiently large t>c;. 


LEMMA 4. Let cos4j =X, be any point in (—1, +1). There exists a 
polynomial F,(x) of degree r for which F,(z)=1 and 


U Cu 
FE cos [.+s=|| | < Ts] 


if dy + == is in (0, 22). 


Lemma 4 is well known [6]. 


LEMMA 5. Let g(x) be any polynomial of degree m, assume that it 
assumes its absolute maximum in (—1, +1) at cos4,= 2. Then if cos4;=2; 
is any root of 2(x), we have 


Jdo— 4i| =O Te 


equality only holds if m(X) = T»(x). 
This is a theorem of M. Riesz [7]. 
LEMMA 6. Assume that the x;s are such that there is a t>Cy so that- 


1 
asi | xX; ‘* and 


that for t'=t the intervals ly contain not more than t® x's. Then 


at least one of the intervals I; contains fewer than i{1— 


max max |/,(x)| >t 
a,C\o I, a in J 


where by Ji (ich) we denote the interval 


tz tz 
i= 08 | + ae sia cos [ut pe nllog h§ 7 | ; 
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Lemma 6 is very far from being best-possible, the conditions could be 
weakened and the conclusions strengthened, but it will suffice for our pur- 
pose in its present form. The proof of Lemma 6 is the most difficult part 
of the paper [8]. 


Let g(x) be a polynomial whose roots in / coincide with those of 


on(x) =[[(x—x;,) and outside of /; they coincide with the roots of the 
i=] 


m’” Chebyshev polynomial 7,,(x), m=|a(1—qoda. By our assumptions 
the degree of g(x) is less than | e 


for t¢>Cy (i.e. the degree of g,,(x) equals the number of x; in /, plus m 
minus the number of roots of 7,,(x) in /;). 

From Lemma 5 and (9) it follows that g(x) must assume its absolute 
maximum for (—1, +1) in /; at the point cos4,— 2, say. 

Denote by hy (/=1,2,...) the intersection with (—1, +1) of the 
intervals 


(10) | cos [95+ es aie), cos [a+ aa 


and 


cos (3. —-F2 cee 28 ] , COS = ee) | 


n \ 


We now apply Lemma 4 with r= } OINCE COSA, = 2, 1S) 10 


J, and the distance of the endpoints of J. from the endpoints of /, (in #) is 
ta 
n(log t)’’ 
Be in if” 


(11) ‘|F-@)| 2h 


we obtain from Lemma 4 by a simple computation that for the 


for sufficiently large ¢ (i.e. the s in Lemma 4 is for /=1 not less than logt 
iz is in fi] and for />1 it is not less than 2’ log t). 


Consider now 
(12) G(x) = Ag(x) (F.(x)) #08 14) 
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where A is chosen so that G(z) 1. The degree of G(x) is not greater than 


[n= [+l — cee 


t log ft)’ 
n n(log ty _ 


— n. 
(ogi? (ogy ot ~ 
Thus by the Lagrange interpolation formula (taken on x,,%,..., Xn) we 
have by (12) 


(13) 1 = G(a) = 2 G(x) i. 
For the x,’s in 4, G(x;) 0. Thus we can write (13) as 
(14) 1=>' D>" G(x) h(a) 


Fi = . . ’ : ] 
where in >” the summation is extended over the x;s in /!?. The summa- 


tion in (14) clearly has to be extended only over a finite number of /’s. 
Since |g(z)| = |g(x)| for —1=x=1 and F,(z)—1, we obtain from 
(11) and (12) that 


f 1 \[t/ log t)5] ‘; 
(15) | G(x:)| < | for the x,’s in /}?. 


Assume now that our Lemma is false. Then for all (¢ /; 
(16) \2:(20)| St. 


Further by the assumptions of our Lemma the number of the x;’s in 
:? is not greater than 2”''f (since /{” is contained in the union of the two 
intervals /,,). Thus, finally, we obtain from (14), (15) and (16) that 
oO 1 [t (log t)5] 
(17) 1<a S20 ( 1) 
tae 


The terms of the series (17) drop faster than a geometric series of 
quotient , thus (17) implies 


1 [t log t)5] 
< et po 
1 < 320 (4 
which is clearly false for f>c,. This contradiction proves the Lemma. 
Now we are ready to prove our Theorem. In fact, we shall show that 
if X) is the place in (—1, +1) where ~,(x) assumes its absolute maximum, 
then . 


” 


(18) > |hGu)|> + tog n—¢ 


k=] 


PROBLEMS AND RESULTS ON THE THEORY OF INTERPOLATION. II 241 


for sufficiently large c:. We can clearly assume o,(Xo)==1 (replacing w,(x) 
by cc,(x)), and thus by the classical theorem of Bernstein 


(19) | on (xz)| S min ii eel 
fleaxt 2 
Thus from (19) 
id 
(20) oy ea y 
k=] k=1| X0—Xx 


Let the constant c. be sufficiently large. If for every f>cy every i 


contains more than i[1— then our Theorem follows from (20) 


] ; 
(log f oe 
and Lemma 2. Assume next that there exists a ¢>c, for which /; contains 


not more than (1 and let f be the largest such ¢. Assume 


1 ; 
dagiy) ** 
first that there exists a ¢’ =f, for which / contains more than ¢® x’s, then 
our Theorem follows from (20) and Lemma 3. If no such ¢ exists, consider 


the largest interval /, which contains not more than s{\-aaaz x;’s. By 
Lemma 6 there is an x; not in /, so that for a certain z, in /;, 
221) |£:(Z0)| > fo. 
Biowesiace. 2.e1s ett) J.) (COS Ap== 20, COS. In =—= x0; COS Pp Xe, X%: CF 1h), 
(22) | F;—Po| S (log to)? | A; — Ao]. 
Thus from (22) by a simple computation 
(23) |xi — Xo| < (log fo)® |x: — 2]. 
From (23), (21) and |a@n(xo)| = |@n(Zo)| we have 
(24) LON ean 
From Lemma 2 we have 
(25) 2 > aS “tog n— C3 log ty 


where the dash indicates that k—i is omitted. (25) holds, since a simple 
computation shows from Lemma 5 that 
1 


< Cia. 
XO sae 


16 Acta Mathematica XII/1—2 
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Thus, finally, from (20), (24) and (25) we have 


1 


Le 1 ae (la 
> seria! aS 
a | Oo)| =e |mon | 
i #4 t 2 
+ |1;(xo)| > = log n — C13 log to + (log fay" ee log n 


if ¢ is sufficiently large (t >c,;, say). Thus the proof of Theorem 1 is complete. 

It would have been possible to organize the proof differently, since it 
can be shown that / can never contain more than f x,’s. In fact, we have 
the following 


THEOREM 2. Let ,(x)—=[](x—x:) (we do not assume that the x;’s are 
pi 


in (—1, +1)). Assume that ,(x) assumes its absolute maximum in (—1, +1) 
at cos #o—Xo. Then every interval I, contains at most cist of the x;’s. 


We do not give the proof of Theorem 2. The best value of ci, is not 
known. Perhaps ¢14 = 2. 
The problem of determining the points —1= x; < --- <x, =1 for which 


+1 
= n 
= 
2 |b (x)| ax 
Ao 
is a minimum is unsolved, and so far as | know has not yet been considered. 
I believe that to every « >O there exists an nm) so that for n> 


+1 " 
(Zr) > |kQo] ax > G9 > |L.(9| dx 
si if 
where L;,(x) = we LiEo bak are the fundamental functions of the Lagrange 
Ti) (X= Yr) 
interpolation taken at the roots yi, y2,..., Jn of the n™ Chebyshev polynomial. 


| have not been able to prove (27), but I can prove the following weaker 


THEOREM 3. There exists a constant c,, so that for every —1,=x,< 
<Xyp<-++<X, 1 we have 
+1 


(28) ‘S l.(x)| dx > Cys log n. 


Wz 


J k=l 


-1 
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In fact, to every « there exists a 0 so that the number of indices 1=k=n, 
for which 


+1 
(29) ING rege a 


-1 


, 


se 


is less than en, and the number of k’s, for which [L.(x)| dx > pie Tass 
n 


~1 


than C17 u: 
logn 
We do not give the proof of Theorem 3, it can be obtained by using 
the methods of my paper [5]. 
As far as I know the problem of determining the sequence —1 =x, < 
Poke >< X,=1- for which 
+1 
(30) > U(x) dx 
a! Kal 
—1 
is minimal has not been considered. It is possible that the integral (30) is 
minimal if the x;’s are the roots of the integral of the Legendre polynomial. 
FEJER [9] proved that these are the only points for which 


Pie iorel tx 1: 
k=1 


THEOREM 4. To every « there exists an n, so that for every n> n, the 
integral (30) is greater than 2—se. 

We only outline the idea of the proof. If the projections of the points 
Xi, X2,..., X, on the unit circle are not asymptotically uniformly distributed, 
then there exists a k so that [10] 


(31) _max |4e(x)| > (1 +9)", 


and from (31) by Markov’s theorem 


+1 


Je Gye a= rs 


a. 


for n>). Thus we can assume that the projections of the x,’s on the unit 
circle are asymptotically uniformly distributed. In this case we obtain our 


Theorem by showing aes 


(32) [Se (x) PE et) pate (x) dx 


16* 
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Py b th 
where L;.(x) == P’(z) aan be (x)= 11 —2))| is the n'® Legendre poly- 


nomial. The proof of (32) follows easily from the fact that 


1 +1 


| ilxydx = | Fata 


where f,-1(x) is any polynomial of degree =n—1 for which f,-1(2:)=1, 
and by a simple computation. We suppress the details. 


(Received 7 July 1960) 
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ON A PROBLEM OF BAER AND 
A PROBLEM OF WHITEHEAD IN ABELIAN GROUPS 


By 
J. ROTMAN (Urbana, Illinois, USA) 
(Presented by L. Répet) 


1. Introduction 


The first problem of the title, proposed by BAER [1] in 1936, asks for 
a characterization of those groups F such that Ext (F, 7)—0 for all torsion 
groups 7. (Call such groups B-groups.) The second, proposed by J. H. C. 
WHITEHEAD in 1952, asks for a characterization of those groups F such that 
Ext(F, Z)—0, where Z is the integers. (Call such groups W-groups.)! 
Both of these problems have been partially solved: BAER [1] proved that any 
countable B-group is free; K. STEIN [6]> proved that any countable W-group 
is free. (We shall give simple homological algebraic proofs of these theorems. 
The notation and terminology is that of [3].) Since subgroups of B-groups 
(W-groups) are again B-groups (W-groups), these groups are N,-free. The 
simplest example of an N,-free group which is not free is //, the direct 
product of countably many copies of Z. Only recently, BAER [2], J. Erpos [4], 
and SASIADA [5] independently gave proofs that // is not a 5-group. In this 
paper we generalize their result by showing that separable 5-groups are 
slender. Further, we show that any W-group is slender and separable. In addi- 
tion, if all B-groups are separable, then any b-group is a W-group. In the 
last section we show that certain subgroups of // are not W-groups. 


2. Homological algebra 


Let R be a commutative ring with unit. A sequence of R-modules and 
R-homomorphisms «+-— Ay — Any: > Anis +++ iS exact in case the image of 
any homomorphism equals the kernel of the next one. In particular, O= Ae SB 
exact implies f is a monomorphism, and B-“.C-—>0O exact implies g is an 
epimorphism. An extension of C by A is an exact sequence 0>+A—B—>C-—0. 
Thus A may be identified with a submodule of B, and B/A~C. An equiva- 


1 This problem is of homological interest. It asks whether Z is a universal test 
group for freedom. The dual question — Is there a universal test group for divisibility? — 
is an easy exercise; Q/Z is such a group, where Q is the rationals. 

2 | am indebted to R. Swan for this reference. 
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lence relation is imposed on extensions of C by A, and one may add two 
equivalence classes by the “Baer sum.” Under this operation, the classes of 
extensions of C by A form an R-module, which is denoted Ext (C, A) or 
simply Ext(C, A). The zero element of this module is the class of the split 
sequence: 0+ A A@jC-+ C-+0. Ext (C, A) = 0 if and only if every extension 
of C by A is split. If R= Z,F is a free group if and only if Ext(F, A)=0 
for any group A; D is a divisible group if and only if Ext (C,D)—0O for 
any group C. 

There is another R-module which can be assigned to a pair of R-modules 
C and A: Home (C, A), the R-homomorphisms of C into A. Any homomor- 
phism f: A—B induces a homomorphism f*: Hom (C, A) Hom (C, B) by 
f*(g)=fg. Also f induces a homomorphism /,: Hom (B, C)— Hom (A, C) 
(note the change in direction) by f,(4)—Af. In particular, if f: AA is 
multiplication by réR, i. e., f(a)=ra, then the induced maps f* and f, 
are also multiplication by r. What we have just said remains true if we replace 
“Hom” by “Ext” with the exception, of course, that the induced homomor- 
phisms f* and f, are defined differently. 

Of great importance are the two induced exact sequences. Suppose 
0+ A—-B--C-—0 is exact, and M is a fixed module. Then the following 
sequences are exact: 

(*) 0 — Hom (M, A) — Hom (M, B) — Hom (M, C)—> 
— Ext (M, A) —> Ext (M, B) > Ext (M, C); 


(3) 0— Hom (C, M) > Hom (B, M) — Hom (A, M) > 

— Ext (C, M) — Ext (B, M) > Ext (A, M). 
(A connecting homomorphism to pass from the last Hom to the first Ext can 
be defined.) If R is a principal ideal domain, one can insert “+O” at the 
end of (*) and (#). 
We shall also need the following two formulas: 


Ext (2 Aq, B)~ IT Ext (Ae, B) and Ext (A, 11 Bs) x I Ext (A, Bp). 


In particular, Ext commutes with finite direct sums in either variable. 


It is assumed the reader is familiar with the requisite abelian group 
theory. 


3. New proofs of known results 


We adopt the following notation: Q=the rationals; C(n) =the cyclic 
group of order n; C(p®)—the torsion divisible group of type p®; ©G;= 
=the direct sum of groups G;; //G;—the direct product of the G,;; /%= 
—the p-adic integers. If x € G, [x] is the cyclic subgroup generated by x. 
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When the meaning is clear from the context, we shall abbreviate YG, by 3, 
#2 GC, by IT. 


LEMMA 0. Every subgroup of a B-group (W-group) is a B-group 
(W-group). Every B-group (W-group) is torsion-free. 


Proor. Let H be a subgroup of the B-group F. Then exactness of 
0— H-F induces exactness of Ext (F, 7) > Ext (H, T) + 0 for any torsion T. 
Since Ext (F, 7) = 0, Ext (H, T) = 0. (A similar argument works for W-groups, 
where 7 is replaced by Z.) 

Suppose F is a B-group. If F is not torsion-free, it has a cyclic sub- 
group C(n), which is also a B-group. But 0— C(n}— C(n’)— C(n)—>0 is 
a non-split sequence showing Ext (C(n), C(n))0, a contradiction. 

Suppose F is a W-group. If F is not torsion-free, it has a cyclic sub- 
group C(n), which is also a W-group. But 0 Z. Z-+C(n)—0 is exact, 
where f is multiplication by n, and does not split. Therefore Ext (C(n), Z) + 0, 
a contradiction. 


LEMMA 1. Ext (C(p2), > C(p')) is uncountable. 
i=! 


Proor. Exactness of 0O— 2C(p') > IC(p')— I//S—-0 induces exact- 
ness of 0 Hom (C(p®), 1//+)— Ext (C(p®), 2). But C(p2) is a summand 
of [1/5 so that Hom(C(p®), C(p®)) is a summand of Hom (C(p°), I//5). 
Since Hom (C(p®), C(p2)) =/;, it is uncountable. 


LEMMA 2. /f L is torsion-free of rank 1, L not cyclic, then there exists 
a countable torsion group T (depending on L) such that Ext (L, T) is uncountable. 


Proor. Case 1]. There exists an infinite set of primes P such that L 
contains an element x divisible by each p¢€P. Let Z=—[x]. Then L/Z— 
= Pr A, a non-zero p-primary group. Exactness of 0+ Z+L—L/Z—0 
FPiauces exactness of 7—> Ext (L/Z, 7) — Ext (L, T) +0, where T= 2C(P). 


Since 7 is countable, it suffices to prove Ext (L/Z, 7) is uncountable. But 
Ext (L/Z, T) = Ext (SA), T) > HT Ext (A), 7) which is uncountable since each 
Ext (A,, T) 0; (see proof of Lemma 0). 


Case 2. L contains an element x of infinite p-height. If Z— [x], C(p”) 
is a summand of L/Z. Let T= >C(p. Exactness of 0+ Z+L—L/Z—+0 


induces exactness of 7— Ext (L/Z, T)—> Ext(L, 7) 0. Thus it suffices to 
show Ext(L/Z, T) or its summand Ext(C(p®), 7) is uncountable. This has 
been done in Lemma 1. 
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If L does not satisfy Case 1, its characteristic has only finitely many 
non-zero entries; if L does not satisfy Case 2, its characteristic has no o%’s 
as entries. Thus, if L satisfies neither case, L is cyclic. 


THEOREM 1. A countable B-group F is free. 


PRoor. We first assume F has finite rank n; we perform an induction 
on n. If n—1, Lemma 2 gives the desired result. For the general case, let 
0—H—-»F—>L-O be exact, where L is torsion-free of rank 1. H is free, 
since its rank is n—1. We must show L is cyclic to complete the argument. 
If L is not cyclic, there exists a countable group 7 with Ext(Z, 7) uncount- 
able. We have exactness of Hom (H, 7) — Ext (L, 7) > Ext (F, 7) = 0. Since 
H is free of finite rank, Hom(H,7)~ 7. But now we have a countable 
group with an uncountable quotient, a contradiction. Hence L is cyclic. 
PONTRJAGIN’s Lemma extends the theorem to arbitrary countable 5-groups. 


REMARK. For this result, it is only necessary that Ext (F, 7)—0O where 
T= 2, 2,C(P. : 


LEMMA 3. A W-group F of rank 1 is cyclic. 


PROOF. Suppose F is not cyclic. Exactness of 0 Z+F—F/Z—0 
induces exactness of Hom (F, Z)—>Hom (Z, Z)— Ext (F/Z, Z) — Ext (F, Z) =0. 
Since’ F’ is not cyclic, Hom(F Z)=-0,) and Z=Ext(FIZ, 2) sinces. ae 
indecomposable, F/Z is p-primary; since F is not cyclic, F/Z+C(p®%). But 
if gp is a prime, Ext(C(p%), Z) is q-divisible, since multiplication by q 
is an automorphism of C(p®) which induces a similar automorphism of 
Ext(C(p®), Z). This contradiction completes the proof. 


THEOREM 2. A countable W-group F is free. 


PRooF. By PONTRJAGIN’s Lemma, we may assume F has finite rank 7; 
we perform an induction on n. If n=1, we use Lemma 3. Suppose 
O—+H-+F—+L->0 is exact, L torsion-free of rank 1. By induction, H is free. 
This sequence induces exactness of Hom (H, Z)— Ext (L, Z)—> Ext (F, Z) = 0. 
Hence Ext (L, Z) is finitely generated. But since L is torsion-free, Ext (L, Z) 
is divisible ((3], p. 135). Therefore Ext(L,Z)—0 and so L is cyclic, by 
Lemma 3. Hence F is free. 


4. New properties of B-groups and W-groups 


At this point, an economy of ideas is required. Both the BAER and 
WHITEHEAD problems are particular cases of a more general problem. Let § 
be a class of abelian groups; find all groups F such that Ext (FS) == 0-fot 
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all S in 5. Call such a group an S$-group. In BhERS problem, S is the class 
of all torsion groups; in WHITEHEAD’s problem, S has the unique element Z. 
Observe that the problem may be further eenerited by replacing groups by 
modules. If G is a group, |G| shall denote its cardinality. 


LEMMA 4. (The Density Lemma.) Let F be a torsion-free group, Ha 
pure subgroup such that F/H is divisible. Suppose there is a countable § in 
S such that Ext(Q,S)#0. Then if 2!"\<2I"|, F is not an 8-group. 

PROOF. Since 2!¥!< 2/"|, |H|<|F|, so that GO Ag > Q. Now exactness of 

TF 
O— H—F-—-F/H--+0 induces exactness of Hom (H, S) —.. Ext (F/H, S) > 
— Ext (F,S). Since S is countable, |Hom (H, S)|=No"'=2'"!. On the other 
hand, Ext (F/H, S) x Ext (> Q, S)x |] Ex (Q,S). Since Ext(Q,S)+40, 


lExt (F/H, S)|=2'"!. Thus 5 ete ee - epimorphism and so Ext (F, S) #0. 
Thus F is not an S-group. 

We make two remarks here. Suppose we were considering the more 
general problem of determining S-modules, where module means R-module, 
R a principal ideal domain. Lemma 4 is still true if we replace Q by the 
quotient field of R, and if we further assume this quotient field is countable. 
In particular, the lemma is true if R—Z/,, the p-adic rationals. 

Let us return to groups. A group F is Hausdorff in case (\n! F—O. 


If F is Hausdorff, the subgroups n!F define a metric topology on F, the 
n-adic topology, which makes F a topological group. A pure subgroup H of 
F is a subspace (i. e., the n-adic topology on H is the same topology as 
that induced on H in virtue of its being contained in F). Also a subgroup 
H is dense in F if and only if F/H is divisible. Thus we may paraphrase 
Lemma 4 in saying that if F is an S-group, no subgroup of smaller cardi- 
nality can be dense in F.’ But even more is true. Since any subgroup of an 
$-group is again an S-group, we know that the closure H of a subgroup H 
has the same cardinality as H.* 


DEFINITION. Let Z; be an infinite cyclic group with generator e; (= 1, 2, ...), 
and let //—J/Z;. A group I’ is slender in case f(e;) 0 for almost all 7, f 
any homomorphism from // to F. 

Los [5] has shown that any free group is slender. Since // is Hausdorf, 
we consider it topologized. Let Y denote the subgroup SZ;, and let S be 
the closure of S in //; X is a subgroup. I conjecture that slenderness is 
really a reflection of the topological relation between + and S; in all slen- 


8 We assume |H| and |F| are such that |H| < |F| and eo, 
4 Unless |H| < |Hj| and 2)! = 2/41, 
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derness arguments one should replace // by ». The following proof (essen- 
tially due to SASIADA) illustrates this conjecture. 


LEMMA 5. » has no direct summand isomorphic to &. 


PRooFr. Suppose Y= A@B, where Ax; let f: YA be the projec- 
tion. Suppose f() has infinite rank in A. We may assume f(e;) 40 for all /. 
Since A is reduced and torsion-free, there exists a sequence of positive inte- 
gers m; such that f(mj!e)¢@min!A. Set X= all x€// such that (x)= 
=0 or + m;! ((x):=the it co-ordinate of x); set Y= all x¢ ZT such that 
(x); =O or m;!. Note that YCX CS. Further, if x,y¢€ Y, then x—y€X. 
Suppose x #0, x€ XN ker f; let the first non-zero co-ordinate of x be the 
j*, Then 0O= f(x) =f(m,!e)) + f({0,...,0, + mjaleai,-..}), So that f(mj!e) € 
€ mj41! A, a contradiction. Now Y is uncountable while A is countable. 
Hence there exist x and y€ Y, x4 y, such that f(x) f(y). Thus f(x—y) —0 
contradicting Xf ker f— 0. We must conclude that f(2) has finite rank in A. 
But (>) is dense in f(>) = A, so that A has finite rank, another contradiction. 


DEFINITION. A torsion-free group G is separable in case any pure sub- 
group of finite rank is a direct summand of G. 


LEMMA 6. Let S be a class of g groups: containing a countable S such that 
Ext (Q,S)#0. Then a separable &,-free $-group F is slender. 


PRooFr. Suppose f: //—F with f(e;))0 for infinitely many 7; let H 
be the pure subgroup generated by f(). If H has finite rank, it is a direct 
summand of F, by separability. Let 7: FH be the projection. Then -f: 
Il —H has zcf(e;)) #0 for infinitely many i, contradicting the fact that H is 
slender (H is free). Hence f() has infinite rank. Now f() is pure and dense 
in f(S); also f(S) is an $-group, so that we may apply the density lemma. 
Thus countability of f(2) implies countability of f(2). pings bd grec c. and 
F is \.-free, f(2) is free of countable rank, i. e., f(*)~+ 2. But then Y has 
a summand isomorphic to ¥, a contradiction. 


THEOREM 3. A separable B-group is slender. 


Proor. An immediate consequence of Theorem 1 and Lemma 6. 
We now turn our attention to W-groups. 


LEMMA 7. Let F be a W-group with pure subgroup H of finite rank. 
Then F/H is a W-group. 


PRoor. Exactness of O-—H-+F—-F/H--0 induces exactness of 
Hom (H, Z) — Ext (F/H, Z) > Ext (F, Z)=0. Since H has finite rank, it is 


* This notion of separability is not the usual one, but the two notions coincide in 
the case of homogeneous groups, and hence in the present. problem. 
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free. Hence Hom (H, Z) is free of finite rank, so that Ext (F/H, Z) is finitely 
generated. Since F/H is torsion-free, Ext (F/H, Z) is divisible. Therefore 
eautiyH, Z)= 0. 

COROLLARY 1. Any W-group F is separable. 


Proor. Let H be a pure subgroup of finite rank in F; H is free. Hence 
Ext (F/H, H) = S Ext (F/H, Z)=0, by Lemma 7. Hence Ext CPG ps7) aaex(), 
i.e., H is a direct summand of F. 


THEOREM 4. Any W-group is slender. 


THEOREM 5. Any W-group F can be imbedded as a pure subgroup in a 
direct product of Z’s. 


Proor. By Corollary 1, for each x € F, there is a 0,: F +Z such that 
0,,(x) = h(x), where h(x) is the height of x. Define D: F> [[Z by D(y) = 
ae 


= {0,(y)}. D is a monomorphism, by our initial remark. D(F) is a pure sub- 
group, since: (1) the height of an element in /7Z is the minimum of the heights 
of its co-ordinates; (2) any homomorphism, e. g., 0,, cannot lower heights. 

We have observed that B-groups and W-groups share many properties. 
It is a plausible conjecture that these two classes of groups are identical. 
The following two theorems shed some light on this conjecture: 


THEOREM 6. Suppose every B-group is separable. Then any B-group 
F is a W-group. 

Proor. Let H be a pure subgroup of F of finite rank. Since F is separable, 
F/H is a B-group (being a summand of F). If (*) O+H—+G-— F/H—0is 
exact, then Ext (F/H, T)— Ext (G, 7) — Ext (H, T) is exact for any torsion 
group 7. Hence G is a B-group. Since F/H is torsion-free, H is a pure 
subgroup of G. Therefore H is a summand of G, because G is separable. 
Thus the sequence (*) always splits, i. e., Ext(F/H, H)—0. Since H is free 
Bi finite tank, Ext(F/H,Z)—0. But F~H@F/H. Therefore Ext (F, Z)~= 
Ext (H @ F/H, Z) = Ext (H, Z) @ Ext (F/H, Z)=-0. Hence F is a W-group. 

I cannot prove that every B-group is separable, but I can prove one 
result in this direction. 


THEOREM 7. Let F be a B-group, H a pure subgroup of finite rank. 
Then F/H is &,-free. 
We first prove 


Lemma 8. Let L be a torsion-free group of finite rank which is not free. 
Then there exists a countable torsion group T such that Ext (L, T) is uncountable. 


(We remark that this lemma gives another proof of Theorem i) 
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Proor. Assume rank L—n. If n—1, this is Lemma 2. Let 0>M— 
+L—+L/M-—0 be exact, where M is pure of rank n—l. This induces 
exactness of Hom (M, 7)— Ext (L/M, T)— Ext (L, T)— Ext (M, T)— 0, for 
any torsion T. If M is not free, choose a countable 7, by induction, such that 
Ext (M, T) is uncountable; then Ext (Z, 7) is uncountable. If M is free, then 
L/M is not free, so that we can choose a countable torsion 7 so that 
Ext(L/M, 7) is uncountable. But Hom(M,7)+T is countable so that 
Ext (LZ, 7) is uncountable. 

We return to the proof of Theorem 7. 

Exactness of 0 > H—» F— F/H—0 induces exactness of Hom (H, T)—> 
— Ext (F/H, T) > Ext (F, T)=0, T any torsion group. Since H is free of 
finite rank, Hom(H, 7)=2T. Hence |Ext (F/H,7)/=| 77 Let"G bevassame 
group of F/H of finite rank. Exactness of 0 G—F/H induces exactness 
of Ext (F/H, T) > Ext (G, T) 0. By Lemma 8, if G is not free, we can choose 
a countable T such that Ext (G, 7) is uncountable, contradicting the inequality 
above. Hence G must be free. PONTRJAGIN’s Lemma completes the proof. 

The following questions remain open: If F is a B-group, is F separable? 
An easier question is: if F is a B-group, H a pure subgroup of finite rank, 
is F/H a 8-group? (An affirmative answer to this question would imply 
Theorem 7.) Which pure subgroups of a product of copies of Z are slender? 


5. Further investigations 


We have seen that any W-group can be imbedded as a pure subgroup 
in a direct product of Z’s. Thus one approach to solving WHITEHEAD’s 
problem is to eliminate all non-free subgroups (assuming that the conjec- 
ture — all W-groups are free — is correct). | propose the following plan 
of attack. Let us find a family of subgroups {A;} with two properties: 1. each 
A; is not a W-group; 2. if a subgroup S of a direct product of Z’s is not 
free, then it contains a copy of some A;. Since any subgroup of a W-group 
is a W-group, such a method could solve the problem. 


Let us only look at // and its subgroups, where // is a direct product 
of countably many Z’s. As candidates for the A;, I suggest the following 
subgroups. G is of type n! if it is isomorphic to sc! (the divisible subgroup 
of /1/X), where zc: /7—I1/S is the natural map. G is of type p” if it is 
isomorphic to sc! (the p-divisible subgroup of ///). The following question | 
remains open: If a pure subgroup S of // contains no subgroup of type n! 
Oreol type: p%, iss Seftear 


LEMMA 9. The group G of type n\ is not a W-group. 
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PROOF. G is uncountable with pure dense subgroup  ». Since » is 
countable, we apply the density lemma. 


In order to show groups of type p” are not W-groups, we must examine 
/,-modules. 


LEMMA 10. For any group G, Extz(I,®G, /,) = Ext, (1p @ G, fh). 


PROOF. Observe that Hom, (J/, ® G, /,) = Hom,, (/, © G, /,). Exactness of 
0—/,—> Q— C(p®)—0 induces exactness of the rows of the commutative 
diagram: 

Homz (/, @ G, aE Ae G, Q)»Homz — C(p®))>Extz (,@G, I,)+0, 
| | 

Hom, (/,@G, /,)>Hom,y, (/,@G, Q)>Hom,;, (/)® G, C(p®))> Exty, (,@ G,1,)>-0. 

Hence the cokernels are isomorphic. 


LEMMA 11. /f Extz(G, Z)=0, then Ext, (I, @ G, /»)=0. 

Proor. We shall show that Extz(/,@G,/,)—0 and the result will 
follow from Lemma 10. All Ext’s appearing in this proof shall be Extz’s. 

Exactness of O— Z—/, > /,/Z—+0 induces exactness of Ext (G, Z)— 


—» Ext (G, /,) > Ext (G, /,/Z). But J,/Z~ >'C(q”) which is divisible; hence 
: IF P 
meri? 7 )——0. oince Ext(G, Z) is also 0, we have Ext (G, /,) = 0. 

Exactness of O+G—1/1,®G-—(/,/Z)®G-—0 (G is torsion-free) in- 
duces exactness of Ext (/,/Z @ G, /,) — Ext (fp © G, /,) Ext (G, J) = 0. Now 
Ext (/,/Z @ G, Ip) = Ext (>/C(q’) @G, I) = [| Ext (C(q”)@G, /,). Exactness of 

Q#P q#P 
0 — J, - Q— C(p*)—0 induces exactness of 0 = Hom (C(q”) ® G, C(p”))> 
=> Ext (C(q”) & G, /,) > Ext (C(qg*) ® G, Q)=0, since C(g’)@G is q-prim- 
pry. Hence Ext(C(qg?)@G,/,)=0, Ext(/,/Z@G,/,)=0, and _ finally 
ext (/, © G, /,) =—0. 

CorROLLARY 2. Jf G is a W-group, I,@G is a W-module (over the 
ring /,). 

LEMMA 12. A group G of type p" is not a W-group. 

Proor. Otherwise /,@G would be a W-module, and so would satisfy 
the module version of the density lemma. But /,@G is uncountable, while 
I,® is a pure dense submodule which is countable. This contradiction 
completes the proof. 

Note (added 15 October 1960). Ti YEN succeeded in solving a problem 
raised at the end of 4. 

THeorEM. Let F be a B-group with pure subgroup H of finite rank. 
Then F/H is a B-group. 
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[ye] 
or 
— 


Exactness of 0+» H+ F— F/H-+0 induces exactness of Hom (F, 7) —- 
“, Hom (H, 7) > Ext (F/H, T) > Ext (F, T) 0 where 7 is any torsion group. 
In order to show Ext (F/H, 7) 0, it suffices to prove @ is an epimorphism. 
Let f: H— T. Since H is free of finite rank, f(H) is finite. Replacing 7 by 
f(H) in the above exact sequence yields Hom (‘, f(H))— Hom (A, f(H)) > 
—> Ext (F/H, f(H)) =0. Hence f can be extended over F to a map into f(H); 
a fortiori, f can be extended to a map from F to 7. Hence e@ is an epimor- 
phism, Ext (F/H, 7)=0, and F/H is a B-group. 
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NOTE ON FULLY ORDERED SEMIGROUPS 


By 
L. FUCHS (Budapest) 
(Presented by L. RépE1) 


Dedicated to P. Turan on his 50th birthday 


By a fully ordered (briefly: f.0.) semigroup’ S is meant a semigroup 
which is at the same time a f. 0. set under an ordering relation = such that 
a=b (a,b€S) implies ac=be and caScb for all c€S. (If S is cancellative, 
then this is equivalent to the fact that a<b implies ac<bc and ca<cé, but 
we do not assume the cancellation laws.) We say that S is positively ordered 
if ab=a and ab=6O for all a, b€S, and naturally ordered if it is positively 
Ordered and a<b implies the existence of elements c,d€S such that 
b—ca=—ad. A positively ordered semigroup S is called archimedean if 
a" <6 for all positive integers n implies ae (=the identity of S). Finally, 
a, b(€ S) are said to form an anomalous pair if as~b,a"<b"" and b"<a"" 
for all natural integers n. 

Fully ordered semigroups have received some attention recently. The 
classical result of O. HOLDER [4] which gives a sufficient condition that a f. o. 
semigroup S be embeddable in the additive semigroup P of all non-negative 
real numbers (with preservation of ordering) has been generalized in various 
ways. HOLDER’s conditions were : 

(a) S is cancellative ; 

(b) S is naturally ordered; 

(c) S is archimedean. 

ALImMov [1] replaced conditions (b) and (c) by the single one: 

(d) S contains no anomalous pair, 
thereby giving a necessary and sufficient condition for the embeddability of 
S in the real group. In § 1 we prove for positively ordered semigroups ano- 
ther necessary and sufficient condition in which the rather restrictive condi- 
tion (a) is replaced by (c) and the rather weak condition (e) which relate 
more closely to the ordering relation: 

(ec) S contains no maximal element unless it consists of a single element. 


1 For the notions and basic facts related to f. 0. semigroups we refer to Cuirrorp [3]. 
2 We do not assume the existence of the identity e in S. If in a statement e occurs, 


then this means “the eventually existing identity”. 
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A remarkable analogue of HOLDER’s theorem has been found by CLIF- 
FORD [2]. He proved that if a f. 0. semigroup S satisties the conditions (b), 
(c) and the following two: 

(a*) S is not cancellative ; 

(f) S is commutative, 
then it is o-isomorphic (order-isomorphic) to a subsemigroup of one of the 
following two f. 0. semigroups: 

P,: the real interval [0,1] with the operation: ao 6—min (a+ 6, 1), 

Pi: the interval [0,1] and the symbol oc with aob—a+6 or 
according as a+-0= laoreed: 

In § 2 we shall show that conditions (b) and (c) imply (f), i.e. in 
CLIFFORD’s theorem the hypothesis of commutativity can be omitted just as 
in HOLDER’s theorem. In the final § 3 we shall give a new proof of this theorem 
of CLIFFORD, one which seems to be more direct and simpler than CLIFFORD’s 
original proof and which establishes at the same time HOLDER’s theorem too. 


§ 1. Subsemigroups of the positive reals 


This section is devoted to the proof of the following theorem: 


THEOREM 1. A necessary and sufficient condition that a positively f. o. 
semigroup be o-isomorphic toa subsemigroup of the additive semigroup of all 
non-negative real numbers ts that it satisfy conditions (c), (d) and (e).° 


The necessity of these conditions being obvious, we may turn imme- 
diately to the proof of their sufficiency. Suppose therefore that (c), (d) and 
(e) are satisfied. We may assume that S contains more than one element. 

Let a,o€S and ae. We prove that ab>b and ba>b. For, by (e), 
S contains an element c such that c>b, and because of (c) we can choose 
n so large that a°=c. If ab=b held, then also a"b—b whence a"b=a"= 
=c>b would be a contradiction. Thus ab>6, and similarly ba>b. 

To prove commutativity, assume on the contrary that ab-4ba. Then 
neither ae nor be, and what has been proved implies (ab)" < b(ab)'a= 
—=(ba)""* and (ba)"<(ab)""', i.e. ab and ba form an anomalous pair, con- 
trary to (d). Thus S is commutative. 

Next assume that ab—ac where 6<c. By making use of commutativity, 
a simple induction shows that ab"—ac" for all n. Surely, ce, therefore 
ac" <ac""'—ab"", whence c’<6""' for all n. Since obviously 6" <c"<c"™" 


®* Mr. G. Gratzer noted that (c) and (e) may be united into the single condition: 
a" = b for all positive n implies a=e. 
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for all n, 6 and c form an anomalous pair. This contradiction proves that S 
is cancellative. 


By ALIMov’s theorem [1], (a) and (d) imply what we wished to prove. 


§ 2. The commutativity statement 


We shall need the following 


LEMMA. (CLIFFORD.) Let S be a f. 0. semigroup satisfying (a*), (b) and 
(c). Then 

1. S contains a maximal element u, 

2. for every ae there exists a natural integer k with a" =u, 

3. ab=ac=-u (or ba=ca~u) implies b=c. 

By hypothesis, three elements a, b,c€S exist such that ab—ac and 
b<c (or ba=ca and b<c). By (b), c=6x for some x€S, xe, therefore 
y—yx holds for y—ab. If there existed an element z>y, z€S, then choos- 
ing n so as to satisfy x"2=z, we should have y= yx"=yz=z>y, a contra- 
diction. This establishes 1. and 3. at once. By (c), a#e implies a*=u for 
some k, and so a*—u, completing the proof. 

Now we are ready to prove: 


THEOREM 2. An archimedean, naturally f. 0. semigroup is commutative. 


For the sake of simplicity we omit the identity from S if S has one; 
it is evident that this does not affect generality, because it must be the least 
element of S. 

First assume that S possesses a minimal element a. Then to any 0€S, 
different from the eventually existing maximal element u, there exists an inte- 
ger kK=1 satisfying a’ =b<a'*'. Supposing a*<6, there exists a c€S such 
that b= a'"c. But by the choice of a,cZa, thus b=a*‘a>b, which is absurd. 
Thus 6—a* and S is a cyclic semigroup (generated by a). 

Secondly assume that S has no minimal element. Then to any x¢€S 
there exists a z€S such that z?=x; indeed, if y<x and x=—yy, then 
z—min(y, yo) is a desired element. By way of contradiction, suppose that 
ab>ba for some a,b in S. At first let* ab<u; then also a<u, b<u. If 
ab=bax and z’=x, then by (c) we can determine integers m,n satisfying 
2" sa<z2"! and 2"=b<z"'. But these lead to the inequalities ab —bax= 
=z" (in the non-cancellative case strict inequality because of the 
Lemma), a contradiction. Next let abu, and say a<b. Then 6<u (other- 
wise ba-u—ab) and a*<b<a"* (equality would imply that a and 6 


4 If no maximal element uw exists in S, then we may think of ab < u to hold generally. 


17 Acta Mathematica XII/1—2 
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commute), for some kK=1. Therefore 6—a*c for a certain c<a, and since 
ac=b and caxba<ab=u, we can apply what has been proved to con- 
clude that a and c commute. This is again a contradiction, for then a and b 
also commute. Consequently, S must be commutative. 


§ 3. Archimedean, naturally fully ordered semigroups 


The next result is a generalization of HOLDER’s theorem, containing 
also CLIFFORD’s theorem freed of the commutativity hypothesis. 


THEOREM 3.° Let S be an archimedean, naturally f. 0. semigroup. Then 
S is o-isomorphic to a subsemigroup of P, P; or PY. 


From the preceding theorem we know that S is necessarily commutative. 
If S is an infinite cyclic semigroup, generated by a, then a*—k is an 0-iso- 
morphism of S into P. If S is a finite cyclic semigroup with the elements 


(e<)a<a?<---<a"—a"', then the mapping av = embeds S in P,. 


If S is not cyclic, then we again omit the eventually existing identity 
of S. By the proof of Theorem 2, to any x€S we can find a z€S satisfy- 
ing z*=x, and hence also one satisfying z'=x for any preassigned integer 
t>0. Now choose and fix an arbitrary a€S with a<u, and put f(a)—1. 
To any b€S,b~u, we define two sets of rational numbers: let L consist 
of all fractions m/n with a=x" and x"=6 for some x € S, and let k// belong 
to the set U if b=y* and y'=a for some y€ S. The archimedean character 
of S guarantees that neither of L and U is empty. We show that m/n= kil. 
To any large ¢ we can find a z€S with z'=min(x, y), hence r=¢ and s=t 
hold for the integers r,s defined by 2°?=x<2z"™!, 2=y<z'. Therefore 
zm Sb< 26)" and 2’ Sa< 20+ whence rm<(s+1)k and sl<(r+1)n. We 


: ] 
infer that = i [1 ao it 4 : for arbitrarily large r,s, thus m/n=k/l, 


in fact. On the other hand, the same argument shows that to any large t>0 
there exist r,s =f such that s/(r+1)€L and (s+1)/ré U. Since the differ- 
ence of these fractions tends to 0 with increasing ¢, it follows that there 
exists one and only one real number ¢ such that p==q for all pé€L and 
qé€U. We put f(b)= 8. 

There is no difficulty in proving that the function f from S\.u to the 
real axis is monotone and satisfies f(b) —f(c) only if bc. Moreover, we 


* The proof of this theorem differs from the usual proofs of Hétper’s theorem in 


that we must argue with ‘small’ elements rather than ‘large’ elements, due to the singular 
behaviour of the maximal clement uw. 
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have f(bc)—=f(6)+f(c) whenever 6c<u — which can again be proved by 
using sufficiently small elements z€ S. 

If S is cancellative, then it contains no maximal element, and f is an 
o-isomorphism of S into P. 

If S is not cancellative, then — in view of the Lemma — it contains a 
maximal element uw. The set of values of f(b) forall b € S\.w is bounded: if a’—u, 
then 7 is an upper bound. Thus there exists a smallest real number @ such that 
f(b) =e forall 6€ S\u. Ifno c€ S\u exists with f(c)—ca, then set f(u)=ca, 


and if such ac exists, then let f(w) = oo. The function g(6)— + f(6) is 


obviously an o-isomorphism of S into P; or Py. This completes the proof. 


(Received 30 July 1960) 
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ON THE STRENGTH OF CONNECTEDNESS 
OF A RANDOM GRAPH 


By 
P. ERDOS (Budapest), corresponding member of the Academy, 
and A. RENYI (Budapest), member of the Academy 


Let G be a non-oriented graph without parallel edges and without 
slings, with vertices Vi, Vo,..., V,. Let us denote by d(V;) the valency (or 
degree) of a point V, in G, i.e. the number of edges starting from V;,. Let 
us put 
(1) c(G) = min d(V;). 

1=h==n 


If G is an arbitrary non-complete graph, let c,(G) denote the least number 
k such that by deleting k appropriately chosen vertices from G (i.e. deleting 
the & points in question and all edges starting from these points) the result- 
ing graph is not connected. If G is a complete graph of order n, we put 
cp(G)=n—1. Let c.(G) denote the least number / such that by deleting / 
appropriately chosen edges from G the resulting graph is not connected. We 
may measure the strength of connectedness of G by any of the numbers 
C,»(G), c-(G) and in a certain sense (if G is known to be connected) also 
by c(G). Evidently one has 

(2) ei) 0,41) 25 C(G). 

It is known further that any two points of G are connected by at least 
c,»(G) paths having no point in common, except the two endpoints (theorem 
of MENGER—WHITNEY, see [1] and [2]) and by at least c.(G) paths having 
no edge in common (theorem of ForRD and FULKERSON, see [3]). 

We shall denote by ,(G) the number of vertices ef G which have the 
Bereucye (f= U0, 172, ~..), 

As in two previous papers ([4], [5]) we consider the random graph /°,, x 
defined as follows: Let there be given n labelled points Vi, V2,..., Vi. Let 


us choose at random N edges among the 4 possible edges connecting 
n 

these n points, so that each of the (2) possible choices of these edges 
IVs, 


should be equiprobable. We denote by 7”, y the random graph thus obtained. 
We shall denote by P(-) the probability of the event in the brackets. 
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The aim of this note is to investigate the strength of connectedness of 
the random graph J’,,~ when n and N both tend to + ~, N= N(n) being 
a function of n. As it has been shown in [4], the following theorem holds: 


THEOREM 1. /f we have N(n)= sn logn+an-+o(n) where « is a real 


constant, then the probability of Ty, x(n) being connected tends to exp (—e->") 
for n-+o. 
In this paper we shall prove the following theorem: 


THEOREM 2. /f we have N(n) 4 1 log n+ nloglogn+en+o(n) 


where « is a real constant and r a non-negative integer, then 


j e720 
(3) Jim P (cols, N(n)) =) =1— exp (— Py |, 
further 

; e-em 
(4) jim P(e (Es, Nw) =r) =1—exp a ar ] 
and 
(5) lim P(c(Ly, vim) =r) =1— exp (- atthe : 

n>+0 Oe. 


REMARK. Clearly Theorem 2 can be considered as a generalization 
of Theorem 1. As a matter of fact, any of the statements c,(G)—0O or 
ce(G)=0 is equivalent to G not being connected and thus for r—O (3) and 
(4) reduce to the statement of Theorem 1. It has been shown further in [4] 


that if N(n) = > log n+ en-+-o(n) and J°,, xq) is not connected, then it con- 


sists almost surely of a connected component and of a few isolated points. 

Therefore (5) is for r=0 also equivalent to the statement of Theorem 1. 

Thus in proving Theorem 2 we may restrict ourselves to the case r= 1. 
The statement (5) of Theorem 2 gives information about the minimal 

valency of points of 7, y. In a forthcoming note we shall deal with the — 

same question for larger ranges of N (when c(J/°,, x) tends to infinity with n), 

further with the related question about the maximal valency of points of 7”, y. 
We shall prove further the following 


THEOREM 3. Jf we have N(n) = 5 mlog n+ +n log logn+an+a(n) 
where « is a real constant and r a non-negative integer, then we have 


k A 
(6) lim P(%,@"n, xm) =k) = Jen lke 0.1... 
nu—->+ 0 . 
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Crees 
where Se eae in other words, the distribution of ¥v,(I°,, Ni) tends to a 
Poisson distribution. 


PROOF OF THEOREMS 2 AND 3. Let r=1 be an integer and —~<a<+ow. 
Let us suppose that 


(7) N(n) = 5 nlog n+ F nloglogn-+en-+0(n). 


Let P;,~ be a random graph with the n vertices V;, Vo,..., V, and 
having N edges. Let P,(n, N,r) denote the probability that by removing r 
suitably chosen points from /°,, y there remain two disjoint graphs, consisting 
=| 

eet itst 


of k and n—k—r points, respectively. We may suppose k < : 5 


we have clearly 


\ 


(( Biget?| 


N 


P,(n, N, 1) = (") (eu 


) 
N 
It follows by some obvious estimations that 
%. ] 
(8 > A@M@,j=0(4}. 
Ad tc <kS CS 
? logn 7 
Now we consider the case k S$ (r+3)—°—. Let Pi(n, N,r) denote the 
loglogn 


probability that by removing r suitably chosen points (the set of which will 
be denoted by 4) J’, ~ can be split into two disjoint subgraphs 7” and 1” 
consisting of k and n—k—r points, respectively, but that I,,. can not be 
made disconnected by removing only r—1 points. If /’,,. has these pro- 
perties and if s denotes the number of edges of J”, connecting a point of 
A with a point of 7”, then we have clearly s=r. Otherwise, by definition, 
s=rk. Thus we have 


(( 2 k(n— »| 
(9) P¥(n, N,1) = S (”) te A ) ee ieee 


s=r 
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It follows that 


[(r+3) ogg 4 1 = 
(10) | Pa PEEING) = Olea: 


From (8) and (10) it follows that for n— + 
(1 1) Pc n(n) = r) ~ Pic N(n) = ae 


As a matter of fact, (8) and (10) imply that if by removing r suitably chosen 
points (but not by removing less than r points) 7°, wi) can be split into two 
disjoint subgraphs 7” and /”” consisting of k and n—k—r points, respec- 
tively, where k= |. then only the case k=—1 has to be considered, the 
probability of k>1 being negligibly small. It remains to prove (5). This can 
be done as follows. First we prove that 
(12) lim P(¢(L,, xo) S r—1)=0. 

n->+ 0 
For r—1 this follows already from Theorem 1. Thus we may suppose here 
fie 2.) Weshave 


[Jn 
S | N—h | 


P(c(n a) =S=r—1) = a h 


h=l 


and thus 


(13) Pe(reseys r—)= 054] 


which proves (12). 
Now let 7,(/°,, vy) denote the number of vertices of /”,, . which have the 
valency r. Then we have clearly by (12) 


(14) P(C(L's, xen) =1) ~ P(E, xo) FO). 
Now evidently 
(1 5) P(v, (Pn, N(n)) = 0) —— =; (—1)?> S; 
j=l 
where ; 
(16) "<1 Spt) a PAV) =1,d(Vi) =F, «- 4 (Vi) = 0). 


Evidently, if we stop after taking an even or odd number of terms of the 
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sum on the right-hand side of (15), we obtain a quantity which is greater 
or smaller, respectively, than the left-hand side of (15). Now clearly 


a 9) 
we N(n) ata e728 


P@(Vi) =n) = een * file 
IN (11) 
and thus 


. ee 


n>-+0 


Now let us consider P(d(V;..) =r, d(V;.,.) =r) where ki, 4A. If both V;,, and 
V;, have valency r, three cases have to be considered: a) either V;, and V;, 
are not connected, and there is no point which is connected with both V,, 
and V;,; b) or V;, and V;,, are not connected, but there is a point connected 
with both; c) V;, and V;, are connected. We denote the probabilities of 
the corresponding subcases by P,(d(Vi.,.)=7, d(Vi.)=r), Pr(a(Vi) =s, 
a(V;..) =r) and P.(d(Vi..) =r, d(Vi..) =r), respectively. We evidently have 


te). 


lise)! | N()—2r | aay 
ere. 


P.(d(Vi.,.) =17, A(Vi.) =1) = 


r?(n—2r—2)! . | : : 
| 5 | 
N(n)} 
and thus 
1 ( e-2\? 
(18) DD Paldiy=n ahy=)~ >|]. 


On the other hand (denoting by / the number of points which are connected 
with both V;,, and V;.), we have 


P,(d( Vi.) =f, d(Vi.,) _— r) — 


(19) ((3)- oe | 


aS (n==2)! N(n)—2r aye Aali 
car 11) ri =2)) n) 7 
[ 


an 
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Similarly one has 
P.(d(Vi,) == 1, A(Vi.) =) = 


(20) (2 meat Cllr | 


> (n—2)! ' N(n)—2r vr, on" 
iy) oa 


a) 


Thus we obtain 


la \9 


: 1L.je* 
lim S=3| r! |: 


The cases j>2 can be dealt with similarly. Thus we obtain 


(21) him 3-75 } (Gato eee 


It follows from (16) and (21) that 


(22) lim P(%(L",, wo) 0) = 1— exp | - —- |. 
n->+ 0 ; 


In view of (2), (11) and (14) Theorem 2 follows. 
To prove Theorem 3 it is sufficient to remark that by the well-known 
formula of CH. JORDAN 


n—k ae 
(23) P¢,(Ls, xm) =h) = > (—1¥ f : k | Six, 


~ 200 


r! 


and thus by (21), putting 2— : , we obtain for k=0,1,... 


ean y (—1)'a) Beare 
NS J! ‘leas 


(24) lim P(y,(1 a N(n)) — k) 
n-> + 


Thus Theorem 3 is proved. 
Our thanks are due to T. GALLal for his valuable remarks. 


(Received 12 October 1960) 
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